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Preface

This thesis considers topics in two sub-fields of statistics—interpretable dimensionality reduction (Chap-
ter 2 and Chapter 3) and selective inference (Chapter 4, Chapter 5, and Chapter 6).

Interpretable dimensionality reduction concerns the problem of reducing a large dataset into a smaller one,
while still ensuring the smaller dataset is readily interpretable. We consider the fundamental dimensionality
reduction task of selecting the subset of variables that is most representative of the entire dataset. In
Chapter 2, we show that two popular methods for this task, Column Subset Selection (CSS) and Principal
Variables, are equivalent. This insight