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Preface

My research focuses on multivariate statistics, dimension reduction, and applied statistical model-
ing. During my Ph.D. studies at the Department of Statistics at Stanford, I took part in various
collaborative projects, developing methodology and tools for analysis of complex phenomena in such
areas as biology, genetics, and neuroscience. This dissertation will cover four big branches of my

research, which I will present in separate chapters.

Principal curves and conformation reconstruction Conformation reconstruction is one of
the main challenges in computational biology. In this study we develop a model for the 3D spatial
organization of chromatin, a crucial component of numerous cellular processes (e.g. transcription).
The central object in this study is the so-called contact matrix. It represents the frequency of con-
tacts between each pair of genomic loci and thus can be used to infer the 3D structure. Most of
the existing algorithms operating on contact matrices are based on multidimensional scaling (MDS)
and produce reconstructed 3D configurations in the form of a polygonal chain. However, none of
the methods exploit the fact that the target solution is a smooth curve in 3D. The smoothness
attribute is either ignored or indirectly addressed via introducing highly non-convex penalties in
the model. This typically leads to increased computational complexity and instability of the re-
construction algorithm. In our work we develop Principal Curve Metric Scaling (PCMS), a novel
approach modeling chromatin directly by a smooth curve. We subsequently use PCMS as a building
block to create more complex distribution-based models for the conformation. The resulting recon-
struction technique therefore combines advantages of MDS and smoothness penalties whereas being

computationally efficient.

Weighted low-rank matrix approximation Low-rank matrix approximation (LRMA) is one
of the central concepts in machine learning. It is closely related to such areas as dimension reduction
and de-noising. A recent extension to LRMA is called low-rank matrix completion. It solves the
LRMA problem when some observations are missing and is especially useful for recommender systems
(see, for example, the famous Netflix Prize competition). In this study we consider a weighted

generalization of LRMA. We build an algorithm for solving the weighted problem as well as two

iv



important modifications: one for high-dimensional, one for sparse data. In addition, we propose an
efficient way to accelerate the WLRMA algorithm. Although our previous research mainly focuses
on developing the WLRMA methodology, the technique has a strong potential for applications.
Beyond matrix completion, which it covers as a special case, it can serve as a building block for
generalized linear models (GLM) with a matrix structure. For example, in ecology, populations of
species can be modeled via Poisson GLMs. In this case, the population matrices (with rows and
columns corresponding to sites and species, respectively) can be analyzed using low-rank models

and the WLRMA technique will be of great importance.

Canonical correlation analysis and brain studies Canonical correlation analysis (CCA) is
one of the core approaches in multivariate statistics. It is a technique for measuring the association
between two multivariate sets of variables, which has a wide variety of applications. This part of
the research was motivated by a study in neuroscience aimed to explore the influence of emotional
disorders on brain activity. While working with the brain imaging data we encountered the following
challenges. First, the measurements are made for a very dense grid of brain loci leading to extremely
high-dimensional data. Second, the data was collected only for a few patients; therefore, it is
underrepresented. Finally, the data has a structure, which is defined by the brain geometry. To
address the first two challenges we consider Regularized CCA and develop a “kernel trick” that allows
us to handle extreme data size. We subsequently incorporate brain structure in the regularization
introducing Group Regularized CCA (GRCCA) and extend the ”kernel trick” to the structured
data setting. The resulting GRCCA technique has demonstrated strong potential for brain imaging

applications while being computationally efficient.

Multi-period forecasting and COVID-19 pandemic Epidemic forecasting became a very in-
demand area during the COVID-19 era. In this research, we have studied the trajectory of the
COVID-19 pandemic by means of the open-source COVIDcast dataset collected by Delphi Group.
This dataset contains a wide variety of features such as cases, deaths, hospitalizations, and many
auxiliary indicators of COVID-19 activity and therefore opens up a wealth of research directions. In
particular, we develop the multi-period forecasting (MPF) methodology, which aims to predict the
number of cases for multiple “ahead” values. The MPF technique solves a multi-response regres-
sion problem, where the response columns represent the same phenomenon measured at different
time points. To incorporate this time dependence, it assumes the model coefficients to be smooth
functions depending on time. We test this idea for the point estimation of the COVID-19 cases and

subsequently extend it to predicting the cases’ confidence intervals via quantile regression.
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Chapter 1

Principal curves and conformation

reconstruction

1.1 Introduction and background

1.1.1 Hi-C assays

The three-dimensional (3D) configuration of chromosomes within the eukaryote nucleus is impor-
tant for several cellular functions, including gene expression regulation, and has also been linked to
translocation events and cancer driving gene fusions (Mitelman et al.,[2007). While direct visualiza-
tion of 3D architecture has improved (see Section , imaging challenges pertaining to chromatin
compaction and dynamics persist. However, the ability to infer chromatin architectures at increasing
resolution has been enabled by chromosome conformation capture (3C) assays (Dekker et al., 2002)).
In particular, when coupled with next generation sequencing, such Hi-C methods (Lieberman-Aiden
et al.l |2009; Duan et al., [2010) yield an inventory of pairwise, genome-wide chromatin interactions,
or contacts. In turn, the contact data form the basis for reconstructing 3D configurations (Zhang
et al.l 2013} |Varoquaux et al., |2014; [Ay et al., 12014; [Zou et al., |2016; [Rieber and Mahony}, [2017).
While many novel conformational-related findings have flowed from direct analysis of contact level
data, added value of performing downstream analysis based on attendant 3D reconstructions has
been demonstrated. These benefits derive from the ability to superpose genomic features on the
reconstruction. Examples include co-localization of genomic landmarks such as early replication
origins in yeast (Witten and Noble| [2012; |[Capurso and Segall [2014), gene expression gradients in
relation to telomeric distance and co-localization of virulence genes in the malaria parasite (Ay
et al.| |2014]), the impact of spatial organization on double strand break repair (Lee et al., [2016), and
elucidation of ‘3D hotspots’ corresponding to (say) overlaid ChIP-Seq transcription factor extremes

which can reveal novel regulatory interactions (Capurso et al., [2016).
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The contact or interaction matrices resulting from Hi-C assays, which are typically performed
on bulk cell populations, are depicted as heatmaps, which record the frequency with which pairs of
binned genomic loci are cross-linked, reflecting spatial proximity of the respective loci bins within

the nucleus. A common first step toward 3D reconstruction is the conversion of contact frequencies

into distances, typically assuming inverse power-law relationships (Varoquaux et all 2014}
let all [2014} [Shavit et all 2014} [Rieber and Mahonyl, [2017), from which 3D chromatin architecture

can be obtained via versions of the multi-dimensional scaling (MDS) paradigm. In response to

(i) the bulk cell population underpinnings of contact data, (ii) computational challenges posed
by the dimensionality of the MDS reconstruction problem as governed by bin extent, and (iii)
accommodating biological considerations, several competing reconstruction algorithms have been
advanced. However, none of these take advantage of the fact that the 3D solution for individual
chromosomes corresponds to a one-dimensional (1D) curve in 3-space. Rather, this aspect has been
addressed by imposition of constraints (Duan et al.) [2010; |Ay et al) [2014; [Stevens et al.| [2017)),

which are cell type specific and require prescription of constraint parameters. These parameters can
be difficult to specify and their inclusion substantially increases the computational burden. Other
approaches (Zhang et al.l 2013; Park and Lin, 2017; [Rieber and Mahony, [2017) do not formally

incorporate contiguity but impose it post hoc, creating chromatin reconstructions by “connecting

the dots” of the 3D solution according to the ordering of corresponding genomic bins. In this work

we directly target chromosome reconstruction by finding a 1D curve approximation to the contact

matrix via extending principal curve methodology (Hastie and Stuetzle, |1989) to the metric scaling

problem.

This chapter is organized as follows. After reviewing problem formulation and current recon-
struction techniques in Section[I.1.2] we develop two building blocks, Principal Curve Metric Scaling
(PCMS; Section and Weighted PCMS (WPCMS, Sections, that enable our novel Poisson
Metric Scaling (PoisMS; Sections approach. Strategies for selecting a specific reconstruction
from a degrees-of-freedom indexed series of solutions are described in Section [I.3] Methods for ap-
praising the accuracy of candidate reconstructions using orthogonal imaging data are outlined in
Section Results from applying the methodology to Hi-C data from IMR90 cells are presented
in Sections [1.2.3] [T.4.3] and [T.5.4], while the Discussion indicates directions for future work.

1.1.2 Existing approaches to 3D chromatin reconstruction

Our focus is on reconstruction of individual chromosomes; whole genome architecture can follow by

appropriately positioning these solutions (Segal and Bengtsson, 2015; Rieber and Mahonyl, [2017)).

As is standard, we disregard complexities deriving from chromosome pairing arising in diploid cells

(which can be disentangled at high resolutions; [Rao et al) 2014) and address issues surrounding

bulk cell experiments and inter-cell variation in the Discussion.

The result of a Hi-C experiment is the contact map, a symmetric matrix C' = [C;;] € Z*" of
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contact counts between n (binned) genomic loci 4,j on a genome-wide basis; Figure provides
an example. We defer questions surrounding contact matrix normalization. This matrix can be
exceedingly sparse, even after binning. The 3D chromatin reconstruction problem is to use the
contact matrix C to obtain a 3D point configuration x1,...,x, € R? corresponding to the spatial
coordinates of loci 1,...,n respectively; Figure gives an illustration.

Many approaches have been proposed to tackle this problem with broad distinction between
optimization and model-based methods (Varoquaux et al, 2014; Rieber and Mahony, 2017). A
common first step is conversion of the contact matrix into a distance matrix D = [D;;] (Duan et al.
[2010; [Varoquaux et all 2014} |Ay et all 2014} [Shavit et al., |2014), followed by solving the multi-

dimensional scaling (MDS; Hastie et all [2009) problem: position points (corresponding to genomic

loci) in 3D so that the resultant interpoint distances best conform to the distance matrix.
A variety of methods have also been used for transforming contacts to distances. At one extreme,
in terms of imposing biological assumptions, are methods that relate observed intra-chromosomal

contacts to genomic distances and then ascribe physical distances based on organism specific findings

on chromatin packing (Duan et al.| [2010) or relationships between genomic and physical distances

for crumpled polymers (Ay et al 2014). Such distances inform the subsequent optimization step as
they permit incorporation of known biological constraints that can be expressed in terms of phys-

ical separation. Importantly, these constraints include prescriptions on the 3D separation between
contiguous genomic bins. It is by this means that obtaining a 1D curve is indirectly facilitated.
However, obtaining physical distances requires both strong assumptions and organism specific data
(Fudenberg and Mirny} [2012). More broadly, a number of approaches (Zhang et al., 2013} |Varo-|
|quaux et al., [2014; |Zou et al.l 2016} Rieber and Mahonyl [2017)) utilize power law transfer functions to
] ) (Cij)~>if Cy >0, )
map contacts to (non-physical) distances D;; = Adoption of the power law
oo if Cj; = 0.
derives from empirical and theoretical work but again constitutes a strong assumption
land Mirny, 2012).

Once we have a distance matrix D, optimization approaches seek a 3D configuration z1,...,z,

that best fits D according to an MDS criterion. If || - || designates the Euclidean norm, then an

example of MDS loss incorporating weights and penalty (Zhang et al.,|2013) is

Uwryeonan) = Y Wylle—ail =Dy =x > laa — (1.1)

{i,J|Dij<oo} {4,j|Dij=o00}

with the corresponding optimization problem

minimize (1, ...,2Z,). (1.2)
T1yee Ty €ERS

Here common choices for the weights W;; include D;jl QZhang et al.l, |2013[) and D;j2 1
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et all 2014), these being analogous to precision weighting since large C;; (small D;;) are more
accurately measured. Similarly, the penalty (second) term maximizes the pairwise distances for loci
bins with C;; = 0 under the presumption that such loci should not be too close.

It is worth noting that , and related criteria, correspond to a nonconvex, nonlinear opti-
mization problem that is NP hard and while various devices have been employed to mitigate the
computational burden (e.g., Zhang et al., [2013), computational concerns, particularly for high res-
olution (many loci bins) problems, remain forefront.

Probabilistic methods model the contact counts with an optimization goal of maximizing the
corresponding log-likelihood.

In particular, Poisson models, C;; ~ Pois(\;;), are widely used (Varoquaux et al.,|2014;|Zou et al.,
2016; [Park and Lin| 2017)), where \;; = X;;(21,...,2,) is a function of the genomic loci spatial
coordinates x1,...,x,. For example, Rosenthal et al| (2019) prescribe exponential dependence
between the Poisson rate parameter and inter-loci distances: \;; = f||z; — x;||“ for some a < 0, a
framework we slightly modify in Section

All existing approaches implicitly represent chromatin as a polygonal chain. Constraints on
the geometrical structure of the polygonal chain can be imposed via penalties on edge lengths and
angles between successive edges, with even quaternion-based formulations employed (Caudai et al.,
2015)). [Rosenthal et al.| (2019)) utilize penalties to control smoothness of the resulting conformations.
However, despite imparting targeted properties to the resulting reconstruction, such penalty-based
approaches increase the complexity of the objective, its gradient and Hessian, both slowing and
limiting, especially with respect to resolution, associated algorithms.

Here we develop a suite of novel approaches that directly model chromatin configuration as a 1D
curve in 3D. Our primary method, Poisson metric scaling (PoisMS), is based on a Poisson model
for contact counts and provides an efficient means for obtaining smooth 1D reconstructions, that
combines advantages of both MDS and probabilistic models. This technique utilizes two building
blocks of intrinsic interest. First, we introduce the principal curve metric scaling (PCMS') approach
that features an optimization problem inspired by MDS and stated in terms of inner products. This
problem admits a simple solution obtained via the singular value decomposition. Next, we develop
weighted PCMS (WPCMS), a weighted version of PCMS that, importantly, models distances rather
than inner products and further permits control over the influence of particular elements of the
contact matrix on the resulting reconstruction. This technique requires an iterative algorithm that
uses PCMS as the core component. Finally, WPCMS in turn can be used in conjunction with
projected gradient descent to solve a second order approximation of the Poisson log-likelihood,

yielding our PoisMS algorithm.
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1.2 Principal curve metric scaling

1.2.1 Metric scaling with a smooth curve constraint

The PCMS technique is based on classical MDS. Given a symmetric matrix Z, PCMS treats it as a
similarity matrix and approximates it by an inner product matrix (Buja et al., 2008)). In particular,
Z can correspond to the contact matrix after conversion to a distance matrix followed by double

centering, the standard MDS device that turns (Euclidean) squared distances into inner products.

=T —
Let X = ( IT ) € R™*3 be the matrix of genomic loci coordinates and let S(X) = X X7 refer
el

to the inner product matrix of the reconstruction X. If || - || p denotes the Frobenius norm, then the

goal is to minimize the Strain objective:

(Zij — (@i, 27)" = UX)=]Z = SX)|3 (1.3)

é(mla"'axn) :Z

i=1j

Instead of adding a smoothness penalty to the objective, we impose an additional constraint:
T1,...,2T, €, where 7 is a smooth one-dimensional curve in R3. (1.4)

This constraint will serve to capture the inherent contiguity of chromatin. We model the curve y
by a cubic spline with k degrees-of-freedom as follows (Hastie et al., 2009). Suppose hi(t), ..., hr(t)

are cubic spline basis functions in R' then

Y(t) = ((8),72(t),73(t) ", where 7;(t) = S5_; O he(t) for j =1,2,3.

Let ¢; index the genomic locus of z; in the parameter space of 7, i.e. z; = y(t;), and H € R*"*¥
be the matrix of spline basis evaluations at t;, i.e. H;y = hy(t;). Since binning typically results in
evenly spaced genomic loci it is convenient to set t; = 1, to = 2,...,t, = n, although irregular
spacing is readily handled. So, the constraint can be written as X;; = Zle Oy he(t;), or

equivalently, in matrix form as X = HO leading to the optimization problem

minimize £ pcps(©) = || Z — S(HO)||%. (1.5)
O€cRkx3

Hereafter we denote the corresponding solution by 6 = PCMS(Z, H), the resulting chromatin re-
construction by X = HO and the approximation of the original matrix Z as Z=25 (X ).

1.2.2 The PCMS solution via eigen-decomposition

Note that the parameter © in the PCMS problem (|1.5)) is unconstrained. Since © is defined up to
a multiplication by a full-rank matrix, we can assume H to be a matrix with orthogonal columns.
To find the PCMS solution the following lemma is useful.
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Lemma 1. If H € R™** is a matriz with orthogonal columns, i.e. HT'H = I, then problem
is equivalent to
minimize £ poys(©) = |HT ZH — 0607 |2 (1.6)
@eRkXS

Proof. Suppose H = ( H H J_) is a column-wise combination of H and its orthogonal complement

H | . Therefore, H is a square orthogonal matrix and for any B € R"*" the following relation holds
|BII% = |7 BI% = AT BAI: = |HT BH|: + | HTBH. |%.
Substituting B = Z — HOOT HT we conclude that
lpoms(©) =||1Z — HOOTHT |2 = |HT ZH — 00T |2 + |HT ZH||% = pcus(©) + const.

In the last equation the constant term does not depend on the parameter © implying the equivalence
of the above two optimization problems. O

Minimizing l pcms(©) can be interpreted as approximating the matrix H” Z H by a positive semi-
definite rank 3 matrix ©07. Assuming that the symmetric matrix H” ZH has at least three positive
eigenvalues the solution can be found via eigen-decomposition of HT ZH: let H' ZH = QAQT for
orthogonal @ and diagonal A = diag(\y,...,\,) with Ay > Ay > ... > \,, then

O = Qv/A3, where A3 = diag(v/ A1, VA2, V3,0, ...,0).

The computational efficiency of PCMS derives from the fact that it relies on eigen-decomposition

of a small k x k matrix, requiring only O(k?) additional operations.

1.2.3 Chromatin reconstruction via PCMS

In this section we present PCMS reconstructions for IMRI0 cell chromosome 20 at 100kb reso-
lution. By combining power law transformation with double centering we transform the original
contact matrix to a suitable similarity matrix. Specifically, we first convert contacts to distances
via D;; = ﬁ This corresponds to power law transformation with index o = —1 (Lesne et al.
2014), where we add one in the denominator to avoid dividing by zero. Next, we use the centering
operator J = I — % to transform distances to similarities via double centering: Z = — %JDQJ
(Buja et al.l 2008]). The heatmap of the resulting similarity matrix is displayed in Figure

Now, we apply PCMS to Z. The solution 6= PCMS(Z, H) leads to the reconstructions X =H6
and approximations of the similarity matrix Z ~ S (X' ) presented in Figure for a range of degrees-

of-freedom (df) values.
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Figure 1.1: Transformed contact matrix Z = —%J (ﬁ) J.

1.3 Determination of principal curve degrees-of-freedom

The main hyperparameter of the PCMS approach is the spline degrees-of-freedom df (spline basis
size), which controls the smoothness of the resulting reconstruction. To determine the optimal
value, for each df we create the spline basis matrix Hgs, find the corresponding solution édf and the
resulting reconstruction de = deédf. We measure the error rate by the normalized loss function.

In the case of PCMS it corresponds to the normalized residual-sum-of-squares, i.e

err(Xg) = % Hz - S(de)H (1.7)

2
F

Initially, we tried cross-validation to find the optimal value of df, as is common for smoothing
(penalty) parameter determination. However, the complex and structural dependencies that charac-
terize contact matrices made this approach problematic. As an alternative we adopted an approach
based on identifying the “elbow” that is prototypic in graphs of resubstitution error, here err(f( ar),

versus model complexity, here df. The logic as to why this change point constitutes a basis for model

complexity determination is described in Breiman et al. (1984)) in terms of bias-variance tradeoff.

Elbow identification is also used for determining appropriate numbers of principal components (Jol
2002) and clusters (Hastie et al.,|2009)), as well as dimension in MDS (Kruskal and Wishl [1978)

and non-negative matrix factorization (NMF; see Hutchins et al., [2008) problems.

The corresponding plot of approximation error against degrees-of-freedom is presented in Figure
Use of segmented regression (performed using the R package segmented; 2008) to
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(a) df =10 (b) df = 15 (c) df = 25

(d) df =50 (e) df =100 (f) df = 200

Figure 1.2: de, the projections of the resulting reconstruction, with colors (orange, teal) distin-

guishing chromosome arms, and S ()A(glf)7 the approximation of Z, obtained via PCMS for different
degrees-of-freedom values df.
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identify reasonable model size, given by the elbow, suggests a value df = 25 as shown.

0.028 -

0.027 -

o
o
]
[

error rate

0.025 -

0.024 -

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200
df

Figure 1.3: Error rate err(de) vs. degrees-of-freedom df plot for the PCMS approach. The
segmented regression is given by the piecewise linear fit (black) with the degrees-of-freedom selected
via kink estimation indicated by the red vertical line and segmentation change point corresponding
to df = 25.

1.4 Weighted principal curve metric scaling

1.4.1 A distance-based model for chromatin reconstruction

As indicated, direct application of PCMS to Hi-C data is limited by the need to convert contact
counts to distances and then (via double centering) to inner products since such conversion can be
problematic. Even simplistic approaches, based on power law transformation, prescribe a value for
the index parameter, failing to accommodate dependence of the index on influencing factors such as
cell type, chromosome, organism and resolution. Moreover, the double centering trick requires that
resultant distances be Euclidean.

Accordingly, we develop a distance-based version of PCMS, wherein the symmetric matrix Z
contains pairwise squared distances, as opposed to inner products. Additional flexibility is facilitated
by introducing weights to the problem setup, which permits control over the impact of particular
elements Z;; on the reconstruction, for example to counteract diagonal dominance (Yang et al.|
2017)).

We introduce a matrix of weights W € [0, 1]"*™, denote by D(X) the matrix of pairwise distances
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between genomic loci and consider the following loss function

E(a:l,...,xn)ziiWij(Zﬁ—Hxi—xjHQ)? — €(X):H\/W*(Z—D2(X))Hi (1.8)

i=1 j=1

where x refers to the Hadamard (element-wise) product and matrix squaring is also element-wise.
The WPCMS problem can be stated as follows:

2
minimize £ pous(©) = H\/W «(Z - D?(H@))HF. (1.9)

The corresponding solution and reconstruction are denoted by © = PCMSy (Z, H) and X = HO,

respectively, along with the corresponding approximation Z= D2(X ) of matrix Z.

1.4.2 Projected gradient descent and the WPCMS algorithm

Problem (|1.9) can be elegantly solved using projected gradient descent (PGD) (Hastie et all 2015]),
broadly used to solve constrained optimization problems. We first exploit the fact that the matrix

of squared distances can be rewritten in terms of the inner product matrix:
D?(X) = diag(S(X)) - 17 + 1 - diag(S(X))T — 25(X). (1.10)

Here 1 = (1,1,...,1)T € R and diag(S(X)) = (|12, ||lz2[%, .-, Ho:nHQ)T is the diagonal of the
inner product matrix. So (1.9)) can be restated in terms of the inner products:

2
e o T T . T
IglleI}\l/rll(lijlz)eﬂprMs(S) = H\/W * (Z — diag(S)1" — 1diag(9)" + 2S)HF (1.11)

where M(H) = {H@@THT CNS RkXS}. The PGD procedure alternates the following two steps:
[Gradient] S :=S5—Vlypcus(S) and [Projection] S := projum)(9)-

Here proj gy (S) denotes the projection of matrix S onto the matrix manifold M(H). The [Gra-

dient] step makes recourse to the following Lemma.

Lemma 2. Let D? denote the matriz of squared distances corresponding to inner product matriz S
(as in . For a given square matriz A denote by ®(A) the operator that subtracts the row sums
of A from its diagonal, i.e. ®(A) = A —diag(A-1). If G =W % (Z — D?), then up to a scaling
factor Vewpems(S) = @(G).
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Proof. Note that

Curens(9) = VT« (7~ diag($117 17 dins(s) +25)

> Wii(Zij — Sii — Si; +28i;)

1<i,j<n

So the partial derivatives are

Olwpcus(S)

oS, AWij(Zij — Sii — Sjj +2855) =4 Wij(Zi; — D7) =4 Gij = 4 ®(G)y;

Ol wpoms(S

T() =—4 > Wi(Zij— Si—Sj;;+2Sy)=—4 > Wy(Zy—DE) =

" 1<j<n,j#i 1<j<n,j#i
=—4 Y Gy=4(Gi- > G| =420y
1<j<n, jii 1<j<n
In matrix form this is exactly VO pons(S) = @(G). O

Next, note that the [Projection] step requires solving the optimization problem

minimize ||S — HOOT HT||%,
OERkX3

which is easily done using PCMS. Thus, we end up with the following PGD procedure:

Weighted principal curve metric scaling (WPCMS)

1. [Initialize] Generate random © € R**3, set the reconstruction X = HO.
2. Repeat until convergence:

2.1 [SDG] Calculate the current guess for the inner product matrix S = X X7 and use it to
compute the matrix of squared distances D? = diag(S) - 17 + 1 - diag(S)” — 2S. Then
compute G =W x (Z — D?).

2.2 [Gradient] Update matrix of inner products S := S — ®(G).

2.3 [Projection] Update spline coefficients using PCMS, i.e. set © := PCMS(S, H), then
update the reconstruction X = HO.

Lwpoms(Ootd) —Lwprems(Onew) <€
b)

The algorithm convergence is assessed via the stopping criterion vy (< poy

where €; is a pre-chosen accuracy rate, and 0,4 and O, are © values calculated at the previous

and current iterations respectively. Details and extensions of WPCMS are provided in the Appendix.
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1.4.3 Chromatin reconstruction via WPCMS

Similarly to PCMS, we can use WPCMS as a standalone chromatin reconstruction technique. In

these experiments we seek for the approximation
log(C) =~ —D(X)* + B,

which is consisted with the PoisMS model that we will develop in the next section. In Figure [I.4]
we present the heatmap for the target matrix log(C).

Figure 1.4: Log-transformed contact matrix log(C'). White color corresponds to C;; = 0 or, equiva-
lently, log(C;;) = —oc.

To state the WPCMS goal we first introduce the binary matrix of weights W with elements

w0 Gy =0,
= (1.12)
1, if Cy; # 0.

This matrix will allow the algorithm to ignore the log(C;;) elements when C;; = 0. The resulting

weighted optimization problem

minimize H\/W « (—log(C) — D*(HO) + B) Hi w.r.t. (1.13)

OcRkFX3, BeR

therefore, coincides with the WPCMS problem (1.22)) with Z = —log(C) and binary W.
In Figure we present the chromatin reconstructions X = HO as well as the approximations
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—D2(X) + j of the log-transformed contact matrix log(C) for a series of degrees-of-freedom. The

corresponding plot of approximation error

err(Xar, Ba) = % H\/W* (Z - D*(Xg) + Bdf)H (1.14)

2
F
is presented in Figure Use of segmented regression to identify reasonable model size, given by

the elbow, suggests a value df = 35 as shown.

1.5 Poisson metric scaling

1.5.1 Poisson model for contact counts

We now develop our primary approach, Poisson metric scaling (PoisMS), using WPCMS as a build-
ing block. We define a probabilistic model for contact counts based on natural and previously adopted
assumptions: Poisson distributed counts C;; with dependence of the Poisson mean on chromatin 3D

structure, specifically on pairwise (squared) distances between genomic loci:
Cyj ~ Pois(\ij), log(Xij) = —[lz; — ]| + 5, (1.15)

with 5 € R an intercept parameter. The negative log-likelihood objective is

gPoisMS(X> 6) — ZZ |:6_H$i—$j”2+5 o Cij (_”CEi . $j||2 + ﬁ)} (1.16)

i=1j=1

and the MLE optimization problem under the smooth curve constraint ((1.4) is

inimize £poisns(HO, B). 1.17
oLty (rows 1O, ) (47

In (L1.15) we use squared distance rather than distance, reflecting criterion (1.1) and conferring

computational convenience. We denote the corresponding matrix of spline coefficients by © =
PoisMS(C, H) and the resulting chromatin reconstruction by X = H6.

1.5.2 Newton’s method and the PoisMS algorithm

A virtue of the Poisson model is that the second order Taylor approximation (SOA) of the negative
log-likelihood is simply the weighted Frobenius norm. Further, it is well known that the
optimal value of this SOA amounts to one step of the Newton’s method for optimizing the original
loss function. We use these facts to develop an iterative algorithm based on the WPCMS' technique,
which is equivalent to a projected Newton’s method.

First, we review the SOA of the negative Poisson log-likelihood in the univariate case. Suppose
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(a) df = 10 (b) df = 15 (c) df =25

(d) df = 50 (e) df = 100 (f) df = 200

Figure 1.5: de, the projections of the resulting reconstruction, with colors (orange, teal) distin-
guishing chromosome arms, and —D? (de) + 4, the approximation of log(C), obtained via WPCMS
for different degrees-of-freedom values df .
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Figure 1.6: Error rate err(de) vs. degrees-of-freedom df plot for the WPCMS approach. The
segmented regression is given by the piecewise linear fit (black) with the degrees-of-freedom selected
via kink estimation indicated by the red vertical line and segmentation change point corresponding
to df = 35.

¢ ~ Pois(A). The negative log likelihood ¢(\) = A — clog A can be reparametrized in terms of the
natural parameter n = log(\) leading to £(n) = €7 — en. Then the SOA of the reparametrized

negative log-likelihood at some point 79 = log Ao, up to scaling and shifting by a constant, is:

C — )\0
Ao

((n) =~ Lsoa(n) =w(z—n)* where w=e" =Xy and z =1y +

The multivariate version is as follows. Suppose C' € Z}™" where C;; ~ Pois(\;;) and n;; = log(\;;).
Let the respective matrices of Poisson and natural parameters be A = [\;;] € R}*" and H =
[ni;] € R™™. Then the SOA of the negative log-likelihood at some point Hg, up to scale and shift
constants, is
C— Ao

Ay

U(H) = lsoa(H) = |VWV % (Z —H)|% where W =eM0 = Ay and Z = Ho +

Here * is the Hadamard (element-wise) product, with matrix exponentiation and division also being
interpreted as element-wise operations.

Recall that in the Poisson model the natural parameter depends linearly on the matrix of
genomic loci pairwise distances: H = log A = —D?(X) + 3. So, the SOA can be rewritten as

lsoa(X) = H\/W* (2 + D*(X) - B) Hi - H\/W* (2-p*0)) Hi for Z=—-2Z+8.
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Suppose that the current reconstruction guess is Xy with corresponding natural parameter value
Ho = —D?(Xo) + B. Then we have the following approximation of the Poisson loss ((1.16)) at point

Ho again up to scaling and shifting by a constant:

Cpoisms(X, B) = Lsoa(X) = H\/W* (2~ DQ(X))Hi“

where W = e~ P*(X0+8 and Z = D2(X,) — .

Thus, under the smooth curve constraint X = HO, the loss function £g04(X) coincides with the
WPCMS loss (1.9) and we obtain a nice application of the WPCMS algorithm, with the solution to
the second order approximation of problem (|1.17)):

2
minimize £50.4() = H\/W « (Z — D*(HO)) HF (1.18)

being exactly © = PCMSy (Z, H). This observation can be applied to simplify computations for the
Poisson model and underlies our PoisMS algorithm.

The last step of our PoisMS algorithm is to update 8 according to the current guess of ©. This
can be done by optimizing the negative log-likelihood with respect to 8. All together this leads to
the following algorithm that repeatedly approximates the Poisson objective at current guess © by a

quadratic function and shifts © towards the global minimum of this quadratic approximation:

Poisson metric scaling (PoisMS)

1. [Initialize] Generate random © € R**3, set the reconstruction X = HO.

2. Repeat until convergence:

2.1 [Update ] Update the intercept 3 := log ( 2gigzn G )

e~ lei—=5117
1<i,j<n =

2.2 [SOA] Calculate matrices W = ¢~ P*(¥)+8 and Z = D?(X) — e

2.3 [WPCMS] Update the spline coefficients using WPCMS approach © := PCMSw (Z, H),
then update the reconstruction X = HO.

The stopping rule for the PoisMS algorithm is similar to WPCMS: for some fixed accuracy rate

Lpoisms(Oold,Botd) =€ Poisms(Onew,Brew) < ¢
Lpoisms(Oold,Bold) 2

€9 we check if the updated (O,cw, Snew) meets the criteria

after each iteration of steps 2.1-2.3.
The non-convexity of the PoisMS criteria (1.17)) implies that initialization can impact the re-
sulting reconstruction. In the Appendix we discuss use of WPCMS to provide a warm start for the

PoisMS algorithm, as well as algorithmic extensions.
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1.5.3 Computational complexity

The computational complexity of PCMS is O(n?k) operations for computing the product HTCH
and extra O(k?®) for eigen-decomposition (negligible for small k). Each iteration of WPCMS has the
same complexity as PCMS plus O(n?) operations for computing Hadamard products with matrix
W. Finally, the complexity of a PoisMS iteration is equivalent to a WPCMS iteration and requires

an additional O(n?) operations for calculating the second order approximation.

1.5.4 Chromatin reconstruction via PotsMS

We present the PoisMS reconstructions for IMRI0 cell chromosome 20 at 100kb resolution for which
multiplex FISH and Hi-C data acquisition and processing has been previously described (Segal and
Bengtsson,, |2018]). Results for chromosome 21 are presented in the Appendix.

In Figure we presented the heatmap for log(C'). The resulting PoisMS reconstructions de
along with the Poisson parameter matrix log(Ag) = —DQ(de) + B3, that can be viewed as an
approximation of log(C), are presented in Figure for a series of degrees-of-freedom values.

The graph of error rate
Cij

v~ (Cig = X)) | with Ay = —D*(Xap) + Bay- (1.19)
ij

PN 2
BTT(de’ /Bdf) = ﬁ Z |:C” IOg

1<i,j<n

vs df reveals rapidly decreasing error rates up to df = 30 with subsequent gradual decline (Figure
. The optimal df according to the elbow heuristic is df = 25, also shown in Figure

1.6 Assessment of the reconstruction accuracy

1.6.1 Multiplex FISH

While the prescription in Section [1.3| provides a means for selecting a particular PoisMS model
it does not address the accuracy of the chosen model. The absence of gold standards makes such
assessment challenging. In comparing competing 3D genome reconstructions several authors have
appealed to simulation (Zhang et al., [2013; [Varoquaux et al.l 2014} |Zou et al., [2016; |Park and Lin,
2017)), however, real data referents are preferable. To that end, many of the same reconstruction
algorithm developers have made recourse to fluorescence in situ hybridization (FISH) imaging as
a basis for gauging accuracy. This proceeds by comparing distances between imaged probes with
corresponding reconstruction-based distances. But such methods are necessarily limited by the
sparse number of probes (~ 2 — 6; see [Lieberman-Aiden et al 2009 [Shavit et al., [2014; [Park and
Lin| |2017)) and the modest resolution thereof, many straddling over 1 megabase. The recent advent

of multiplex FISH (Wang et all |2016]) transforms 3D genome reconstruction accuracy evaluation
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(a) df = 10 (b) df = 15 (c) df =25

(d) df = 50 (e) df = 100 (f) df = 200

Figure 1.7: de, the projections of the resulting reconstruction, with colors (orange, teal) distin-
guishing chromosome arms, and —D? (de) + B, the approximation of log(C'), obtained via PoisMS
for differing degrees-of-freedom values df .
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Figure 1.8: Error rate err(f(df, Bdf) vs. degrees-of-freedom df plot for the PoisMS approach. The
segmented regression is given by the piecewise linear fit (black) with the degrees-of-freedom selected
via kink estimation indicated by the red vertical line and segmentation change point corresponding
to df = 25.

by providing an order of magnitude more probes and hence two orders of magnitude more inter-
probe distances than conventional FISH. Moreover, the probes are at higher resolution and centered
at topologically associated domains (TADs; see Dixon et al., [2012). We use this imaging data,
along with companion accuracy assessment approaches (Segal and Bengtsson, 2018) to evaluate our
PoisMS reconstructions.

The image-based 3D genomic coordinates furnished from multiplex FISH serve to define the gold
standard by which we assess reconstructions. The existence of numerous multiplex FISH replicates

is crucial for this task and three steps are necessary to effect such evaluation.

Obtaining the gold standard Given N multiplex FISH replicates denote the matrix of the
spatial coordinates for replicate i € {1,...,N} by M; € R™*3 where ny denotes the number of
distinct multiplex FISH loci (probes) over all replicates. We start by defining the medoid replicate.
For a pair of 3D conformations X;, Xo € R™*3 denote the number of observed loci by n(X7, X2)
and suppose dproc(X1,X2) is the squared Procrustes distance from X, to X; following alignment
allowing translation, rotation and scaling (Hastie et al.l 2009). Then the dissimilarity between X3

and X5 is defined by .

RS

dproc(X17X2)7 (120)



CHAPTER 1. PRINCIPAL CURVES AND CONFORMATION RECONSTRUCTION 21

using asymmetric (scaling and rotation transforms applied to Xs only) Procrustes distance. This
measure of agreement between two reconstructions coincides with mean squared deviation (Segal
and Bengtsson) [2018]).

We next define the medoid replicate as the replicate whose (weighted) average dissimilarity to

the other replicates is minimal:

N
J  =argmin;_; N Z : .

, (1.21)
i=1 lecvzl d(Mika:)

1
o1 d(M;, My)
k=1

Next, let M be the Procrustes alignment of M; to the medoid M;-. The average Procrustes

with weights chosen to adjust for different scales of the multiplex FISH replicates.
conformation M, defined as the locus-wise average of the M °t, then serves as a gold standard.
Our application of Procrustes alignment prior to this (noise reducing) averaging accommodates

translation, rotation, and scaling differences between replicate conformations.

Computing the reference distribution Treating the average Procrustes conformation M as our
gold standard we obtain a reference distribution by measuring the dissimilarity between it and the
multiplex FISH replicates: d(M, M;). The resulting empirical distribution captures experimental
variation around the gold standard. A fine point is that this distribution will exhibit reduced
dispersion compared to its target population quantity owing to data re-use since M; contributes to
M. While this concern could be mitigated by employing leave-one-out techniques the large number

of available replicates (> 110) renders this unnecessary (Segal and Bengtsson, |2018]).

Evaluating chromatin reconstructions To evaluate reconstructions resulting from the PoisMS
approach we first need to align the reconstruction with the gold standard. This may involve prelim-
inary coarsening of one or other coordinate sets to yield comparable resolution. Here, the genomic
coordinate ranges for each multiplex FISH probe are coarser than the Hi-C bins used in our recon-
structions. So we calculate the average of the reconstruction coordinates falling in the corresponding
multiplex FISH bins to obtain a lower resolution reconstruction X of the same dimension as M. To
quantify how close this reconstruction is to the gold standard M we again measure dissimilarity
following alignment d(M, X)

1.6.2 A contrasting reconstruction algorithm: HSA

To compare our PoisMS solution with an alternate reconstruction algorithm we make recourse to
HSA (Zou et al.l |2016)). This technique provides an interesting contrast in that it employs a similar
Poisson formulation to (1.16]) but instead of contiguity being captured via principal curves per (|1.4)),

it is indirectly imparted by constraints that induce dependencies on a hidden Gaussian Markov
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chain over the solution coordinates. Obtaining these spatial coordinates is achieved via simulated
annealing with further smoothness effected via distance-based penalization.

HSA has performed well in some benchmarking studies and features several compelling attributes
including (i) simultaneously handling multiple data tracks allowing for integration of replicate con-
tact maps and (ii) adaptively estimating the power-law index whereby contacts are transformed to
distances as previously emphasized. Nonetheless, in contrast to PoisMS, HSA incurs a substantial
compute and memory burden, and questions surrounding robustness have been raised (Rieber and
Mahony, 2017]).

To compare PoisMS performance with HSA we use the approach described in Section[I.6] Having
obtained a HSA reconstruction we measure the dissimilarity between the reconstruction and the gold

standard.

1.6.3 Validation of the PoisMS reconstructions

Procrustes alignment of 3D conformations, and calculation of the corresponding distances dproc(:, -),
was performed using the R package vegan (Oksanen et al., [2016). We obtain the multiplex FISH
medoid conformation based on the smallest row sum of the dissimilarity matrix of normalized
Procrustes distances as described above. The 111 multiplex FISH replicate conformations are
then aligned to the medoid as a prelude to calculating the average Procrustes conformation — our
gold standard. Figure shows the histogram of dissimilarities between multiplex FISH replicates
and our derived gold standard that constitutes the reference distribution. We position the PoisMS
reconstruction dissimilarities therein corresponding to the indicated series of degrees-of-freedom
values. HSA reconstruction dissimilarity values are also included.

The following conclusions can be drawn from Figure For chromosome 20 (see the Appendix
for chromosome 21), all fits for PoisMS lie within the range of the multiplex FISH dissimilarity
distribution that reflects experimental variation. The fact that the PoisMS dissimilarity values are
in the left tail of this distribution indicates the accuracy of the proposed reconstructions, highlighting
the utility of the proposed methodology. Further, that larger dissimilarity values pertain for HSA,
particularly for chromosome 21, suggests that PoisMS performs at least comparably to this well
benchmarked alternative. That PoisMS wall clock times are minutes rather than days for HSA is

notable.

1.7 Discussion

Central to our principal curve based approaches to 3D chromatin reconstruction is that the configu-
ration of an individual chromosome within the nucleus can be treated as a contiguous 1D curve since
the diameter of the chromatin fiber is negligible compared to the nuclear volume. The extent to

which the curve is “smooth” is determined by an adaptively selected degrees-of-freedom parameter.
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Figure 1.9: Reference distribution measuring the dissimilarity between the gold standard M and 111
multiplex FISH replicate conformations M; for chromosome 20. The vertical orange lines correspond
to the dissimilarity between M and the low-resolution reconstruction X ar calculated via PoisMS for
different df values; the light blue line corresponds to the HSA reconstruction.

As mentioned in the introduction, previous reconstruction methods either impart contiguity indi-
rectly by prescribing constraints, which are difficult to specify, or impose it post hoc. In comparison,
our methods based on principal curves are computationally efficient, readily scale to high resolution
contact data and are parsimonious with regard tuning parameters.

Our implementation of PoisMS utilizes cubic spline basis functions, which contribute to this
computational efficiency. However, the nature of chromatin folding and attendant Hi-C data is such
that these bases will be less effective in capturing fine 3D structure, as opposed to global backbone
architecture. This derives from the hierarchical, domain-based organization of chromatin, aspects
that have been tackled by some reconstruction algorithms using strategies that synthesize solutions
obtained at differing scales (Rieber and Mahonyl 2017; |Trieu et all) 2019). We will investigate

whether principal curve solutions can similarly serve as building blocks in addition to exploring the

use of alternate basis functions, notably wavelets.
Our analyses of Hi-C data from IMR90 cells was motivated by the availability of corresponding

multiplex FISH data enabling accuracy assessment. However, the extent and resolution of multiplex
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FISH imaging is limited, narrowing the applicability of this means of evaluation. An even more
fundamental issue pertains to attempting chromatin reconstruction using bulk Hi-C data from large
cell populations. As has been emphasized (Lando et al.| [2018]), the presence of numerous conflicting
contacts suggests that the notion of a consensus underlying 3D conformation is questionable and
that there is substantial cell-to-cell structural variation. This places a premium on pursuing sin-
gle cell reconstructions as enabled by the recent emergence of single cell Hi-C protocols (Ramani
et al.,|2017)). That one of these advances (Stevens et al., |2017)) also provides parallel imaging data,
putatively enabling reconstruction accuracy determination, underscores the importance of applying
reconstruction methods in single cell settings, despite contact map sparsity, and is the subject of

future work.

1.8 Appendix

1.8.1 The WPCMS algorithm extensions

Learning rate Since the WPCMS algorithm is based on PGD, many extensions can be naturally
derived. For example, a learning rate ¢ can be introduced by replacing G by G at the [Gradient]
step. Further, line search can be readily added to the algorithm:

[Search] Ss := S — 6D(G)
[Gradient] S := S — ®(G) — ©5 = PCMS(S5, H)
61 = argming £ wponms(0s)
[Gradient] S := 5 — §:2(G)

Intercept It is possible to incorporate an intercept parameter into the WPCMS problem state-

ment, leading to the optimization problem:

2
. M. 2
@Iég?i?lggnkéwpcj\/ls(@’m B H W (7 - DA(HO) + ﬂ)HF' (122)

The WPCMS iterative algorithm is then modified by the addition of the following step:

L L 2
Xy Wi (Zig— ||z —=;]1?)

[Update 8] Update the intercept 5 := — Sy W,

Initialization We study the influence of the initialization on the resulting WPCMS reconstruc-
tions. In our experiments we generated 50 random © with ©;; ~ A(0,1). At the [Initialize] step
for each of these © we set the starting value for the reconstruction to X = HO, for fixed degrees-
of-freedom df = 50, and run the WPCMS algorithm. We then compare the solutions obtained,

as well as losses and 8 values. In Figure [L.I0] we superpose coordinate-wise representations of all
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fifty curves obtained via WPCMS. The WPCMS algorithm converges to two stable conformations.
The relative change in the achieved values for both loss and 8 does not exceed 1%; the number of
iterations required for the same convergence criterion varies from tens to a few hundreds.

Figure depicts the fifty WPCMS solutions in terms of two key geometric characteristics of
the reconstructions: the distances between two successive genomic loci, which reflects curvature,
and the angles formed by three successive genomic loci, which reflects torsion. The plot showcases
highly similar geometric structure across reconstructions, irrespective of initialization.

X1 X2 X3
1.0-

0.5

5- ji\\\. M/\ [ |
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/\f ré \f/\ / - v/\\\\\ v
y | }‘ V4 \‘ / )
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Figure 1.10: Fifty reconstructions X computed for df = 50 via WPCMS': each reconstruction cor-
responds to a random initialization and is represented coordinate-wise. Two largely similar stable
conformations are obtained.
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Figure 1.11: 50 reconstructions X computed for df = 50 via WPCMS; each reconstruction corre-
sponds to a random initialization, and is represented as lengths of reconstruction edges and angles
between successive edges.
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1.8.2 The PoisMS algorithm extensions

Iterations It is not necessary to iterate until convergence of the objective £so 4(©) at the [WPCMS]
step. Based on our experiments, the PoisMS algorithm can be significantly accelerated by perform-

ing only a few steps of WPCMS between each update of W and Z. This can be readily accomplished

L504(O0td)—4s0A(Onew)

by varying the accuracy rate e¢; for the WPCMS stopping rule Tsoa @) < €.

Learning rate Note that the update for the Poisson generalized linear model (GLM) amounts to
one step of the Newton method in the space of the natural parameter H = —D?(X) + 3. It is not
difficult to show that it is equivalent to the Newton step in the parameter space of distances D?(X)
and, consequently, in the parameter space of inner products S(X) since there is a linear dependence
of the elements of D?(X) on the elements of S(X). Therefore, we can add a learning rate as well as

line search (in the parameter space of S(X)) to the PoisMS algorithm as follows:

[WPCMS] © = PCMSy (Z, H)
[Search] S5 = (1 —0) - S(HO) +6- S(HO)
[WPCMS] © := PCMSw (Z,H) = ©s5 = PCMS(Ss, H)
X :=HO 0y = argming £poisns(©s)
[Mix] © := ©5,

X =HO

Initialization Akin to our exploration of the impact of initialization on WPCMS (Section
here we examine initialization in the context of PoisMS. In Figure [[.12] we again superpose 50
curves obtained from different initializations of PoisMS and represent them coordinate-wise. As is
apparent, PoisMS exhibits higher sensitivity to the starting value of © than WPCMS. However, the
relative change in the achieved values for both loss and 3 is still small, i.e. does not exceed 3%.
While Figure highlights reconstruction variability with respect to initialization, Figure
which, as per Figure captures geometry via successive edge lengths and angles, suggests the

existence of a common underlying similar structure.

Warm start In view of the sensitivity of PoisMS to initialization we pursue use of a warm start.
Based on the heuristic from Section [1.8.1] we replace the random initialization step by initializing
© at the WPCMS solution.
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Figure 1.12: 50 reconstructions X computed for df = 50 via PoisMS; each reconstruction corre-

sponds to an initialization (random initialization in blue, warm start in black) and is represented
coordinate-wise.
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Figure 1.13: 50 reconstructions X computed for df = 50 via PoisMS; each reconstruction corre-
sponds to a random initialization, and is represented as lengths of reconstruction edges and angles
between successive edges.

[Initialize] Generate random © € R**3  — [Warm Start] © := PCMSy (—log(C), H)

X :=HO X :=HO

where W is the binary matrix ([1.12)). Adoption of warm starts significantly decreases the number
of iterations required for convergence and allows for lower loss value. The resulting reconstruction
is presented in Figure in black.
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1.8.3 PoisMS reconstructions for IMR90 cell chromosome 21

We provide results for IMR90 chromosome 21 at 100kb resolution that parallel the presentation for

chromosome 20.

Figure 1.14: Log-transformed contact matrix log(C'). White color corresponds to C;; = 0 or,
equivalently, log(C;;) = —oc.
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Figure 1.15: de, the projections of the resulting reconstruction, with colors (orange, teal) distin-
guishing chromosome arms, and —D? (de) + 3, the approximation of log(C'), obtained via PoisMS
for different degrees-of-freedom values df.



CHAPTER 1. PRINCIPAL CURVES AND CONFORMATION RECONSTRUCTION 30

80~

75~

error rate

65-

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200
df

Figure 1.16: Error rate err(de, Bdf) vs. degrees-of-freedom df plot for the PoisMS approach. The
segmented regression is given by the piecewise linear fit (black) with the degrees-of-freedom selected
via kink estimation indicated by the red vertical line and segmentation change point corresponding
to df = 23.
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Figure 1.17: Reference distribution measuring the dissimilarity between the gold standard M and 111
multiplex FISH replicate conformations M; for chromosome 21. The vertical orange lines correspond
to the dissimilarity between M and the low-resolution reconstruction X ar calculated via PoisMS for
different df values; the light blue line corresponds to the HSA reconstruction.



Chapter 2

Weighted low-rank matrix

approximation

2.1 Introduction and background

2.1.1 Low-rank matrix approximation

Low-rank matriz approzimation (LRMA) has always attracted a lot of attention. It arises in a
variety of core machine learning techniques including data compression, dimension reduction and
de-noising (Markovsky, [2011), and is central to many multivariate statistical techniques such as
principal components, linear discriminant analysis and canonical correlation analysis (Mardia et al.,
1979).

The main goal of the LRMA technique is to identify the “best” way to approximate some given
matrix M € R™*? with a rank-k matrix X € R"*? for k < min(n,p). There are many ways to
define “goodness of fit” between a matrix and its approximation. The most natural one is to use
the residual sum of squares Y, >-*_ (M;; — X;;)? leading to the LRMA problem:

j=1
minimize | M — X||%  subject to rk(X) < k. (2.1)
XERnxp
Here || - || refers to Frobenius norm. The solution to this problem is well-know and can be found

via the singular value decomposition (SVD) of the matrix M (Eckart and Young} {1936).

2.1.2 Missing values

The LRMA problem can be extended to the case when only a subset of entries in M is observed.
The resulting technique, also known as low-rank matriz completion (LRMC), aims to recover the

missing entries of matrix M from partial observations (Candes and Recht, |2008; Mazumder et al.,

32
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[2010; [Nguyen et al. 2019)). One of the most famous examples of widespread use of LRMC' is the

“Netflix” competition, where the goal is to build a movie recommendation system based on users

ratings of movies they have seen (Feuerverger et al., [2012). Here M is the matrix of movie ratings

(score from one to five), where each column represents a movie, each row represents a user, and most
elements in M are missing. We seek a low-rank matrix X that approximates the observed entries
of M well, and can be used to fill in the missing values. The low-rank structure has a heuristic

justification in terms of “cliques” of users and “genres” of movies.

Following |Candes and Tao| (2010)), to state the corresponding optimization problem one de-

notes a set of observed entries by Q € {1,...,n} x {1,...,p} and defines the projection operator

Pq : R"*P — R"*P a5 follows

0, if (4,7) € Q
(Pa(X))i; = o
Xij, if (4,7) € Q.
In other words, the projection operator replaces all missing elements by zeroes. The LRMC' problem
becomes

min%{mize |Po(M — X)||% subject to rk(X) < k. (2.2)
XeRnxp

The objective in is nothing but the residual sum of squares computed for the set of observed
values only, i.e. Z(i’ j)eQ(Mij — Xi;)?. Unlike the complete matrix case, where an explicit solution
exists, LRMC requires an iterative algorithm. Hard-impute is an example of such an algorithm, and
alternates two steps: the imputation step, where the current guess for X is used to complete the
unobserved entries in M; and the SVD step which updates the low-rank matrix approximation X
(Mazumder et al., [2010).

Note that problem is non-convex, which makes it hard to establish a formal proof of conver-

gence of the algorithm. A natural convex relaxation of the LRMC problem can be stated as follows
(Mazumder et al., [2010; (Candes and Tao}, 2010)):

mminimize 2 | Po(M — X)[% + N X]. (2.3)
Here ||-||« refers to the nuclear norm of a matrix (sum of singular values) and is a convex relaxation of
the matrix rank function. The iterative algorithm solving is called soft-impute. It is essentially
the same as hard-impute, but instead of truncating some eigenvalues to zero at the second step (i.e.
computing low-rank approximation) they are shrunk via a soft-thresholding operator
. There is a link between problem and its convex relaxation. Since shrinking its
nuclear norm is a smooth way to reduce the rank of a matrix, then for \ large enough problem
will produce a rank k solution.

An alternative view of LRMA was suggested by |[Rennie and Srebro| (2005). One can show that
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any rank k matrix X € R"*P can be rewritten as X = AB'", where A € R"** B € RP*¥. Restating
problem (2.2)) in terms of A and B leads to an equivalent bi-convex problem:

minimize  ||Po(M — ABT)|? 2.4

| uinimize [P I3 (24)

For the convex relaxation the following result holds: if r is the rank of the solution to problem (2.3,
then for any k > r problem (2.3)) is equivalent to

s 1 A A
ominimize  SI|Pa(M — ABT)[}+ 1415 + 5 1B} (25)

Hastie et al.| (2015)) suggest an efficient alternating least squares algorithm for solving problem ([2.5)).

2.1.3 Weighted generalization

In this chapter we focus on a weighted generalization of LRMA. There are many applications of
WLRMA beyond matrix completion. In Ecology, Robin et al.| (2019) and Kidzinski et al.| (2020)
propose modelling populations of species using Poisson GLMs. The authors analyse the population
matrices (with rows and columns corresponding to sites and species, respectively) using low-rank
models. As a result, they develop an iterative algorithm that solves a matrix-type Poisson GLM
optimization problem with a low-rank constraint. The algorithm is based on Newton descent where
each Newtons step can be restated in the form of a WLRMA problem.

In Tuzhilina et al.| (2020) the authors build a technique for chromatin conformation reconstruc-
tion. They model the so-called contact matrix, which represents the frequency of contacts between
each pair of genomic loci, via a Poisson distribution and link mean contact counts to the pairwise
distances between loci. The low-rank constraint is natural here, since chromatin is a 3D structure;
in addition the authors model chromatin as a smooth curve. The resulting optimization problem
can be solved via an iterative algorithm, where each iteration is equivalent to solving a WLRMA
problem.

Note that the projection operator introduced in the previous section is equivalent to multiplying
each element of a matrix either by zero (for unobserved entries) or by one (for observed entries). In

other words, Po(X) can be rewritten as W * X, where W € R™*P is a binary matrix with

and * refers to the Hadamard element-wise product. The natural generalization of the LRMC
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problem is therefore

minimize VW % (M — X)||% subject to rk(X) < k. (2.6)
CRnXD
Here W € [0,1]™*? is a matrix of weights (not necessary binary) and the objective is simply weighted
residual sum of squares Y | Y7 Wi (Mi; — Xi5)%

Of course, there is a convex relaxation of problem (2.6, i.e.

mininiize o[V (M = X)} -+ M X]. )

The WLRMA problem was first introduced by (Srebro and Jaakkola) (2003) (see also |Razenshteyn
et al.| |2016} [Dutta et al., 2018; Ban et al.,2019)). Originally the authors suggested a simple iterative
algorithm that successively replaces the current guess of X by a low-rank-matrix approximation of
W s M+ (1 — W) % X. This iterative procedure has a natural interpretation: you first “blend”
your current guess for X with the ground truth M (using weights W and 1 — W) and then project
the combination back to the manifold of rank-k matrices. With a matrix of binary weights, this
procedure coincides with the hard-impute approach discussed above.

This chapter is organized as follows. In Section we link the existing WLRMA approach
(hereafter we call it baseline) as well as the soft- and hard-impute algorithms to projected gradient
descent. In Section 2:3.1] we use this link to propose an acceleration technique for the baseline
method based on Nesterov acceleration. Further we provide an alternative way to improve the
speed of WLRMA convergence: we restate the original problem as a fixed point equation and
combine projected gradient descent with Anderson acceleration. We discuss these ideas as well as
the way to stabilize the convergence behavior of Anderson acceleration in Sections[2.3.2]and 2.5] All
of the proposed algorithms require us to compute an SVD at each iteration, which is computationally
expensive in high-dimensions. In Section we discuss an adaptation of the proposed techniques
to the high-dimensional data setting. Finally, we demonstrate and compare the performance of all
the methods on a simulation example as well as a real-data example from recomendataion systems
(see Sections and . When we finished writing this chapter we discovered a recent preprint,
which shares some of the ideas we propose in Sections and (Dutta et al.; [2021)).

2.2 Link to proximal gradient descent

In this section we link the WLRMA algorthm proposed in [Srebro and Jaakkola| (2003) to proximal
gradient descent. This connection will subsequently help us to develop several useful algorithmic
extensions. Note that the same link can be established for the convex relaxation of the WLRMA
problem, as well as the soft- and hard-impute approaches.

Proximal gradient descent (PGD) is a method that allows one to solve non-differentiable convex
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optimization problems (Combettes and Wajs, 2005; [Combettes and Pesquet, 2011)). Specifically,
suppose you aim to minimize g(z) + h(z) w.r.t. = € R% where g(z) is convex and differentiable
and h(z) is convex and not necessarily differentiable. For the non-differentiable part we define the

prozimal operator as follows:
o1 2
prox, (z) = argmin, §||33 —z||5 + h(2).

If 2(9 refers to some initialization of z and z(¥) is the value of the optimized parameter at iteration

1 then the proximal gradient descent update is
241 = prox,, (27 = Vg(a))).

The update can be split in two parts: first the standard gradient step is done using the differentiable
part of the objective, then the non-differentiable part is taken into account via proximal mapping.

Now we link PGD to the WLRMA problems and . For the non-convex version we first
restate problem as follows:

1
minimize = ||[VW * (M — X)||% +1{X € C}
XeRnxp 2

Here C = {X € R"*P, rk(X) < k} is the set of rank k£ matrices and

0, if X € C,
oo, if X ¢ C.

1{X eC}=

is the set indicator function. Since indicator is a non-differentiable function, we set

9(X) = 3IVW (M - X)|l} and  h(X) = 1o(X).

It is not difficult to prove that the proximal operator of an indicator function of a set is just
the projection onto this set (in the case of the set constraint the algorithm is therefore referred
as Projected Gradient Descent). Further, note that projecting onto the set of rank k£ matrices is
equivalent to solving LRMA problem . Denote the rank k approximation of matrix X by
SVDg(X), i.e. if X = UDV'T is the singular value decomposition then

SVDy(X) = U diag(dy, ..., dy,0,...,0)V .
Computing the gradient of the differential part of the objective, i.e.

Vg(X)=-W=x (M — X),



CHAPTER 2. WEIGHTED LOW-RANK MATRIX APPROXIMATION 37

we get the following PGD update for the WLRMA problem:
XOFD .= QVDL (W s« M + (1 — W) % X)), (2.8)

Although motivated by the EM algorithm, the update suggested in |[Srebro and Jaakkolal (2003)
coincides with the one we just derived via PGD.
Now let us consider the convex relaxation. Since in problem (2.7 the nuclear norm is a non-

differentiable function of X, we set

J(X) = SV« (M = X)[[% and h(X) = A|X]...

One can show that proximal operator for A(X) in this case is the soft-threshold operator (Mazumder
et al.l [2010), i.e. prox~(X) = Sx(X) where

SA(X) = Udiag((dy — N4, ..., (dp —N) )V .
and zy = max(0,z) is the threshold operator. This leads us to the PGD update as follows:
X =S(WxM+(1-W)x*X). (2.9)

Similar to standard gradient descent, it is possible to add a learning rate ¢ to the PGD procedure

leading to the hard and soft updates

X0+ = SVDL(tW % M + (1 —tW) * X@) and
XD = S (W« M+ (1 —tW) « X))

respectively. Although optimizing the learning rate may improve convergence, it can be quite ex-
pensive to run line search in the context of WLRMA, as a separate SVD is required for each value
of t.

2.3 Acceleration Techniques

There exist several ways to accelerate proximal gradient descent. We discuss two in this section:

Nesterov and Anderson acceleration.
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2.3.1 Nesterov

PGD can be combined with Nesterov acceleration, which uses momentum from previous iterations

(Nesterovl, [1983)). Specifically, if we denote

v — x@ i1 (Xm _ X(i—l)) (2.10)
i+ 2
then the PGD procedure for both non-convex and convex versions of the WLRMA is as follows:

XD .= SVD(W « M + (1 = W) * VD) and (2.11)
X0 .= S (W s M+ (1 — W)« V@), (2.12)

2.3.2 Anderson

Here we propose an alternative way to improve the convergence of the WLRMA baseline method via
Anderson acceleration. To make it concise we present this technique for the non-convex WLRMA
problem only. The same extension can be done for the convex relaxation as well.

Anderson acceleration (AA), or Anderson mixing, is a well-known method demonstrated to be
very efficient for accelerating the convergence of fixed-point iterations (Anderson, [1965; [Walker and
Ni, 2011} |Zhang et al., 2020)). It is similar in flavor to most acceleration methods which combine
the previous updates of the optimized parameter to improve the convergence speed. Given some
function f(x) : R? — R, initialization z(®) and depth m, Anderson acceleration solves the fixed

point equation x = f(z) via the following steps.

Anderson acceleration (AA4)

1. [Initialize] Set z(!) = f(2(©).
2. Repeat until convergence:

2.1 If ¢ < m we replace m by m, = min{m,i}. This step is required only for the first few

iterations.
2.2 Store updates in a matrix F) = (f0=™) | ) where f) = f(z(9)).
2.3 Store residuals in a matrix R®) = (r=m) . r®) where r() = f0) — (),
2.4 Find coefficients o = (@, - .., ag) " such that 37" a; = 1 and that minimize the linear

combination of residuals, i.e. |R®alf.

2.5 Combine previous updates setting (1) = F(9q,

Note that the optimization problem

minimize)T HR(i)aH subject to a'1 =1 (2.13)
2

a:(ann“-aal)
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has an explicit solution

N (Ru)TR(i))_l 1

a = )
17 (R(i>TR(i)) 1

(2.14)

which can be found in two steps. First we solve equation R(i)TR(i)e = 1 and then normalize the
solution o = %.

To combine WLRMA with Anderson acceleration we first need to restate the PGD procedure
as a fixed point equation. Following the idea suggested in the recent paper by Mai and Johansson

(2020) we restate the WLRMA update as
YO = Ws M+ (1 — W)« X@ and XD = VD, (Y (+Y).

Note that Y@ is an update after the gradient step and in the case of binary weights it will simply
represent the imputed matrix M. Then the convergence for the baseline WLRMA is guaranteed

when the following fixed-point equation (written in terms of the auxiliary variable Y') holds
Y = f(Y) where f(Y) =W x M+ (1 — W)« SVDy(Y).

Note that in Anderson acceleration z is assumed to be a vector and the WLRMA problem is
stated in matrix form, so in order to run Anderson acceleration in the context of WLRMA we need to
vectorize all the matrices. We will use lower case letters to denote flattened matrices, e.g. y = vec(Y)
and f = vec(f(Y)). This leads us to the following implementation of the WLRMA-AA algorithm.

In order to build similar algorithm for the convex relaxation one replace SVDg(+) by Si(:).

Anderson weighted low-rank matrix approximation (WLRMA-AA)

1. [Initialize] Set Y (e.g. column mean imputation) and y©@ = vec(Y(®), then compute
X(© = 8VD,(Y(®),

2. Repeat until convergence:

2.1 Compute f) = vec(W * M 4 (1 — W) x X®).
2.2 Set r() = () — 400,
2.3 Concatenate R = [R(=1 . (@] () = [pG-1) . f()],
2.4 Solve OLS.
e Solve RO RD§ =1 w.r.t. 6.

0

e Normalize o = 179

2.5 Compute y*+1) = F@q and set Y+ = matrix(y+1)).
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2.6 Update X+ = SVD, (Y (+D),

2.7 Drop the first column of both F(* and R if they contain more than m columns.

One can find a link between the proposed algorithm and Nesterov acceleration. First note that

since > 1", a; = 1 the update for the auxiliary variable can be rewritten as:

m
YO =W M4+ (1-W) > a; X0, (2.15)
j=0
Thus if we denote
v = Zan(i_j)’ (2.16)
=0

which is nothing but some linear combination of previous X updates, then step 2.6 in the above
algorithm will coincide with the second step of the Nesterov update ([2.12)).

Several tricks are usually applied to improve the performance of Anderson acceleration.

e Since the loss function is not guaranteed to decrease after each Anderson update, one can run
guarded Anderson acceleration. In other words, for each step we compare the loss improvement
between the simple PGD and accelerated one and choose the update with better improvement.
Alternatively, since the most unstable behavior of Anderson acceleration is demonstrated in
the first few iterations where the gradient has the largest norm, one can delay the acceleration

by a few iterations and start after the most significant drop in the gradient was passed.

e Note that the only information required for computing the Anderson coefficients a is the
covariance matrix of the residuals R, which costs O(npm?). Although in most applications
depth is usually chosen to be relatively small (3 — 30, see |Anderson, 1965, this computation
can be quite expensive if X is high-dimensional and can exceed the SVD cost if one of n or p
is less than m?2. Since only one column of R() is updated at each iteration, one can keep and
successively update the residual covariance matrix instead of re-computing it after each loop.

This reduces the cost to O(npm).

2.4 Simulation

In this section we compare the proposed three methods, i.e. baseline, Nesterov and Anderson
WLRMA, on a small simulation example. We generate the data as follows. First we draw A € R™*"
and B € RP*" from standard normal distribution and compute M = ABT + E. Here E € R™*? is
some matrix of errors drawn from N(0,02). We further generate the matrix of weights W € R"*P

via uniform distribution. In our experiments we set n = 1000, p = 100, r = 70 and ¢ = 1. We
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initialize X(©) at zero matrix and using the three suggested algorithms, i.e baseline, Nesterov and
Anderson WLRMA, we solve problems and (2.7). For the latter approach, we set depth equal
to three. For non-convex WLRMA we test k = 20,50,70. To make the results compatible, for the
convex relaxation we search for A that results in approximately the same value of the unpenalized
loss (see optimization problem ) Thus we vary A in the grid A = 100, 30, 5. We track the relative

change in the loss, i.e.

(XD — (X @)
(X®)

A = (2.17)

Here
UX) = VW (M = X)|7

for the WLRMA problem and
1
UX) = IV = (M~ X% + Al Xl

for the convex relaxation. We stop the algorithm as soon as the relative difference is less than some
threshold, i.e. A®) < e. In our experiments, the maximum number of iterations is limited to 300
and the convergence threshold is set to € = 1078,

The results are presented in Figure 2.} According to our simulation experiments, both acceler-
ation methods reach the convergence points faster than the baseline. Moreover, Anderson improves
the convergence speed much more than Nesterov in the case of the convex relaxation. Note also that
the convergence of accelerated methods for non-convex WLRMA is more erratic comparing to the

baseline.

2.5 Stabilizing Anderson acceleration coefficients

In this section we propose a way to stabilize the behavior of Anderson acceleration in the case of
non-convex WLRMA. First, let us plot the coefficient paths, i.e. « vs. iteration. In the left panel
of Figure we present the paths produced while solving the WLRMA problem with k& = 50.
We observe some significant oscillation in the coefficients, which results in the oscillation of the
convergence path of Anderson WLRMA in Figure (blue curve on the middle panel).

To stabilize the coefficient paths we add regularization and restate problem as

m

minimize)T IRD a2 4+ |l — apres||5  subject to Zai =1 (2.18)
0

a=(am,...,a ‘
’ i=0

Here appey is the coefficient vector obtained on the previous iteration (regularization depth is equal

to one), or the average of d coefficient vectors obtained on several previous iterations (regularization
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(b) Solving the WLRMA convex relaxation problem with different penalty factors A.

Figure 2.1: Simulation example. Relative objective change vs. iteration number plotted for baseline,
Nesterov and Anderson m = 3 algorithms. We match the rank and penalty factor of non-convex
and convex problems so that top and bottom panels have similar value of the unpenalized objective.
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Figure 2.2: Coefficient paths obtained via Andersen acceleration with m = 3 while solving the
WLRMA problem for k£ = 50. Each of the m + 1 coefficients is represented in different color. Left
panel corresponds to acceleration without stabilization (blue curve on the middle panel in Figure
2.1a). The remaining panels represent acceleration with different smoothing penalties v and ey
equal to the average of three previous coefficient vectors.

depth is equal to d). The penalty in the above problem works in a similar way as acceleration
methods: it balances the new update of the optimized variable with the previous guesses thereby
smoothing the coefficient paths. On can derive the solution for problem ([2.18)).

ol = (I +yK)a* where K = (R(i)TR(i) + 7[)_1<aprev1—'— —1a)..,)

preo
. (ROT RO + 1) !

a = Ry 1
1T (RORO +41) 1

Note that computing aZ involves some simple manipulations with the small (m + 1) x (m + 1)
covariance matrix of the residuals R(*). Since this matrix is also required to be computed while
deriving the unpenalized solution , the cost for regularized and non-regularized Anderson is
equivalent.

Now we test the proposed regularization technique on the same WLRMA problem. We vary -,
the smoothing penalty factor, in the grid v = 0.1,1,10 and consider the average of three previous
coefficient vectors for aprey. The resulting coefficient paths are presented in Figure@ As expected,
increasing « smooths the coefficient paths. We compare the convergence speed for different « values.
According to Figure regularization also makes the convergence curves more smooth. Moreover,
for large enough values of 7 stabilizing Anderson coefficients allows us to reach the convergence point

faster.
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Figure 2.3: Convergence comparison for Anderson (v = 0) and stabilized Anderson (y = 0.1, 1, 10).
We set aprey to the average of the previous three coefficient vectors. We solve the WLRMA problem
for k£ = 50, thus blue curve on this plot corresponds to the blue curve on the middle plot of Figure

ZAE]

2.6 High dimensions

2.6.1 Alternating least squares

In some applications, where n and/or p are extremely large the SVD part of the proximal operator is
not plausible. For example, in the Netflix competition the training data matrix was approximately
400K by 20K. In this section we borrow an idea from Hastie et al.| (2015), proposed for the low-
rank matrix approximation problem with missing values, that allows us to avoid the SVD in high
dimensions.

Similar to (2.4)) it is possible to restate the WLRMA problem as

Aeﬁixrgi,r%iezﬂ%m |[W % (M — ABT)||% (2.19)

This alternative view of the WLRMA problem is well-studied in literature (Razenshteyn et al., |[2016;

Dutta et al.,2018)), where the authors propose simple iterative least squares algorithm that alternates

two steps: fix A and solve a weighted least squares problem to find B; then do the same for A fixing

B. Although the algorithm avoids the most expensive SVD part of the PGD computations, for

general W, it is still only moderately efficient as multiple weighted regressions are required for each
step (one for each row of A and B).

It is easy to show that the proximal step for is equivalent to solving with M =

X — Vg(X) =Y and unit weights, i.e. W;; = 1. Thus, the alternating least squares update can

be done via solving an unweighted multiresponse regression problem. To be precise, we get the
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following updates for non-convex WLRMA
B=Y"A(ATA)"'and A=YB(B'B)™", (2.20)

which leads us to the following SVD-free alternating algorithm.

High-dimensional weighted low-rank matrix approximation (WLRMA-ALS)

1. [Initialize] Set A(®) € R™**¥ and B(®) € RP*F at random.

2. Repeat until convergence:
2.1 Compute X = AOBO" and YO+ = W s M + (1 — W) X,
2.2 Set BUHY 1= y(i+D T A0 (A0 A(0)) 7
2.3 Update X0 = AOBEDT and YD) = W s M 4+ (1 — W) % X@).
2.4 Set AGHD) ;= y (1) Bi+1) (BGHDT Uiy~

Note that quite many variations of the above algorithm can be derived. For example, one can
skip an extra update of X and Y (+1) (step 2.3). To recover the exact result of the projection step
one should alternate 2.2 and 2.4 until the convergence.

It is not hard to build similar algorithm for the WLRMA convex relaxation. We first claim that
for each A > 0 there exists r such that for all £ > r problem is equivalent to solving penalized

problem

o 1 A A
oinimize S|W o (M — ABD)|IE + SIAI% + 5B (2:21)

Next, note that if one matrix (A or B) is fixed and the weights are unit, then the other matrix can
be found via solving a ridge regression problem. Thus replacing the ALS updates at step 2.2 of the
above algorithm by

B=Y"A(ATA+ )" and A=YB(B"B+\I)™! (2.22)

we get a simple alternating procedure solving the WLRMA convex relaxation (2.7). To check the
convergence of the algorithm one needs to compute the loss functions of (2.19)) or (2.21)). This, again,

can be done efficiently using the sparse structure of W.

2.6.2 Sparse weights

In some applications the matrix of weights W can be very sparse. For instance, in the Netflix

application, where almost all movie ratings are unobserved, W will mostly contain zeros. It turns
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out that for sparse weight matrices the storage and computational cost of the ALS algorithm can be
significantly reduced. The trick we propose below is especially useful when the high dimensionality
of the problem makes it impossible to store n X p matrices.

Denote 2 the set of non-zero element of W. Following Hastie et al.| (2015) we first note that

matrix Y0t at step 2.1 and 2.3 can be represented in a sparse + low-rank form as follows:

v+ — W« (M — X(i)) + xO —g® 4 x(@,
—_—— ~~
sparse low—rank
Here the second term X (V) is a high-dimensional but low-rank matrix, that can be stored in the
form of (A, B) pair. Furthermore, the first term S is a sparse matrix, which takes only O(k x |Q])
to compute (using the low-rank structure of X (V) and which can be stored in the form of a |Q]-

dimensional vector. This leads us to the implementation of ALS in the following algorithm.

Sparse high-dimensional weighted low-rank matrix approximation (WLRMA-SALS)

1. [Initialize] Set A(®) € R"*¥ and B(®) € RP** at random.
2. Repeat until convergence:
2.1 Compute sparse S = W x (M — A(i)B(i)T).
2.2 Compute Hy = AD(A®"AD) ™! and set BOHD) = BOTAOD 4 4 SO f .
2.3 Update sparse S = W % (M — AOBG+D T,
2.4 Compute Hp = BU+D) (B+D BU+D) ™ and set AG+) — AODBEHD {5 4 SO g

Note that H4 and Hp are cheap to calculate via multiplying skinny matrices. Moreover, step
2.2 and 2.4 can be simplified to

B+ = B 4 §OT H, and AGHD = A 4 SO,

respectively. Then steps 2.2. and 2.4 are easy to handle using the sparse structure of S, thereby
making the computations for the ALS algorithm very efficient. Finally, for the convex relaxation we

can simply use
Ha=AD(AOT A 4 A1) and Hp = BOHD (BEHDT B+ 4 A1)

which still reduces to “cheap” multiplication of skinny matrices and inverting a small r X r matrix.
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2.6.3 Acceleration in high dimensions

It is possible to extend all the tricks proposed in Section [2.6] to accelerated methods as well. For both
Nesterov and Anderson acceleration we exploit the following idea. Note that each iteration of the
WLRMA-ALS (and its sparse modification) algorithm can bed as an operator on a pair of matrices
(A, B). Specifically, at step 2.1 the algorithm takes (A®), B®) and after some transformation at
steps 2.1-2.4 it returns the updated pair (AG+Y, BG+1) For simplicity, let us denote this operator
by ®(A, B); this operator will be the main building block of our acceleration algorithm. Further, to
introduce acceleration to the algorithm we concatenate matrices A and B an denote the result by Z,
thus Z = (1‘3). To build our accelerated ALS approaches we apply acceleration to Z. For example,

in the Nesterov case this will be equivalent to applying acceleration separately to A and B.

High-dimensional Nesterov weighted low-rank matrix approximation ( WLRMA-NALS)

1. [Initialize] Set A(®) € R"*¥ and B(®) € RP** at random.
2. Repeat until convergence:

2.1 Update Vi = A 4 (73 (A0 — A6D) and Vi) = BO 4 175 (BO — BU-Y).

To build Anderson acceleration we consider our baseline-ALS algorithm as a successive applica-
tion of the update Z(+1) = &(Z(®). This leads us to the fixed-point equation Z = ®(Z), which
can be solved via Anderson acceleration outline discussed in Section Note that the resulting
method will operate in terms of skinny (n + m) X k matrices which makes it very efficient in terms

of both computational and storage cost.

2.6.4 Find the solution rank

Sometimes it can be useful to track the solution rank while updating A and B. For example, one
can consider the delayed Anderson acceleration (see Section [2.3.2]) and initialize the acceleration as
soon as the solution rank becomes less than k. To calculate the solution rank for low-rank X = ABT

one can apply the following simple steps:
e Decompose A, i.e. A=UsDAV, .
e Multiply B = BV4D 4.
e Decompose B = Ug DV} .

Thus X = (UaVp)DpU}Z is the SVD of X and the number of non-zero elements in Dp will represent
the solution rank. Again, since we work in terms of skinny matrices only, the SVD is cheap to

compute.
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2.7 MovieLens data

In this section we test the proposed methods on a real dataset. The dataset describes a 5-star rating
and from MovieLens, a movie recommendation service. It contains 1 million ratings from 6000 users
on 4000 movies that we store in a large 6000 x 4000 matrix M. Note that M is very sparse: some
of the movies were rated by just a few users (if any) and only 5% of values are observed. Although
the SVD-based approaches proposed in Sections could be applied to this data, each iteration
takes several minutes to complete, which makes the convergence process extremely slow.

In Figure we present the results for three ALS methods: baseline, Nesterov and Anderson
with depth m = 3. To initialize the algorithms we use a warm start, which is the ALS solution
for non-weighted problem with unobserved values of X replaced by zeroes. To guarantee that loss
decreases at each iteration for Anderson Acceleration we use the guarded modification (see Section
2.3.2). Using the three algorithms under consideration we solve the WLRMA convex relaxation
problem varying A in the grid A = 40,50, 100 which results in the solutions of rank 70,20 and 5,
respectively. We limit the maximum number of iterations to 200 and set the convergence threshold
to e = 1078.

According to the Figure, all three methods achieve reasonable accuracy of e = 10~ in just a few
minutes. However, both acceleration methods demonstrate better convergence speed comparing to
the baseline ALS technique. Note that for A = 100,50 Anderson achieves the threshold ¢ = 1078
much faster than the Nesterov. Although for A = 40 Nesterov is slightly faster than the competitor
the rank plot (green curve on the bottom right panel) suggests that it stopped too early. Finally,
we observe that for less accurate solutions, e.g. the ones with e = 107%, Nesterov acceleration could

outperform the Anderson approach.

2.8 Discussion

In this chapter we proposed a weighted generalization of the low-rank matrix approximation tech-
nique. Both classical LRMA problem, which has an explicit solution, and the famous LRMA problem
with missing values, which can be solved via iterative soft- or hard-impute algorithms, are special
cases of this weighted generalization. To build the baseline algorithm solving the weighted prob-
lem we utilize proximal gradient descent. We further suggest two ways to accelerate the baseline
method. The first technique is based on the Nesterov acceleration which uses the momentum from
the previous iteration. To develop the second acceleration method we restate the WLRMA problem
as a fixed-point equation and subsequently utilize Anderson acceleration.

There is still much scope for future work. One interesting direction is to test the proposed
methods on some real-data applications with sparse but non-binary weights. For example, one can
consider a GLM model with a working response having some low-rank matrix structure. Then

each step of the Newton gradient descent will be equivalent to solving a weighted low-rank matrix



CHAPTER 2. WEIGHTED LOW-RANK MATRIX APPROXIMATION 49

method
—— baseline
— nesterov
—— anderson
1 1 1 1 1 1 1
100 200 300 400 200 400
time (sec)
A =100 A =50 A =40
20- 50-
90-
15- 40- method
é 80- baseline
B — nesterov
10- i
30 —— anderson
70-
57 20- 60 -
1 1 1 1 1 1 1 1 1 1 1 1
0 100 200 300 400 0 200 400 600 0 500 1000
time (sec)

Figure 2.4: MovieLens example. Comparison of three ALS algorithms: baseline, Nesterov and
Anderson with m = 3. The convex relaxation with different A is solved. Top panel represents the
objective relative change vs. time. Bottom panel represents the solution rank vs. time.
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approximation problem. Furthermore, if a huge portion of data is missing, it becomes a WLRMA
problem with a sparse weight matrix. Another direction could be to explore the ways to improve
the stability of the Anderson acceleration. There are many tricks beyond the ones discussed in this
chapter that could help us with this goal; for example, we can test Powell regularization or restart

checking proposed in [Zhang et al.| (2020)).



Chapter 3

Canonical correlation analysis and

brain studies

3.1 Introduction and background

Canonical correlation analysis (CCA) is a classic method commonly used in statistics for studying
complex multivariate data. CCA was first introduced by Hotelling| (1936) as a tool for finding
relationships between two sets of variables. It remains relevant in many domains including, but
not limited to, genetics (Waaijenborg et al.| 2008; |Parkhomenko et al.| 2009; |Cao et al.l 2009) and
neuroscience (Wang et al., 2020; |Zhuang et al.l [2020). In many applications the number of available
observations is significantly smaller than the number of features under consideration, so some form
of regularization is essential. Numerous regularized CCA extensions have been proposed (Lykou
and Whittaker} |2010; Hardoon and Shawe-Taylor, 2011; Witten and Tibshiranil |2009)). The most
popular existing approach, called regularized CCA (RCCA), imposes an ¢s-penalty on the canonical
coefficients (Vinod, [1976; |[Leurgans et al.l [1993)). Like any other standard regularization method
based on the ¢; penalty, it has the property of treating all the coefficients equally and shrinking them
toward zero. Although RCCA is well suited to data with general structure, in some applications
the structure of the data can play an important role when investigating the association between
variables. In this chapter we develop several regularized extensions of CCA. These extensions were
originally motivated by brain imaging applications, but the scope of applications can readily be
extended to other fields.

The chapter is organized as follows. In Section we introduce the necessary background
for both CCA and RCCA methods. Next, we propose several approaches to regularization that
account for the underlying structure of the data. In particular, in Section we introduce partially

regularized canonical correlation analysis (PRCCA) that imposes an ¢s penalty only on a subset of

51
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the features. Although both RCCA and PRCCA problems have simple explicit solutions that can be
computed via singular value decomposition, they require us to work in terms of sample covariance
matrices. This can be infeasible when the number of features is very large. In Sections and
[3.5.2) we cover the “kernel” trick that allows to escape excessive computations while conducting CCA
with regularization. In Section we introduce group regularized CCA (GRCCA), a novel method
that exploits group structure in the data. Since all the methods under consideration have similar
structure, they can be considered as special cases of CCA with a general regularization penalty
discussed in Sections We illustrate the proposed methods on our motivating study example
involving functional brain imaging data in Section [3.4] as well as on a small simulation example in

Section We conclude with a discussion, including some ideas for future work.

3.2 Canonical correlation analysis

Consider two random vectors X € RP and Y € RY. The goal of canonical correlation analysis
(CCA) is to find a linear combination of X variables and a linear combination of Y variables with
the maximum possible correlation. Typically we find a sequence of such linear combinations. Namely,
fori=1,...,min(p, q) define a sequence of pairs of random variables (U;, V;) as follows (Hardle and
Simar}, 2007)

1. Random variables U; and V; are linear combinations of X and Y, respectively, i.e.
U=a'X and V; =Y.
2. Coefficient vectors «; € RP and §; € R? maximize the correlation

plai, Bi) = cor(a] X, BY).

3. Pair (U;, V) is uncorrelated with previous pairs, i.e
cor(U;,U;) = cor(V;, V;) =0 for j < i.

The pair (U;, V;) is called i-th pair of canonical variates; the corresponding optimal correlation value
pi = play, B;) is called i-th canonical correlation.
Note that correlation coefficient p(c, ) can be rewritten as
o' Yxy B

= 3.1
pocalef) VaTSxxa \/5TEYY57 &1

where X x x, Yyy and Xxy refer to the covariance matrices cov(X), cov(Y') and cov(X,Y), respec-

tively. It is easy to restate maximization of poca(e, 8) w.r.t. a and § in terms of a constrained
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optimization problem

mixirgi%e a'Sxyf subject to a'Sxxa=1and 3 EyyS = 1. (3.2)
aeRP, feRY

Thus, finding the i-th canonical pair is equivalent to solving the problem:

maximize a:EXyﬁi subject to a;rZXXai =1 and ﬁiTEyyﬁi =1
a; ERP, B;€RY

a;rZXXaj =0 and Bi—rzyyﬁj =0 for j <.

One can show that the canonical variates can be found via a singular value decomposition of the
1 1

matrix X5 X xy Xy, and that the canonical correlations coincide with the singular values of this

matrix (Mardia et al., [1979).

3.3 Regularized canonical correlation analysis

3.3.1 Dealing with high dimensions

In practice, we replace covariance matrices X xx, 2yy and X xy by the sample covariance matrices
f]XX, iyy and ixy. Specifically, suppose X € R"*P and Y € R"*7 refer to matrices of n
observations for random vectors X and Y, respectively. Without loss of generality, assume that the

columns of X and Y are centered (mean 0), then
Sxx = 1XTX, Syy = 1YTY and Syy = 1XTY.

If the number of observations n is smaller than p and/or g, the corresponding sample covariance
matrices are singular and the inverses f];{%( and/or i;é do not exist. Regularized canonical corre-
lation analysis (RCCA) resolves this problem by adding diagonal matrices to the sample covariance
matrices of X and Y (Leurgans et al., [1993; |Gonzalez et al., [2008)):

Sxx(M) =Sxx + ML, and Syy(Ag) = Syy + Ao, (3.3)

Here I, refers to the p x p identity matrix. The modified correlation coefficient that is maximized

while seeking pairs of canonical variates is, hence,

o Sxyp

aT(iXX + Mo \/ﬁT(iYY + /\21)/8.

(3.4)

proca(a, By A1, A2) = \/

By analogy with CCA, it is easy to show that the RCCA variates can be found via the singular
value decomposition of the matrix (EAJXX + All)_%ixy(iyy + )\2[)_% and that RCCA modified

correlations are equal to the singular values of this matrix.
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3.3.2 Shrinkage property

Similar to ridge regression, regularization shrinks the CCA coefficients o and 5 towards zero, where
the penalty parameters A\ and Ay control the strength of the shrinkage of « and 3, respectively. This
can be supported by the following reasoning. As in the case of CCA, maximization of the modified

correlation proca(a, B; A1, A2) w.r.t. a and 8 can be restated as a constrained optimization problem

m%i;irgi@ OZTixyﬂ subject to aT(i\]XX + MIa=1and ﬂT(iyy + D=1
a€RP, fe

Note that the constraints can be rewritten as
aTixxa + )\1”04”2 =1 and ﬁTEX)(ﬂ + )\1”5”2 =1

where || - || refers to the vector Euclidean norm. Finally, one can interpret A\; and A2 as Lagrangian

dual variables for constraints ||a||? < t; and ||3]|* < t2 which brings us to the optimization problem

maximize OéTixyﬁ subject to aTE]Xon =1 and ,BTiyyﬁ =1
a€ERP, BERY

lo* <ty and [|B]|* < ta. (3.5)

One can show that for some appropriately chosen t; and ¢, this problem is equivalent to maximizing
objective . Moreover, increasing A1 and Ay is equivalent to decreasing thresholds t; and %o
which leads us to the shrinkage property. Finally, increasing A; and Ao increases the denominator
of thereby shrinking the modified correlation coefficient to zero as well.

3.3.3 The RCCA kernel trick

In some applications we need to deal with a very high-dimensional feature space. For instance,
analyzing functional magnetic resonance imaging (fMRI) data, where the dimension refers to the
number of brain regions (or voxels), the number of features can reach hundreds of thousands. If one
of p and ¢ is very large it can be problematic to store matrices ) xx and iyy. In this section we
illustrate a simple trick based on the invariance of the RCCA problem under orthogonal transfor-
mations, that allows one to handle high-dimensional data when computing the RCCA solution. The
idea to reduce a high dimensional CCA problem to a low-dimensional one via the kernel trick was
previously introduced by [Kuss| (2003)) and [Hardoon et al.| (2005). Below we demonstrate the practical
application of this idea to the RCCA problem that we subsequently use in the implementation.

For simplicity, we assume that regularization is imposed on the X part only, i.e. we assume ¢ < n
and set Ay = 0. The same reasoning applies if we regularize Y part as well. First we use the fact
that any n x p matrix X with p > n can be decomposed (e.g. via SVD) into a product X = RV T,
where R € R™"*" is a square matrix, and V' € RP*™ is a matrix with orthonormal columns, i.e.
Vv =1
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Lemma 3 (The RCCA kernel trick). The original RCCA problem stated for X and Y can be reduced
to solving the RCCA problem for R and Y. The resulting canonical correlations and variates for
these two problems coincide. The canonical coefficients for the original problem can be recovered via

the linear transformation ax = Vag.

Proof. Denote V1 an orthogonal complement of matrix V, i.e. the matrix V+ € RP*(P~=") guch
that V = (V,V+) € RP*P is a full-rank orthogonal matrix. Then VTV = (I,,0). Denote also

y=V'a= ((VVI)O*Q) = (%

~—

Note that since there is a one-to-one correspondence between « and -, the optimization of prcca(a, 5; A1, A2)
w.r.t. to a is equivalent to optimization w.r.t. «. Further, the following relation is true

X'y RTY
a’ B=m
n n
XX

o (

n

B

R'R
+ )\1]) o= 'le

—mnt A+ Ave e

Therefore, the correlation coefficient (3.4) with Ao = 0 can be rewritten in terms of R and Y as

1 Sry B
Vo Gt Mhm + Ml 257 Sy

procA(Y, Bi A1) =

It is easy to show that the maximum value of proca(7,3; A1) is attained when v = 0, so the
above correlation coefficient is nothing but the RCCA correlation coefficient computed for R and
Y. Furthermore, the optimal value of ax = a can be recovered from ar = v by a = Vv, and,
since Xa = Ry, the canonical variates computed for X coincide with the ones computed for R. O

Note that for p > n the above trick allows us to avoid manipulating large p x p and p X g
covariance matrices 3 xx and ) xy and to operate in terms of smaller n X n and n X ¢ matrices ) RR

and 3 ry . Of course, exactly the same trick can be applied to the Y part if ¢ > n.

3.3.4 Hyperparameter tuning

Before proceeding to our first example, let us discuss how one can tune the hyperparemeters. There
are two hyperparameters for RCCA, i.e. A1 and Ao. Let us denote the vector of hyperparameters
by 8. The values for these hyperparameters can be chosen via cross-validation. Below we present
the outline for hold-out cross-validation; however, it can be naturally extended to the case of k-fold
cross-validation.

First we split all available observations into train (X¢rain, Ytrain) and validation (Xyai, Yoar)
sets. We use the former set to fit the model and compute canonical coefficients «(6) and 5(6).

Further, we use the latter set to estimate the model performance, i.e. we calculate p,q(0) =
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cor (Xya1(0), Yya8(0)) . Note that here we utilize simple correlation instead of the modified cor-
relation as a measure of performance. We pick the values of the hyperparameters maximizing the

validation correlation, i.e. 6* = argmaxy (pyqi(#)), which can be done by means of grid search.

3.4 Human Connectome data study

In this section we present an application of regularized CCA to data from a neuroscience study:
the Human Connectome Project for Disordered Emotional States (HCP-DES; [Tozzi et al., 2020).
One aim of HCP-DES is to link the function of macroscopic human brain circuits to self-reports
of emotional well-being using magnetic resonance imaging. Here, we focused on brain activations
during a Gambling task designed to probe the brain circuits underlying reward (described in detail in
(Barch et al., 2013; Tozzi et al.;2020). We linked this neuroimaging data with self-reports assessing
various aspects of reward-related behaviors (Behavioral Approach System/Behavioral Inhibition
Scale (BIS/BAS); [Carver and White, 1994)), depression symptoms (Mood and Anxiety Symptom
Questionnaire (MASQ); [Wardenaar et al., 2010) and positive as well as negative affective states
(Positive and Negative Affect Schedule (PANAS); Watson et all |1988). We selected participants
who had complete self-report and imaging data as well as no quality control issues, for a total of
153 participants (94 females, 59 males, mean age 25.91, sd 4.85). For details on the preprocessing
and subject-level modeling used to derive brain activations in response to the Gambling task, see
Section [3:12.7] of the Appendix. We used for our analysis the activations for the monetary reward
compared to monetary loss during the task. For each subject, the activation at each greyordinate
(grey matter coordinate) in the brain was extracted, yielding a matrix X of n = 153 rows (subjects)
and p = 90 368 columns (greyordinates). The self-report data consisted of 9 variables: drive,
fun seeking, reward responsiveness (from the BAS), total behavioral inhibition (from the BIS),
distress, anhedonia, anxious arousal (from the MASQ), positive and negative affective states (from
the PANAS). These were entered in a matrix Y of n = 153 rows (subjects) and ¢ = 9 columns.

To test our structured methods, the 90 368 greyordinates were grouped into 229 regions depending
on their functional and anatomical properties, corresponding to the 210 regions of the Brainnetome
atlas (Fan et al., 2016) with the addition of the 19 subcortical regions of the Desikan-Killiany Atlas
(Desikan et al., [2006]). The resulting brain regions are presented in Figure

3.4.1 Correlation analysis via RCCA

We start with a relatively simple model averaging activation inside each brain region and using the
averaged values as features. Thus X becomes of dimension 153 x 229. To remove the effect of sex on
the resulting correlation we adjusted both activation and behavioral data for the binary sex variable
by means of simple linear regression (mean adjustment). Since the Y matrix is relatively small we

imposed no penalty on Y (Ay = 0). To pick the hyperparameter A; we ran 10-fold cross-validation on
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(a) Cortical parcellation. (b) Subcortical parcellation.

Figure 3.1: 229 brain regions: 210 cortical regions of the Brainnetome atlas and 19 subcortical
regions of the Desikan-Killiany Atlas.

the adjusted data pairs with the penalty factor varying over the grid A\; = 1073,1072,...,10%, 10°.

The resulting cross-validation curves represent the unpenalized correlation between canonical
variates (computed on the 9 folds of train set and one fold of validation set) averaged across 10 folds
(see Figure . Note that although larger A; shrinks the modified correlation prcca toward zero,
the unpenalized correlation is not guaranteed to be monotonically decreasing in A;. According to the
plot, the highest score is achieved for A; = 0.1 with the corresponding test correlation equal to 0.148.
Using the kernel trick we now run RCCA for the original activation data (90 368 features adjusted
for the sex effect). According to Figure the maximum score is equal to 0.11 (A; = 0.001). In
general, to compare two models and check that the cross-validation score does not reflect spurious
findings we should validate the performance of the models on an independent test set. However, the
small sample size of the data (only 153 observations) makes the test correlation estimates unreliable.
We use nested cross-validation (NCV) to overcome the problem of overfitting to the dataset that
we use for tuning. Specifically, we split the data in 11 folds. Each of the 11 folds is given an
opportunity to be used as an independent test set, while all other 10 folds folds are used to tune the
hyperparameters via 10-fold cross-validation. Therefore, we report 11 cross-validation scores along
with 11 test scores, and we present the average for both as well as 1SE confidence intervals (see
Figure . According to the NCV scores, the cross-validation procedure for the full RCCA model
discovered significant correlation (independent test set correlation averaged across 11 folds is 0.105).
However, the correlation value obtained by the smaller mean RCCA model was way too optimistic
(average test score is 0.044 with wide error bands).

It is worth noting the computational speed of the proposed method. Unlike the rce() function
from the popular CCA R package (Gonzalez et al., [2008), which is not able to handle such a large
number of features (= 90K for the X side), our implementation of RCCA with the kernel trick
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(b) Original data

Figure 3.2: The cross-validation curves obtained via RCCA with 10-fold cross-validation for the
Human Connectome dataset. Left panel: (unpenalized) correlation between train canonical variates.
Right panel: (unpenalized) correlation between validation canonical variates.
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completes the calculations in 20 seconds.

3.4.2 Interpretability of canonical coefficients

In this section we visualize the RCCA coefficients a corresponding to the hyperparameters chosen by
cross-validation. Recall that the original X features represent the brain activation detected at each
brain greyordinate, so we can map the resulting RCCA coefficients back to the brain surface (see
Figure . There is an apparent trade-off between the interpretability and flexibility of the model.
Namely, although full data RCCA is more flexible, there is quite a lot of variation in the resulting
canonical coefficients. This makes the corresponding brain image harder to interpret. On the other
hand, the reduced model allows us to identify the brain regions that have the highest impact on
the resulting correlation. However, it loses in terms of flexibility (and, potentially, performance). In
what follows, we aim to develop the model that links these two extremes enabling us to control the

interpretability vs. flexibility trade-off.

3.5 Partially regularized canonical correlation analysis

3.5.1 Penalizing a subset of canonical coefficients

Suppose you are interested in the influence of a specific brain region on the resulting CCA correlation,
however, you do not want to completely eliminate the remaining brain regions from the data. Recall
that the inequality constraints in the RCCA optimization problem control the deviation of
all canonical coefficients from zero. PRCCA is a modification of RCCA that allows one to shrink
only a subset of the CCA coefficients leaving the complement unpenalized. The proposed PRCCA
method is a key building block for our final group RCCA approach and also admits some independent
interesting applications.

Suppose that both « and S are split into two parts

a = (a,) where a; € RP* and ag € RP? with p; +p2 = p,
8= (g;) where 1 € R and 85 € R% with ¢ + ¢2 = gq.

Replacing the constraints ||a||? < ¢; and ||3]|? < t2 in the optimization problem (3.5) by ||| < t1
and ||31||? < ta, respectively, we get the PRCCA optimization problem

maximize anJXyﬁ subject to aTEXXa =1 and /BTiyyB =1

a€RP, BERY

len]|* <ty and [|B1]* < to. (3.6)
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(c) Cortical coefficients, original data. (d) Subcortical coefficients, original data

Figure 3.3: The RCCA coefficients computed for the averaged data (229 features) with hyper-
parameter A\; = 0.1 chosen by cross-validation and for the original data (90 368 features) with
hyperparameter A\; = 10 chosen by cross-validation.
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Re-expressing the constraints for a and g in terms of dual variables we get

an)XXa—F/\leHQ:a (EXX—I—)\l( 0 8))04

BT Syy B+ Xa|Bi]? =BT (EYY + X (T 0)) B.
This leads us to the PRCCA modification of the correlation coefficient as follows

oS |
\/aT(Exx-l-)q \/ﬁT Eyy+>\2( o)B

ppreca(@, B; A1, A2) = (3.7)

As usual, the PRCCA variates and coefficients obtained by maximizing (3.7) can be found by means
1 T
of SVD of the matrix (ZXX + M\ (Igl g)) Sy (Eyy + A2 (Ig)l 8)) :

3.5.2 The PRCCA kernel trick

In this section we extend the kernel trick to the PRCCA problem set up. Note that, because [
was replaced by block matrix ({§) in the denominator of the modified correlation coefficient 7
the PRCCA problem does not preserve the property of invariance under orthogonal transformations.
Thus, the mathematics used in Section [3.3.3]does not work anymore. There are two main ingredients
for the PRCCA kernel trick. First, if the feature matrix consists of two orthogonal blocks, then
the kernel trick can be applied to each block independently. Second, there exists a non-orthogonal
transformation of the feature matrix making the two blocks orthogonal to each other, while resulting
in an equivalent PRCCA problem.

We again assume for simplicity that the regularization penalty is imposed on the X part only.
Suppose X = (§;), where random vectors X; € RP' and Xy € RP2 correspond to penalized
coefficients part «; and unpenalized part ag, respectively. Let X; € R"*Pt and Xy € R™*P2
represent the corresponding matrices of observations, so X = (X;,X3). To make the PRCCA
solution identifiable we require X to be tall and full rank, i.e. p» < n and rank(Xs) = pa. We can
also assume that p; > n.

As the first step we find a linear transformation A € RP*P such that matrix X = XA =
(5(1,5(2) R™*P has orthogonal blocks )~(1 € R™*P1 and 5(2 € R™*P2 je. XIXQ = 0, and that
preserves the second block, i.e. X2 X5. This can be easily done by linear regression. This linear
transformation maps the original PRCCA problem to an equivalent one (equivariant in terms of the
coefficients and invariant in terms of the objective).

Note that the above transformation forces the sample covariance matrix ) 55 to be block-

diagonal with blocks S %% and $¢ which enables us to apply the kernel trick to the first

X, KXo
and the second block of X independently. Specifically, consider the decomposition of Xl, as in the

RCCA kernel lemma, i.e. X1 = R1V1 where V] € RP1X™ is a matrix with orthonormal columns
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and Ry € R™*"™ is some square matrix. Then the following lemma holds.

Lemma 4 (PRCCA kernel trick). The original PRCCA problem stated for X and Y can be reduced
to solving the smaller PRCCA problem for R = (%;) and Y. The resulting canonical correlations
and variates for these two problems coincide. The canonical coefficients for the original problem can

be recovered via the linear transformation ax = A (‘61 ?) QR.

Proof. To find the required linear transformation A we first regress Xy from X;. We denote the
matrix of regression coefficients by B = (X3 X2) 'XJX; € RP2XP1 and set A = (3 9). This

transformation leads to the following transformed matrix

X = XA = (X1, X5) = (X1 — X3B,X3).

It is easy to check that matrix A is invertible and that the following relations hold

ATV = (L) and AT (D) A7 = (T 0).

Thus, if we denote & = A~ ', then

XTy XTy
al B=a' B
n
XTX XTX
T Iy, 0 _~T Iy, 0N | ~
@ < n +/\1(010))a—a < n +/\1(010)>0‘

The above equations imply that the PRCCA correlation coefficient (3.7) with As = 0 can be rewritten
in terms of X and Y
a'sy

prroca(@, By A1) = \/ 2P

al (i)}g + A1 (T 8)) a \/BTiyyﬁ'

Next, let a = (g;) , where a; € RP* and as € RP2 correspond to blocks )Nil and )~(2, respec-

tively. Denote the orthogonal complement of Vi by Vi- € RP1*(P1=7) and consider the following
transformation of the PRCCA coefficients

~ T~
v = VlTozl and o = (Vf‘) a1



CHAPTER 3. CANONICAL CORRELATION ANALYSIS AND BRAIN STUDIES 63

as well as the concatenation v = (g; ) Then, by analogy one can show that

XJY

XYy RTY RTY
aT T 1 _ VT
n

= = p+a] 8

_+ (X™X _ R/R X3 X
OZT< n —l-)\l(lpl 0))0[:")/;—( 1n 1—1—)\1[)71—&—)\17;%—1—04;— 2n 20[2:

0 0

+ M (" 8)) 7+ A7 72

where the last equation holds since Rfig = foqfig =0.
Again, we can ignore \;7, 72 term as it is present only in the denominator of PRCCA correlation

coefficient, which, therefore, can be rewritten in terms of R and Y as

e
by
pPRCCA(%/B;/M):\/ 7 Ry

o (ﬁRR + M (" 8)) ¥ \/BTEYYB’

which is exactly the PRCCA correlation coefficient computed for R and Y. The optimal value of

ax = « for the original problem can be recovered from ar = v by

a=Aa=A(")=A(%9)~

Moreover,
Xa = Xa = (R1, X») (V;a) — R,

so the canonical variates computed for X coincide with the ones computed for R. O
Note that, according to the lemma, instead of working with large matrices 5 xx € RP*P and
ixy € RP*4 we can operate in terms of smaller matrices EAJRR € R(n+p2)x(n+p2) anq EA]RY € R(n+p2)xq

thereby avoiding excessive computations.

3.5.3 Testing PRCCA on the Human Connectome data

First we chose the brain region of interest that we aim to release from the regularization penalty.
To do so for each column of averaged activation data we compute Cohen’s d, which measures the
effect size for a one-sample t-test comparing the population mean to zero, and pick the regions with
at least a medium effect (d > 0.3). The resulting 26 regions demonstrate the largest activation
during the Gambling task. Then we run PRCCA on the averaged data imposing the penalty on
all but these 26 regions. We consider the same grid of values A\; = 1073,1072,...,10%, 10° and
choose the hyperparameter according to the maximum cross-validation score (see Section for
the details). The highest validation correlation is equal to 0.073 and is achieved when Ay = 1
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(see Figure . Figure represents the canonical coefficients computed for A\; chosen by cross-
validation. As expected, the coefficients for most regions were shrunk to zero leaving only a few
standing out. Again, it is the kernel trick which enables running cross-validation for the extremely
high-dimensional feature matrix in just a few minutes. Although PRCCA does not perform well in

this application, it will play an important role in developing subsequent methods.

PRCCA mean
max correlation = 0.073 for A;=1
cv.train cv.validation
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Figure 3.4: The cross-validation curves obtained via PRCCA with 10-fold cross-validation for the
Human Connectome dataset. Left panel: (unpenalized) correlation between train canonical variates.
Right panel: (unpenalized) correlation between validation canonical variates.

3.6 Group regularized canonical correlation analysis

3.6.1 Handling data with a group structure

The main critique of applying standard RCCA approach to the fMRI data is that, in fact, RCCA
completely ignores the brain geometry treating all the features equally. Recall that in the Human
Connectome data the features representing particular greyordinates are grouped into macro regions
according to the function and anatomy. The goal of the group regularized canonical correlation
analysis (GRCCA) is to incorporate this underlying data structure into the regularization penalty.

There are some group extensions of CCA based on elastic net and group lasso penalizations
suggested in the literature (Chen et al., 2012} [Lin et al.| |2013). Unlike the existing methods the

proposed GRCCA approach does not require an iterative algorithm and has a simple explicit solution.
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(a) Cortical coefficients. (b) Subcortical coefficients.

Figure 3.5: PRCCA coefficients computed for the averaged data (229 features) with hyperparameter
A1 = 1 chosen by cross-validation.

Equipped with the kernel trick it also allows working with data in a very high-dimensional feature
space.

GRCCA solves the CCA problem under the following two natural assumptions. First, we assume
homogeneity of groups and expect that the features within each group have approximately equal
contribution to the canonical variates. In other words, the corresponding CCA coefficients do not
vary significantly inside each group. Second, we assume the differentiating sparsity on a group level
and expect that the coefficients will be shrunk toward zero all together for some groups. In terms of
brain imaging applications these two assumptions mean that greyordinates “act in concert” within
each macro region and that some regions have a weaker effect on the studied phenomenon.

To state the GRCCA optimization problem rigorously we need to introduce some further notation.
Suppose that the elements of random vectors X and Y are known to come in K and L groups,
respectively. For each k =1,..., K let p; be the number of elements from X that belong to group
k, so Zszl pr = p, and let X € RP* be the random vector that consists of these elements. Without
). Similarly, one can divide the CCA coefficients

X
loss of generality, we can assume that X = (X"l
K
« into blocks corresponding to different groups, i.e. a = (:q ) If ap = 1;}?‘
i .

the CCA coefficients in group k, then the group homogeneity assumption implies that all values of

L denotes the mean of

ay, do not deviate significantly from the mean value @y, whereas, the differentiating sparsity on a
group level implies that the average deviation of &y from zero is small. This can be characterized
by the following two constraints: Zszl g — 1ag|? <t and ZkK:lpkézi < s1. Note that these
two equations can be interpreted as bounds on within- and between- group variation, respectively.

One can derive similar constraints for 8 coeflicients as well. Adding all the constraints to the CCA
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optimization problem we end up with the GRCCA optimization problem

maximize « Exyﬂ subject to « ZXXa =1 and ,3 Eyyﬁ =1
a€cRrP, feRY

K L
Z ok — 1ax[|* < t; and Z 18 = 186> <t

Zpkak < s7 and quﬁé < s9. (3.8)
=1
Next, denote C,, = % € R™™ Let Cx = Cp, ® ... D Cp € RPXP refer to the block

diagonal matrix with blocks Cp,,...,Cp,. Thus, the constraints on o can be rewritten in terms of

a regularization penalty as

K K
a'Sxxa+ N Z llok — 1a]|* + Zpk@i =
k=1 k=1
K K
a Sxxa+ N\ Z ag (I —Cpy) e+ 11 ZQZCpkak =
k=1 k=1

T (EXX + (I - Cx) +,u1CX) a=a' (ixx + KX()\l,,Ul)) !

Here Kx (A1, 1) = M (I —Cx )+ pu1Cx is the penalty matrix. The constraints for 5 can be combined

in a similar way leading to the GRCCA modified correlation coefficient

o Sxvh
\/aT(EXX + Kx (A1, 1)) \/6T(§YY + Ky (A2, p12))B

parccala, By A1, i, A, o) =

Note that this correlation coefficient has similar structure to the RCCA coefficient and PRCCA
coefficient , but now the covariance matrices in the denominator are adjusted by block diagonal
matrices Kx (A1, 11) and Ky (Mg, p2).

Similar to RCCA and PRCCA, the exphclt solution to the GRCCA problem can be found via the
SVD of matrix (EXX + Kx (M, m)) Sxy (zyy + Ky (s, uz)) ® vhich can be problematic in
high dimensions. It turns out that there is a simple linear transformation that converts the GRCCA
problem to an equivalent RCCA/PRCCA problem; but before building the bridge between these

three methods we need to touch base on general regularization.
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3.7 General regularized canonical correlation analysis

3.8 General penalty matrix

It turns out that all RCCA, PRCCA and GRCCA methods are similar in nature: they perform
regularization by means of adjusting covariance matrices Sxx and/or Syy in the denominator of
the modified correlation coefficient. In this section we consider the class of CCA problems with
general weighted ¢ regularization.

If Kx,Ky € RP*P are some positive semi-definite penalty matrices, then the general modified

correlation coefficient can be written as

a
a'd
plo, B; Kx, Ky) = — xvp — . (3.9)
\/OZT(ZXX + Kx)a \/ﬁT(EYY + Ky)B
The accompanying general RCCA optimization problem is therefore
maximize O(Tixyﬁ subject to aTEXon =1 and ﬂTiyyﬁ =1
QERP, BERY
a'Kxa <t and 8" Kyf < t,. (3.10)

Note that the inequality constraints in (3.10) can be rewritten as ||a||k, < t1 and ||8]|ky, <
ty, where || - ||a is weighted Euclidean norm defined as ||z||4 = 2" Az. The resulting canon-

ical variates and coefficients can be found via the singular value decomposition of the matrix

1
(iXX + KX) : Yxy (Eyy + Ky) * . To handle general RCCA in high dimensions, one can link
it to the two methods for which we already established the kernel trick.

Lemma 5 (General RCCA to RCCA/PRCCA). If both Kx and Ky are positive definite then,
by some proper change of basis, the general RCCA problem can be reduced to the RCCA one. Al-
ternatively, if one of Kx and Ky has zero eigenvalues then general RCCA boils down to solving
the PRCCA problem with number of unpenalized coefficients equal to the multiplicity of the zero

eigenvalue.

Proof. As usual, we do not penalize Y part assuming Ky = 0. Consider the eigendecomposition
of matrix Kx, i.e. Kx = UDU" with orthogonal U € RP*P and diagonal D € RP*P. Since Kx
is supposed to be a positive semi-definite matrix, D has non-negative diagonal elements. Applying
transformation X = XU and & = U , and using the same reasoning as in andwe obtain

X'y X'y
al B=a' B
n

T Y TYX
aT<X XJer)OzaT(X X+D>a
n n
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thus the equivalent modified correlation coefficient in the new basis is
NTA
(6% E)?Yﬂ .
\/&T (i)})} + D) a \/ﬂTEYYB

Further, we decompose remaining diagonal matrix as D = SLS as follows. We have two cases:

p(, B; D) =

1. If all diagonal elements of D are positive then we put S = Dz and L=1.

2. Suppose the first p; elements of D are positive and the rest po = p — p; elements are zero.
Let D = (D011 8), where D11 € RP1*P1 g the block containing all positive diagonal elements of

matrix D. Then we can set

3 I,, 0
§=(pio) and L=("n0)
Note that, unlike D, matrix S is non-singular, so the change of basis X = XS ! and a = S@ is
well-defined and leads to the following equalities

XYy XYy
B=a’

aT

B

n

+(X™X L [XTX _
aT< - —|—D>oz=ozT - + L | a.

Therefore, the equivalent modified correlation coefficients

p(a, B; L) = =X

Is it easy to see that in the first case when L = I the above correlation coefficient coincides with
the RCCA correlation coefficient with Ay = 1. Alternatively, if L = (1’61 8) it is equal to the
PRCCA correlation coefficient with A\; = 1 and p, unpenalized coefficients. Thus, we conclude that
the General RCCA solution computed for X and Y can be found by means of either RCCA or
}jRCCA method applied to X and Y. The canonical variates stay the same regardless the basis as

Xa = Xa = Xa. The corresponding inverse transform for the coefficients is a = SUa. |

3.8.1 Link to the flexibility vs. performance trade-off

There are several important properties of the proposed penalty matrix explaining the motivation for
the GRCCA method. First, one can show that for Kx (A1, 1) = A1, so RCCA is the special case

of GRCCA. Second, increasing A; restrains the variability of coefficients within each brain region
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and, in limit, makes all the coefficients that belong to the same brain region equal to each other
(and equal to the region mean). This is essentially equivalent to replacing features in each brain
region by the average. Therefore, when A; — oo the GRCCA problem becomes equivalent to the
RCCA problem solved for the reduced data (see Section for the details). To sum up, varying A
and p; allows us to approach the RCCA method conducted for either full or reduced data thereby
controlling the flexibility vs interpretability trade-off described in Section [3.4:2]

3.9 Link between GRCCA and RCCA/PRCCA

In this section we discuss how one can reduce the group regularized CCA problem to either RCCA
or PRCCA. This link can be subsequently used to establish the kernel trick for group-structured

data thereby reducing computations in high dimensions.

3.9.1 Approach 1: via the SVD of the penalty matrix

Since GRCCA is just a special case of general RCCA, one can use previous lemma to map the GRCCA
problem to either RCCA or PRCCA and, subsequently, find the canonical coefficients via the kernel
trick. However, to find this transformation it is required to do an extra step: the eigendecomposition
of the kernel matrices Kx (A1, pt1) and Ky (A2, p2). Although this can be infeasible in high dimensions
for general penalty matrices it turns out that one can use the specific structure of the GRCCA penalty
matrix to get around this eigendecomposition.

We again assume that the regularization was imposed on the X part only (i.e. Ay = pus = 0);
however, it is not difficult to derive similar results for the general case. Recall that matrix C,, =

-
17];l c RmMXm has

e unit eigenvalue with corresponding eigenvector \/% e R™,

1
e zero eigenvalue with corresponding eigenspace L/%} e Rmx(m-1),

Here [A]* refers to the orthogonal complement of matrix A. The resulting eigendecomposition is

therefore

Con = U (30U with U, = (r [ﬁr).
It is easy to show the following eigendecomposition as well
(I = C) + i1 Con = Un DU, with D= (5,0, ).
Thus the penalty matrix Kx (A1, 1) can be decomposed as

Kx(A,pu1) =UDU" with U=U, @®...®U,, and D=D, &...® D,,.



CHAPTER 3. CANONICAL CORRELATION ANALYSIS AND BRAIN STUDIES 70

Using the lemma from Section [3.7] we conclude that if A1, 3 > 0 then the GRCCA problem can
be solved via the RCCA approach. Alternatively, if A\; = 0 or u; = 0 it can be reduced to the
PRCCA problem with n — K and K unpenalized coefficients, respectively. Hereafter we will assume
A1 > 0, i.e. the presence of group homogeneity.

Note that due to the specific structure of Kx (A1, 1) the eigendecomposition can be calculated
block-wise. Moreover, the resulting computational cost is equal to the cost of computing the orthog-
onal complements [i} . ey [LT—, which can be efficiently found via, for example, Helmert

VP1 VPK
contrasts (c.f. contr.helmert() function in R) and without computing any eigendecomposition.

3.9.2 Approach 2: via the feature matrix extension

In Section [3.9] we already proposed the way to solve the GRCCA problem. If the number of groups
K is rather small then penalty matrix Kx (A1, u1) will consist of a few large blocks. In this case it
would be quite expensive to compute the orthogonal complements and to further apply the linear
transformation mapping general RCCA to RCCA/PRCCA. Tt turns out that there is an alternative
linear transformation that leads to equivalent RCCA/PRCCA problem while being less expensive.
We need to establish some notation first. Suppose that matrix X is divided into blocks according
to groups, i.e. X = (Xy,...,Xx). Denote the column average matrix for group k by X = in
and consider an extended matrix X that consists of (scaled) mean centered blocks and extra K

columns corresponding to (scaled) group means

i(a,b): <\/§(X1—X1>, ZZXl,...,\/z(XK—XK), TXK) ER”X(P+K)_

Lemma 6 (GRCCA to RCCA/PRCCA). If u; > 0 the GRCCA problem for X and Y can be
reduced to solving the RCCA problem for 5(()\1,#1) and Y. If uy = 0, then GRCCA boils down to
the PRCCA problem for 5(()\1, 1) and Y with K unpenalized coefficients.

Proof. Let us prove the statement for K = 1, one can easily extend the proof for arbitrary K. For

K =1 the penalty matrix is

117 117
Kx (A, 1) =X\ (I - n>

which can be decomposed as

Kx(A,pm1) =UDUT with U= (1_4;) and D= (M 0.

n n M1

This decomposition can be considered as an alternative to the eigendecomposition Kx = UDU "
discussed in the previous section. However, unlike matrix U which was square and orthogonal, U is

a rectangular n X (n + 1) matrix with orthogonal rows, i.e. Ut =1.
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Further, similar to the previous section, we do decomposition D = SLS. We again have two

cases here. If y; > 0 then we have

and the following relation is true

XUS = (/3 (X=X),[2X) =X, m).

If, on the contrary, u; = 0 then

which leads us to

Note that the proof in Sectionrequires matrix U to have orthogonal rows only. Thus, following
this proof, one can conclude that the original GRCCA problem is equivalent to the RCCA problem
solved for 5(()\1,/11) and Y if p1 > 0. Alternatively, if u; = 0 then GRCCA boils down to solving
the PRCCA problem for 5(()\1, 1) and Y, and one unpenalized coefficient. Again, such change of
basis does not influence the canonical variates, whereas the canonical coefficients are transformed
according to o = US—'a. ]

Note that the corresponding data transformation boils down to computing the group means
and adjusting the feature matrix by group means. Although this approach can be considered as
convenient alternative to the one suggested in Section [3.9] there is a trade-off. On the one hand, we
reduce the cost by getting around the eigendecomposition (computing the orthogonal complements).
On the other hand, we increase the feature matrix dimension from p to p + K, which can be quite

inefficient for large K.

3.9.3 Analysis of the Human Connectome dataset via GRCCA

In this section we apply the GRCCA method to the Human Connectome study data grouping
activation features according to the brain regions. We again adjusted X and Y for the sex effect and
ran 10-fold cross-validation on the adjusted data pair with the penalty factors varying in the grid
A, pp = 1073,1072,...,10% 10 (see Section for the details). The resulting cross-validation
curves are presented in Figure According to the plot, the highest cross-validation score is
attained for Ay = 100 and p; = 1 leading to the correlation of 0.296. To validate these significant
findings, we again run nested cross-validation (see Section. According to Figure the NCV
average test set score is equal to 0.236. Thus, although slightly optimistic (by a modest value of 0.06),
the GRCCA cross-validation correlation is not a spurious finding and is a significant improvement
comparing to the RCCA method.
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Figure 3.6: The cross-validation curves obtained via GRCCA with 10-fold cross-validation for the
Human Connectome Project dataset. Left panel: (unpenalized) correlation between train canonical
variates. Right panel: (unpenalized) correlation between validation canonical variates.
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Figure 3.7: Nested cross-validation scores computed for three models: RCCA fitted on the averaged
data (229 features), RCCA fitted on the original data (90 368 features), GRCCA. Two scores are
reported: cv.validation = maximum score obtained via 10-fold cross-validation, averaged across 11
NCYV folds; test = score computed on independent test set, averaged across 11 NCV folds.
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In addition to better performance, the GRCCA method allows us to track the effect of the
variation inside each brain region (controlled by the A\; penalty factor) on the resulting canonical
correlation separately from the effect of the variation across the regions (controlled by p; penalty
factor). For example, the spikes for small p; values suggest that it is more beneficial to reduce within
group variation than between group one. In other words, shrinking all brain region coefficients
toward the group means improves the performance more than shrinking group means toward zero.
Moreover, for small p; it is the ratio of hyperparameters that plays the key role: the highest score
is always achieved when % = 100. For large u; this pattern disappears as we start to over-penalize

both between and within group variations.

3.9.4 Using GRCCA for visualization

In this section we demonstrate another advantage of GRCCA in the context of visualization and
interpretability. In Figure we present the coefficient paths (a vs. A1) produced by the RCCA
method as well as the group modification. Here different colors represent different brain regions.
According to the plot, we observe the following behavior of the coefficients. For the RCCA method
the canonical coefficients are shrunk toward zero all together with the growth of A;. On the contrary,
for large A1 all the GRCCA coefficient paths become horizontal, which implies the convergence of
the coefficients to the group means. Finally, increasing p; shrinks all the group means toward zero
encouraging differentiating sparsity on a group level.

In Figure we present the brain images computed for p; = 1 and A\; = 1,10,100,1000. Note
that larger A; makes the brain region pattern more obvious (similar to Figures . Moreover,
for A; = 100 we get the plot corresponding to the best GRCCA model from Section [3.9.3] Thus the
GRCCA model chosen by cross-validation has not only better performance on the validation set than
the RCCA model, but it is also more interpretable in the context of the importance of each brain
region. Specifically, the canonical component had especially high positive loadings in subcortical
regions involved in reward processing, such as the striatum (nucleus accumbens, putamen) and
thalamus (Haber, [2017)). It also loaded positively on a cortical network encompassing the temporal
lobe, dorsolateral prefrontal, dorsomedial prefrontal, posterior cingulate and precentral cortices (see
Figure for an annotated visualization of these results). Most of these regions have been shown
to be connected to the striatum and to be part of key reward-processing pathways as well (Haber,
2017)).

3.10 Simulation study

In this section we set up a small simulation experiment where we compare performance of all the
above methods on the data with group structure. We generate the data as follows. For random

vector X we assume that it is grouped into K groups of equal size, thereby having p;, = £ variables
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Figure 3.8: Coefficient paths for RCCA and GRCCA with colors representing the regions. The
RCCA method shrinks canonical coefficients toward zero all together with the growth of A\;. The
GRCCA method shrinks them toward the group means with the growth of A;, whereas increasing
w1 shrinks all the group means toward zero.
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Figure 3.9: From top to bottom: the GRCCA coefficients for y; = 1 and Ay = 1,10, 100, 1000.
The third row represents the solution produced by the cross-validation procedure. Annotation of
brain regions: [1] nucleus accumbens, [2] putamen, [3] thalamus, [4] temporal lobe, [5] dorsolateral
prefrontal cortex, [6] dorsomedial prefrontal cortex, [7] posterior cingulate cortex, [8] precentral
cortex.
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in group k. Each group of X is generated by one of K centroid random variables and is obtained by
adding some Gaussian noise to the centroid. Moreover, we assume the presence of some correlation
between the centroids and Y. To be precise, to generate the data we exploit the multivariate
normal distribution as a joint distribution of random vector Y € R? and random vector of centroids
X¢ c RK:
(Y, X) ~ Ny x(0,%)  with ¥ = (n{jﬁ(y HTIffY) ‘

Next, we generate random vector X € RP+ corresponding to groups k& = 1,..., K from the distri-
bution Xj|X§ ~ N, (LXF,0%1), where X¢ is the k-th component of the centroid vector. Finally,
we obtain matrices X = (Xq,...,Xg) € R"*P and Y € R"*? by drawing n samples from the above
distributions. In our experiments we use n = 10, p = 15 and ¢ = 3, the number of groups is K = 5.
We set ox = 1 and test two settings: oxy = 0.5 for correlated data and oxy = 0 for independent
data.

As the next step, we run RCCA, PRCCA and GRCCA on the generated data imposing the
regularization on the X part only and using the following hyperparameters. For all methods the
penalty factor is chosen to be A; = 107°,107%,...,10% 10°. For PRCCA we penalize p; = 10
variables only leaving po = 5 variables untouched; these five unpenalized variables correspond to
the first features in each group. For GRCCA we again try two versions. First we run GRCCA with
w1 = 0, i.e. without differentiating sparsity on a group level assumption. Next we add differentiating
sparsity to GRCCA and vary the penalty factor in the range yu; = 1074,1073,...,1,10.

We compare all methods in terms of resulting correlations. For this purpose, we generate 1000
train and test sets, fit models on train and evaluate canonical correlation value on test. We plot
average train and test correlations as well as their one standard error intervals vs. penalty factor
A1 (see Fig. . According to the plot, for the correlated data the best test score is achieved
by sparse version of GRCCA, which significantly outperforms RCCA. Better performance can be
explained by the presence of the groups structure in the data. Note that non-sparse GRCCA also
looses in terms of the test score. The possible reason is that number of observations (n = 10) is only
twice as large as the number of groups (K = 5), so regularization on a group level helps to prevent
overfitting to train data. In the case of independent data, all the competitors perform in a similar
way: the average test correlation is very close to zero regardless the hyperparameter value; the test
correlation curves are almost flat.

Finally, for each model we pick the value of \; according to the maximum test score and compare
the CCA coefficients « for the chosen models. Figure [3:11] displays the main difference between the
RCCA and GRCCA methods. Although both techniques aim to reduce the data dimensionality, the
reduction is achieved in a different way. Unlike RCCA, which treats all the coefficients equally and
confines their deviation from zero, GRCCA carries out the reduction treating equally the coefficients
inside each group and removing the within group noise. To sum up, in the presence of a group

structure the group modification of RCCA allows for dimensionality reduction in a more efficient
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Figure 3.10: Train and test curves computed via simulation. Four models presented: RCCA, PRCCA
and GRCCA with zero (1 = 0) and non-zero sparsity (41 = 1). First row: train and test correlation
obtained for data with correlation (oxy = 0.5). Second row: train and test correlation obtained for
uncorrelated data (oxy = 0).

and interpretable way.

3.11 Discussion

In this chapter we proposed several approaches to the CCA regularization. The introduced PRCCA
technique has a similar flavor as RCCA, but it penalizes only a subset of canonical coefficients.
Both of these methods combined with the proposed kernel trick allows us to find the CCA solu-
tion even in case of extremely high data dimensionality. We further present the GRCCA method,
which is based on the underlying group structure of the data and which, therefore, can be useful
in some applications, and extend regularization to the case of a more general regularization penalty
thereby proposing general RCCA. The close connection between the latter techniques with RCCA
and PRCCA methods enables to utilize the kernel trick in the general case thus providing a powerful

tool for regularizing CCA in the high-dimensional framework.
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Figure 3.11: Coefficient values obtained via RCCA, PRCCA and two versions of GRCCA with
hyperparameter A\; chosen to maximize the test correlation. In this plot color corresponds to the
group number.

There is still much scope for future work. One interesting direction for further research is to
consider other applications of the proposed group RCCA technique. For example, there are many
problems in genetics where genes are grouped by functional similarity. Further, in this chapter
we cover only two types of penalties: partial and group; although the proposed kernel trick can
handle any fs-type penalty (see Section for general RCCA). Thus we can study other structured
modifications of RCCA that can be beneficial for applications. As an example, it may be interesting
to explore hierarchical group structure, where not only brain loci are combined in some regions, but
also regions are combined in some groups (e.g. we have cortical and subcortical groups in the HCP
study).

From the computational point of view, it would be useful to investigate how one can optimize
the choice of the hyperparameters. The following idea is inspired by ridge regression, which also
uses the fo penalty. Note that currently it is not necessary to apply any data normalization before
running regularized CCA (all the fMRI features have the same scale). However, the overall scale
of X influences the choice of the hyperparameters, i.e. multiplying X by some number a implies
increasing the penalty factors by a? times as well. Therefore, it would be beneficial to develop some
recommendations for the grid of hyperparameters the user should search through. For instance, we
can use the ridge regression heuristic and introduce a concept of degrees-of-freedom (aka df) for

CCA with regularization. Then we can base the hyperparameter recommendation on the df value.
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3.12 Appendix

3.12.1 Neuroimaging analysis

Details about the protocol and measures collected by HCP-DES are outlined in [Tozzi et al.| (2020).

Here, only the details relevant to this study are discussed.

Neuroimaging acquisition details Images were acquired at the Stanford Center for Cognitive

and Neurobiological Imaging (CNI) on a GE Discovery MR750 3 T scanner using a Nova Medical

32-channel head coil. Two spin-echo fieldmaps were acquired at the beginning of each session, one

with a posterior-anterior phase encoding direction, the other with an anterior-posterior direction. All

fMRI scans were conducted using a blipped-CAIPI simultaneous multislice “multiband” acquisition

(Setsompop et al., 2012).

1.

Spin-echo fieldmaps: TE = 55.5 ms, TR = 6 s, FA = 90°, acquisition time = 18 s, field of view
= 220.8 x 220.8 mm, 3D matrix size = 92 x 92 x 60, slice orientation = axial, angulation
to anterior commissure - posterior commissure (AC-PC) line, phase encoding = AP and PA,
receiver bandwidth = 250 kHz, readout duration = 49.14 ms, echo spacing = 0.54 ms, voxel

size = 2.4 mm isotropic.

. Single-band calibration: TE = 30 ms, TR = 4.4 s, FA = 90°, acquisition time = 13 s, field of

view = 220.8 x 220.8 mm, 3D matrix size = 92 x 92 x 60, slice orientation = axial, angulation
to AC-PC line, phase encoding = PA| receiver bandwidth = 250 kHz, readout duration = 49.14

ms, echo spacing = 0.54 ms, number of volumes = 4, voxel size = 2.4 mm isotropic.

Multiband fMRI: TE = 30 ms, TR = 0.71 s, FA = 54°, acquisition time = 3:44 (Gambling
task), field of view = 220.8 x 220.8 mm, 3D matrix size = 92 x 92 x 60, slice orientation
= axial, angulation to AC-PC line, phase encoding = PA, receiver bandwidth = 250 kHz,
readout duration = 49.14 ms, echo spacing = 0.54 ms, number of volumes for Gambling task

= 316, multiband factor = 6, calibration volumes = 2, voxel size = 2.4 mm isotropic.

T1-weighted: TE = 3.548 ms, MPRAGE TR = 2.84 s, FA = 8°, acquisition time = 8:33, field
of view = 256 x 256 mm, 3D matrix size = 320 x 320 x 230, slice orientation = sagittal,
angulation to AC-PC line, receiver bandwidth = 31.25 kHz, fat suppression = no, motion

correction = PROMO, voxel size = 0.8 mm isotropic.

T2-weighted: TE = 74.4 ms, TR = 2.5 s, FA = 90°, acquisition time = 5:42, field of view =
240 x 240 mm, 3D matrix size = 320 x 320 x 216, slice orientation = sagittal, angulation
to AC-PC line, receiver bandwidth = 125 kHz, fat suppression = no, motion correction =

PROMO, voxel size = 0.8 mm isotropic.
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Gambling task paradigm The HCP-DES adopts a version of the HCP Gambling task modified
to allow comparison of small and large gain and loss outcomes (Somerville et al., 2018} Tozzi et al.,
2020). A question mark is displayed on the screen and the participant must guess whether a number
is greater than or less than five (and indicate their answer via button presses). If the participant
identifies correctly, they win money, and if they guess incorrectly, they lose money. At the end of the

task, 5 trials are randomly selected and summed together to determine the participant’s payment.

Preprocessing Raw image files were converted to BIDS format and preprocessed using fMRIPrep
(Esteban et al., |2019). Briefly, brain surfaces were reconstructed using recon-all (FreeSurfer 6.0.1;
Dale et al.l |1999)). Susceptibility distortion for fMRI data were corrected using the two echo-planar
imaging (EPI) references with opposing phase-encoding directions (Cox and Hydel [1997). Surface
data was registered to fsaverage space and subcortical data to MNI space. These were then merged to
grayordinate CIFTI files. Automated labeling of noise components following ICA decomposition was
performed using AROMA (Pruim et al., [2015). As final output, we down-sampled the preprocessed
grey-ordinate functional CIFTI files to 32k FSLR space (Glasser et al., [2013). Then, we applied
a 4 mm full-width half-maximum smoothing constrained to the grey matter boundaries. For the
quantification of brain responses to the task, the following conditions were convolved with a canonical
hemodynamic response function as implemented in FSL (Jenkinson et al., 2012)): high win, low win,
high loss, low loss, high cue, low cue. The regressors obtained were entered in a design matrix
together with the confound regressors generated by AROMA. A GLM analysis was then performed
using the HCP pipelines (Glasser et al., |2013) and the contrast win > loss was estimated for each
participant (coefficients of high and low wins and losses were averaged). The z-scores corresponding

to this contrast in each greyordinate were the features entered in the CCA analyses.



Chapter 4

Multi-period forecasting and
COVID-19 pandemic

4.1 Introduction and background

Time series forecasting techniques are used to predict events that occur over time by analyzing
trends and patterns in past data. They are widely applicable across many fields of including fi-
nance, economics, politics, sports, meteorology and epidemiology. The latter area became especially
important since the beginning of the COVID-19 pandemic in December 2019.

Several time-series forecasting techniques have been proposed in the literature. Standard sta-
tistical methods based on regressive models such as autoregressive (AR), moving average (MA),
autoregressive moving average (ARMA), autoregressive integrated moving average (ARIMA) have
been commonly used to forecast time-series (Box and Jenkins, [1976). These Box-Jenkins methods
are particularly efficient when applied to a linear stationary time series; they can accommodate
the non-linear case by applying some appropriate transformation first. More recent approaches are
based on machine learning methods, in particular, artificial neural networks (Zhang et al., [1998;
Nesreen et al., [2010; [Makridakis et al., [2018). Compared to the ARIMA-type models, these often
demonstrate better performance in forecasting non-linear signals.

The standard application of these techniques aims to predict the signal for a single forecast hori-
zon (or “ahead”), most often one-step-ahead. However, in some applications such as epidemiology,
where decisions are often based on the future trend of signal, simultaneous forecasts for multiple
aheads can be of great interest. One of the popular methods for predicting several ahead values is
multi-stage prediction (MSP) (Chen et al. [2004) or multi-period forecasting (MFP). This approach
is usually based on a single output model which is applied recursively, i.e. the predicted value of the

signal three weeks ahead is determined based on the already-produced predicted values for one and
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two weeks ahead. The main disadvantages of such an iterative procedure is error propagation. An
alternative method suggested in the literature is called the multiple-input multiple-output approach
(MIMO), which aims to predict a vector of future values all at once (Bontempi, 2008} [Ben Taieb
et al| [2010). Detailed comparisons between different MIMO techniques can be found in |Cheng et al.
(2006) and |An and Anh/ (2015).

In this study we introduce a novel approach for predicting multiple ahead values simultaneously
which is based on the idea that the future signal can be well-approximated by a smooth curve.
The rest of the paper is organized as follows. In Section [4.2| we introduce the general multi-period
forecasting problem. In Sections[4.3.1{4.3.2| we describe two regression-based approaches for solving:

e a simple baseline method that predicts all aheads independently of each other (often termed

“direct” forecasting);
e and a novel MPF method that enforces smoothness across aheads.

We extend the methodology to the case that some of the response signals are unobserved in Section

and propose an analogue based on quantile-regression in Section Sections and
illustrate the MPF technique on a small simulation example as well as real COVID-19 case incidence

data obtained from the Delphi Epidata CovidCast API (Reinhart et all [2021). We conclude the

paper with a Discussion where we suggest some future research directions.

4.2 Forecasting problem

In this section we state the general multi-period forecasting problem. The aim is to predict multiple
future values of a time-dependant variable using a set of features (also depending on time). We begin
by introducing some notation. Suppose that we measure a response variable Y;(t) and a vector of p
covariates X;(¢) = (Xi1(t),..., Xip(t)) at time ¢ and location i. Denote by A = {a1,...,a,} € RL,
the sorted set of target ahead values for the response variable; Ly = {ly1, ..., lpm, } € RTS a set ;f
“lags” for the k-th predictor; and L = {Lq,...,L,} a list of lags for all the covariates. Then the
goal of multi-period forecasting (MPF) is to predict the response variable for all the aheads, i.e.

Yiit+A) = (Yi(t+a1),...,Y;(t +aq)) € RY,
using all the lagged features at location 7, i.e.
Xi(t—L) = (Xi(t — L1),..., Xip(t — L)) € R™.
Here, by analogy with the response,

Xik(t — Lk) = (Xlk(t — €k1)7. .. ,Xik(t — ékmk)) € R™*
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represents the lagged values of the k-th predictor at location i and m = Y %_, my, corresponds to
the total number of lagged predictors.

A simple example of an MPF problem is: on December 15, predict the expected number of newly
reported of COVID-19 cases on December 15 and December 22 using the number of visits to the

doctor on December 8 and December 1 across all the U.S. states. In this case,
e tis December 15, the forecast date;
e | represents a U.S. state;
e Y;(t) is the number of COVID-19 cases in state ¢ on day t;
e X;(t) = (Xi1(t)) represents the number of doctor visits in state ¢ on day ¢;
e A =1{0,7} is the set of ahead values;
o Ly ={7,14} is the set of lags.

Note that in many applications the response variable is also included in the set of predictors,

thereby incorporating the historical values of the response into the feature set.

4.3 Multi-period forecaster

4.3.1 Baseline linear model

A straightforward (direct) multi-period forecaster is a linear model for each location i, timestamp ¢

and ahead value a:

Yilt+a) =Y > Xt —0) bee(a) + €i(t + a). (4.1)

k=1(€cL,

Here ¢;(t+a) ~ N(0,0?) are i.i.d errors and by,(a) are unknown model coefficients. In what follows,
we assume that the measurements are done at n locations and that multiple past values are available.
If we denote the set of the available past timestamps by T' = {t1,...,tx} then model (4.1]) leads us

to the following objective

n P 2
SN (m(t ta) =Y > Xul(t—10) bkg(a)> (4.2)

i=1teT a€A k=1{(cLy

that we aim to minimize w.r.t. the model coefficients. We note that the resulting optimization goal
is nothing but a multivariate least-squares problem: the loss is separable in terms of ahead values, so
bre(a) can be found independently for each a € A via ordinary least squares with response Y;(t + a)
and predictors X;(t — L).
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For convenience we will restate the objective in matrix form. To do so, we first denote all the

coefficients corresponding to the k-th predictor by

bk(a) = (bkfm (a), ceey bkelmnk ((l)) c R™*

bi(ar) - bpla1)
B = ( Lo ) € R*™,
bi(ag)  bp(ag)

Next, we denote the matrices of the response and the predictors measured at time ¢ by

Y1 (t+A) X, (t—L)
Y(t) = ( : > eR™? and X(t) = ( : ) e R™™

X/n(t.-i-A) Xn(i_L)

and form the coefficient matrix

and concatenate all the data row-wise into

Y (t1) X(t1)
Y:< : > e RN gnd X = < : > e RNnxm,

Y (in) X(tn)

Hence, the MPF optimization problem in Equation |4.2|can be stated in multi-response regression
(MRR) form as

minimize |[Y — XB'||%, (4.3)
BER™MXq
where || Z]|% = Zij ij is the squared Frobenius norm of a matrix Z. The explicit solution can be

found via the formula
BT =(X"x)"'XxTY.

We will refer to this forecaster as the baseline MPF.

4.3.2 Smoothing constraint

The main disadvantage of the baseline model is that the coefficients for all the response columns
are computed independently of each other. In other words, the model completely ignores the under-
lying data structure, i.e. that each column of Y represents the same signal measured for different
ahead values. To incorporate this information into the MPF problem we desire some smoothness in
the model coefficients.

Specifically, we desire that each bge(a) is a smooth function of ahead values. Such smoothness

can be enforced by requiring B to be representable as a linear combination of smooth basis functions
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hi(a),...,hq(a), e.g. a spline or polynomial. This suggests the representation
bkg Zﬁjmh fOI‘ some ijg € R. (4.4)

Here d is a hyperparameter that controls the flexibility of bge(a). In what follows, we refer to d as
the degrees-of-freedom. Combining (4.2) with (4.4) leads us to the smooth multi-period forecasting
(SMPF) objective

minimize ZZ Z (t+a) Z Z Xik(t — Zﬁjkgh . (4.5)
Ogie, Vikol i LT ae k=1¢cLy

Note that the second term in (4.5) involves all the unknown parameters 6,5, of the model, so the

resulting loss function is no longer separable. However, since the predicted values

t +a) Z Z sz t— Zejkgh (4.6)

k=1/4€Ly

is a linear function of the coefficients it is still possible to find the explicit solution via regression.
Again, it is convenient to rewrite the loss function in matrix form. To do so, we first store all
the coefficients in a matrix

011 ... O1p
o= ( ......... ) € RY™, where 05, = (Ot - -+ Ojktyn, ) € R

Oa1 ... Oap

Next, we introduce the basis matrix

H= (hl.(.‘.“) ::: h”’.(.’.“)) c Raxd
hi(aq) ... ha(aq) ’

where each column represents a function from the basis evaluated at all ahead values in A. As a

result, one can restate constraint (4.4) in matrix form as B = HO and, together with (4.3), this

implies the SMPF optimization can be written as

mlmmlze”Y XOTHT|Z. (4.7
OcRIxm

Note that in this problem the basis H is considered to be fixed, so the only unknown parameter is
©. The degrees-of-freedom d, which controls the size of the basis, is the model’s hyperparameter
and can be chosen from a grid of values via cross-validation.

Similar to the baseline model, it is possible to find an explicit solution to . First, without
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loss of generality, we assume that H has orthogonal columns. Otherwise, one can take the QR-
decomposition H = QR and apply the change of variables H= @ and © = RO. Next, since the

Frobenius norm is invariant under orthogonal transformations we can restate problem (4.7 as

minimize [YH - XOT|3,
OcRdx

which is, again, a multi-response regression problem with solution

0T =(X"X)'XYH.

4.4 Missing values

This section extends the SMPF methodology proposed in Section to the case when only part
of the response matrix Y is observed. In forecasting applications, missing values often occur. For
example, for a recent time ¢ and location i we may not have observed response values Y;(¢ + a) for
all ahead values a € A as some of them have not occurred yet. Moreover, the data can be updated
at different times for different locations; thus, Y;(t + a) may not have been collected yet for some i.

To handle unobserved values we allow the set of ahead values to depend on the timestamp ¢
and location ¢ and denote it by A;(t). We also assume that each A;(t) is a subset of original

A ={a1,...,aq}. One can derive the new loss function as follows

2

ZZ Y. (Yilt+a)- Z D Xu(t—t Zegkeh . (4.8)

i=1teT acA;(t) k=1/¢€Ly

Similar to Sections [4.3.1H4.3.2] it is not hard to restate the SMPF optimization problem in
matrix form. Defining
1 ifa€e A (t),
W; (t + a) =
0 otherwise,

to be a binary weight matrix representing the missingness of the response, then minimizing Equa-
tion (4.8) is equivalent to solving

minimize |[W * (Y — XOTH")||%, (4.9)

eeRdX m

where * refers to the element-wise Hadamard matrix product and W is the matrix containing all
the weights.

Unlike the unweighted case, weighted SMPF cannot be reduced to a multi-response regression
by simple manipulations with Frobenius norm. However, since the second term in is a linear

function of © it is still possible to restate it as an expanded ordinary least squares problem. Denote
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w,y € RV™ and § € R¥™ the vectors obtained by the concatenation of columns of matrices W,Y
and O, respectively. Writing X = H® X as the Kronecker product between H and X, then
Equation (4.9) is equivalent to solving

minimize ||w * (y — X0)|3. (4.10)

feRd™
Note that for general w the solution can be found by means of the weighted regression with weights
w, response y and feature matrix X. However, if the weights are binary one can simply remove the

rows in y and X , that correspond to the zero weights, and use simple linear regression.

4.5 Simulation experiment

In this section we test the SMPF model from Section [£.4] on a small simulation example. For
simplicity we use only one forecast date ¢t and denote it as ¢t = 0. We fix the number of locations
at n = 1000 and the number of predictors at p = 10. We also assume no lags for this model, i.e.
Ly = {0} for k = 1,...,10. We first generate the matrix of covariates X € R"*P with elements
Xir ~ N(0,1). Further, we set the number of ahead values to ¢ = 30 and the set of ahead values to
A ={0,1,...,29}. To create B we evaluate orthogonal quadratic polynomial basis at all elements
in A and store them column-wise as H € R7*?¢, Here d = 3 and each column of H represents a basis
function, including the intercept. Next, we draw the elements of the coefficient matrix © € RZ*™
from standard normal distribution. Finally, we generate the matrix of errors F € R"*? with elements
€i; ~ N(0,0%) and compute the response matrix as Y = XOTH " + E. We randomly sample 10%
of the Y matrix elements and treat them as unobserved.

We use half of the locations to fit the smooth multi-period forecasting model and the remaining
half to evaluate the model performance. We vary the error variance o2 such that the signal-to-noise
ratio is SNR = 0.1,0.5,1,2, and we use mean absolute error (MAE) as the performance metric.
Since, in practice, the true degrees-of-freedom is unknown, we it to vary over the grid d = 1,2,...,6.
For instance, d = 1 corresponds to the “null” constant model and d = 2 represents straight line
forecasts. Thus for each value of SNR we produce a curve (MAE vs. degrees-of-freedom). The
results are presented in Figure where we also add the baseline multi-response regression solution
as a reference (dashed red line).

According to the figure, for all SNR values the best smooth model outperforms the baseline,
although the amount of improvement degrades slightly as SNR increases. Regardless of the signal-
to-noise ratio, the minimum test score is achieved for the SMPF degrees-of-freedom around the true
model value d = 3. Note that as the degrees-of-freedom increases, the SMPF still outperforms the
Baseline, though setting d = 30 would necessarily result in identical performance. Therefore, in
the simulation experiment the smooth multi-period forecasting model not only demonstrates the

superior performance to the baseline method, but also is able to recover the true degrees-of-freedom.
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Figure 4.1: Simulation results. The solid black line represents the test MAE vs degrees-of-freedom
computed by means of the smooth MPF model. The red dashed line corresponds to the MRR test
score. Shaded regions represent 1SE interval computed across ten repeated simulations. Each panel
corresponds to the simulated data with different SNR levels.

4.6 COVIDCast data experiments

Now we apply the multi-period forecasting approaches on the real data obtained from the Delphi
COVIDCast API (Reinhart et all, [2021). This open-source dataset, which is updated daily, tracks
multiple signals related to the spread and impact of the COVID-19 pandemic across the United
States on both county and state levels. It contains a wide variety of typical COVID-19 metrics
such as incident cases, deaths, and hospitalizations, as well as many unique indicators derived from
mobility data, internet symptom searches, healthcare utilization reports, and sample surveys. For

our experiments, we use three signals:

e confirmed 7dav_incidence_prop: the daily number of new confirmed COVID-19 cases (com-

puted per 100,000 people);

e smoothed cli: the estimated percentage of people with COVID-like illness, as measured by
The Delphi Group at Carnegie Mellon University U.S. COVID-19 Trends and Impact Survey
(CTIS), in partnership with Facebook (Salomon et all 2021);

e smoothed hh cmnty_cli: the estimated percentage of people reporting illness in their local

community, also measured by the Delphi US CTIS.

The latter two indicators were obtained from a voluntary survey conducted by Facebook. In order
to reduce the weekly variability, all three signals are smoothed by taking the trailing average across

a seven-day window. We consider the following forecast task:
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e each location i represents a U.S. county;
e the response Y;(t) is the value of confirmed 7dav_incidence_prop at county i;

e three predictive features are used, i.e. X;(t) = (X;1(¢t), X;2(t), X;i3(t)) represents the values
of confirmed_7dav_incidence_prop as well as smoothed_cli and smoothed hh_cmnty_cli at

location i;
e ahead values A = {0,1,...,27} target daily forecast targets over four weeks;
o lag values L = {1,2,...,28} track the signal for four weeks preceding the forecast date.

The training set contains twelve weeks of daily data prior to 1 October 2021, that is
Tirain = {10-Jul-2021, 11-Jul-2021, ...1-Oct-2021}.

To make the experiment more realistic, the data was downloaded “as reported on” 1 October 2021,
thereby making all the signals after this date to be unobserved. In other words, Y;(¢t + a) is unob-
served, or equivalently, W;(t 4+ a) = 0, if t + a is any date after October 1. This practice also means
that any revisions that would eventually be made after October 1 are not available. The distribution
of missing response values for the training set is shown in blue in Figure [£:2] To test both SMPF
models with and without missingness (the solutions to Equations and ) we explore two

scenarios:

Scenario 1: we remove all data for dates that would result in at least one unobserved ahead value,
i.e. we use only the data from July 10 to September 4. In this case, the data is complete and

we can use non-weighted SMPF for prediction.

Scenario 2: we include all the data from July 10 to October 1. Since the response matrix is only

partially observed, we fit the weighted modification of SMPF with binary weights.

To make the solution more robust, among 581 counties with available survey data, we select the
300 with the highest average (across all the times) level of cases; we also remove all the observations
containing missing values in the predictors. This results in 23079 training observations and 84
predictors.

We fit both baseline and smooth MPF models on the training set. For the smooth approach
we use the orthogonal polynomial basis with intercept and vary the degrees-of-freedom in the grid
d=1,2,...,6. To evaluate the models’ performance we download the response values for the same
300 counties and including four weeks of observations following October 1. In other words, the new

dataset contains the timestamps

Thest = {2-Oct-2021, 3-Oct-2021, ..., 29-Oct-2021},
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Figure 4.2: Schematic representation of missing values in response matrix when the “as of” date is
set to October 1. Each column represents a timestamp; each row represents an ahead value; the
element in row a column ¢ corresponds to the ¢t + a time point. Blue and red colors represent train
and test sets, respectively; light blue color corresponds the the time points after the “as of” date,
which are treated as unobserved in the training phase. If n = 1, i.e. only one location is considered,
then the picture represents exactly the distribution of missing values in train YT (the blue block)
joined with test YT (the red block).

which results in 4780 test observations. Since we are interested in estimating how well the model will
do at forecasting the future cases, the test set is downloaded “as of” 27 January 2022 and therefore
there are no missing responses.

In Figure we show test mean absolute error (MAE) for smooth MPF models with different
degrees-of-freedom (solid line). We also include baseline MAE as a reference (dashed line). Here, the
test MAE is averaged across all the locations, timestamps and ahead values. We start by comparing
two data scenarios (blue and red colors in the figure). According to the plot, using all the data
available before the “as of” date implies better test performance. This can be explained by the fact
that COVID data is quite volatile, so including more recent observations allows the model to more
accurately predict the future trend. This, however, comes at a price of increased computational cost.
For a fully-observed response matrix the solution can be found via pre-multiplying Y by H and fitting
the multi-response regression with feature matrix X € RV"*™ and response matrix Y H € RV"*d,
At the same time, the partially observed case requires us to solve a much larger regression problem
with feature matrix H ® X € RN74x™md and response y € RV, Next, by comparing the smooth
and baseline MPF test scores we conclude that smoothing improves the performance of multi-period

forecaster. From the red and blue curves in Figure [£.3 one can infer that, for both scenarios, the
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Figure 4.3: Comparing the test performance of the baseline and smooth MPF models while forecast-
ing COVID-19. The data is downloaded “as of” October 1 and two scenarios are considered. Red
color: the training data contains only the timestamps with fully-observed response vector (from July
10 to October 1), thus, the response matrix has no missing values. Blue color: the response matrix
includes all the available timestamps; thus, it has some missing values (blue curve). The solid line
shows the test MAE scores computed for the smooth MPF models with different degrees-of-freedom,
which vary in the grid d = 1,2,...,6. The dashed line represents the baseline model MAE. The plot
demonstrates the superior performance of the smooth model to the baseline in both scenarios.

optimal value for the degrees-of-freedom is d = 3. The remaining results in this section are presented
for the second data scenario, where the response matrix is partially observed.

To get more granular information on the model performance, we compute MAE separately for
each column of Y and plot the dependence of test error on the ahead value. In Figure we
observe that, as one would expect, the accuracy decreases for larger ahead values for all models
under consideration. In other words, forecasting is more challenging for time points that are farther
into the future.

Finally, we compare baseline MPF with the best smooth model, i.e. the one that attains the
lowest test score. Note that d = 3 gives quadratic dependence of the regression coeflicients on time.
Thus, the most promising approach is to predict some quadratic trend for cases at each timestamp.
In Figure [I.5] each thin bright line starts at a timestamp and represents the predicted cases for the
coming four weeks (28 ahead values). Here, the top row shows the baseline predictions, and the
bottom row corresponds to those obtained by the optimal smooth model. To visualize and compare
the MPF performance on the train and test sets, we include both train (blue color) and test (red
color) fits to the plot. We also add the ground truth cases as a reference (dark bold line). To
make the figure more readable, we present the results only for the five counties with the highest

average case values and display each county in a separate panel. By analyzing this plot, we can
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Figure 4.4: Comparing the test performance of the baseline and smooth MPF models while fore-
casting COVID-19. The result is presented for the second scenario, i.e. when the all the timestamps
from July 10 to October 1 are included even if the response vector is partially observed. In this plot
the test MAE is calculated for each ahead value separately and each line corresponds to different
models (either baseline or smooth with d = 1,2,...,6). The plot demonstrates that forecasting is

more challenging for times which are further in the future.
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Figure 4.5: The plot displays the fits produced by the baseline and the optimal smooth model
(with d = 3). The bold dark line shows the true value whereas predicted values are represented
by bright thin lines (one line - one timestamp). Blue and red colors correspond to the train and
test sets, respectively. The baseline MPF fit demonstrates irregular behavior which is moderated

by smoothing.
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see that the baseline model produces fits which look more wiggly, or noisy, relative to the smooth
MPF prediction. This extra noise in the regression coefficients results in higher test MAE of the
baseline compared to the competitor. Note that when true cases are close to zero, MPF may predict
(impossible) negative values. One can easily fix this either by taking a log-transform of cases or by

imposing a constraint on the predicted values.

4.7 Quantile forecasting

Now we shift from the point estimation task, which we handled by means of least squares regression,
to interval prediction. In this section, we employ quantile regression (QR) to estimate intervals
within which signals have a high probability of occurring (Koenker, 2005). We begin by introducing
the baseline quantile multi-period forecasting (QMPF) method. For a quantile 7 € [0, 1] consider

the pinball loss function

~ T(y - Z)) if Yy Z ga
pr(y,9) =
(1-7)(y—vy) otherwise.

Then goal is to solve the following objective

mibr;%)izezz > e (Yi(tm), SN Xt —0) bkf(a)). (4.11)

i=1teT a€A;(t) k=1LeLy

Note that the above optimization task is stated in general form, where the set of ahead values can
vary for each timestamp ¢ and location i. We again assume A;(t) C A.

Similar to Section[4.4] the solution to the QMPF problem can be found separately for each ahead
value. Namely, for each a it amounts to fitting quantile regression with feature matrix X and the
response vector which includes all the observed elements from Y that corresponds to a. As a result,
each ahead value can be handled very efficiently by linear programming methods (Koenker, [2004)).

Incorporating the smoothness into the coefficients leads us immediately to the smooth version of
the QMPF objective

iZ PT( (t+a), ZZth— Zﬁguh ) (4.12)

i=1teT a€A;(t) k=14€Ly

which we aim to minimize w.r.t. ;0. By analogy with Section [£.4] the smooth problem can be re-
duced to fitting a weighted QR through some simple manipulations with X, Y, H and ©. Specifically,
one can show that minimizing (4.12)) is equivalent to solving

Nngq

i e (vir X6 413
mél;}léggzel P (i )- (4.13)
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Here, y,w € RN and § € R correspond to the vectors obtained by the concatenation of columns
of matrices Y,W and ©T, respectively; W is the matrix of binary weights representing the the
missing responses in Y; and )Z'Z is the i-th row of X = H ® X.

Note that, unlike the multiple least squares case, where the computations can be significantly
simplified for fully-observed responses by pre-multiplying Y by H, the QR loss is not invariant under
the orthogonal transformations. Thus, computing the extended feature matrix X is necessary for

the smooth QMPF technique, regardless of the missingness pattern.

4.8 Quantile forecasting in COVIDCast study

We test both baseline and smooth QMPF techniques on the same COVIDCast data. We restrict our
investigation only to the second scenario with partially observed responses. In our experiments we
use three quantiles: 7 = 0.5 that corresponds to the predicted median value of cases and 7 = 0.2,0.8
that we use to compute lower and upper bounds for the predicted intervals. For each 7 we solve the
QMPF optimization problem and calculate the resulting fit according to , which we hereafter
denote by Y7 (t+a). We denote by M the number of observed responses, i.e. M = S Y ser [Ai(E)],

and track three performance metrics:

mean absolute error (MAE) Z Z Z YO 5( +a)

i=1t€T acA;(t)

lower miscoverage rate (LMR) = Z Z Z 1 {Y (t+a) < Yo 2t + a)}
i=1teT ac A (t)

upper miscoverage rate (UMR) = Z Z Z 1 {Y (t+a) > Yo 8(t + a)}
i=1teT acA;(t)

Here 1 {B} refers to the indicator function, taking the value 1 on the event B and 0 otherwise. We
evaluate these three metrics on the test set and present the results in Figure According to the
upper left panel, the smooth model with the lowest MAE score has d = 3 degrees-of-freedom. Despite
implying that cases should be forecast in a simplistic quadratic fashion, it outperforms the baseline
model in terms of MAE. In the bottom left panel of the plot we show the miscoverage rates obtained
by 0.2 (green) and 0.8 (orange) quantiles. From this plot we can conclude that smoothing not only
decreases the mean absolute error, but also can be helpful in improving the QMPF coverage, though
this improvement is slight.

Analogously to Figure [1.5] we also examine the fitted values obtained by the baseline and the
smooth QMPF model with three degrees-of-freedom. For simplicity, in Figure we present the
forecasted values for one timestamp (i.e. October 2) and the twenty counties with the highest average
rate of cases. From the plot we can infer that for some counties, e.g. 01003 or 01097, smoothing

can improve the prediction accuracy, although for others, e.g. 45035 or 45063, the difference is not
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considerable.

4.9 Conformal calibration

Note that for both 7 = 0.2,0.8 quantiles we expect to observe miscoverage of about 20%. Thus,
QMPF models demonstrate mild undercoverage by the lower bound and more sever overcoverage
by the upper one (see the left bottom panel of Figure . In this section we apply calibration to
the QR model which allows us to improve the coverage on the test set.

Conformal quantile regression is a method for constructing prediction intervals that, without
making distributional assumptions, helps achieve proper coverage in finite samples (Romano et al.|
2019)). The idea of this technique is to perform calibration of predicted values on some independent
set. Thus, as a first step we split out training data into two parts: we refit the model on the first
part and use the second one to calibrate the predicted cases. To reduce the correlation between

these parts, we hold out four weeks of the most recent timestamps from Ti,i, for calibration, i.e.

_ mfit cal
Tirain = Ttrain U Ttrairﬂ

Tht = {10-Jul-2021, 11-Jul-2021, ..., 3-Sep-2021},
Teal = {4-Sep-2021, 5-Sep-2021, ..., 1-Oct-2021}.

After fitting QMPF models on T}1t. we use the resulting coefficients to evaluate the fits )A/Z-T(t +a)

rain

as well as the upper and lower errors

EP2(t+a) = Y2 (t+a) = Yi(t + a),
EXS(t+a) = Yi(t+a) — Y23 (t + a).

Then, we use T2 to calculate the margins

train

Q%2 = 0.8-th empirical quantile of {EY?(t+a):i € [n], a € A, t € TS},

Q%% = 0.8-th empirical quantile of {E}®(t+a): i€ [n], a€ A, t € TS},
and replace the original prediction interval [YO2(t + a), Y #(t + a)] with its calibrated version
VO2(t+a) — Q%2 Y25t + a) + Q).

We display the performance of QMPF after calibration in the right panel of Figure As one
can see from the bottom right panel of the plot, the procedure considerably improves the coverage,
which is now much closer to the reference 20%. According to the upper right panel, the optimal
smooth model has d = 2 degrees-of-freedom, suggesting forecasting a linear trend for cases. Finally,
analyzing both panels, we conclude that, even for calibrated models, the smoothing technique still

outperforms the baseline method on the test set.
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Figure 4.6: Comparison of the test performance of the baseline and smooth QMPF models for
forecasting COVID-19. The plot represents the performance scores produced by the baseline model
(dashed line) and the smooth models with different degrees-of-freedom (solid line). The upper
plot shows the MAE score whereas the bottom plot shows the upper (orange) and lower (green)
miscoverage rates. The target miscoverage rate is 20%. The left panel of each plot shows the
performance of QMPF before conformal calibration, whereas the right panel represents the calibrated
test scores. The plot demonstrates improved performance of the smooth model relative to the
baseline.
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Figure 4.7: Comparison of the test predictions of the baseline and smooth QMPF models for fore-
casting COVID-19. The plot displays the out-of-sample fits produced by the baseline (purple) and
the best smooth model with d = 3 (green). The fits are presented only for October 2. The bold
black line shows the true observed newly reported cases, whereas predicted values are represented
by thin colored lines. The prediction interval obtained by 0.2 and 0.8 quantiles is also displayed
(shaded region).
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4.10 Discussion

In this paper, we proposed a time-series forecasting approach intended to predict multiple “ahead”
values of the signal simultaneously. The baseline method, commonly used in the literature, suggests
treating each ahead value independently, thereby fitting several separate models. On the contrary,
the smooth MPF technique takes into account that the same signal measured at different time points
in the forecasting model. It assumes that the model coefficients depend smoothly on time, thereby
forecasting multiple ahead values with a single smooth curve. We develop the proposed approach in a
least-squares framework, which can be handled easily by multiple linear regression. Subsequently, we
extend the methodology to forecasting the prediction intervals via quantile regression. We illustrate
the benefits of smoothing in the context of multi-period forecasting through a small simulation as
well as on an example using county-level COVID-19 incident cases.

There remains additional opportunity for future work. In the current study, we consider a limited
set of predictors: cases, estimated percentage of people experiencing COVID-like illness, and the
proportion of people reporting illness in their local community. One interesting direction would be
to extend this set and include additional indicators from the COVIDCast database such as social
behavior or mobility data. From the methodological point of view, this would require us to develop an
efficient way to combine smooth multi-period forecasting with regularization. For instance, smooth

structure in the coefficients can be handled by group-type penalties such as group-lasso.
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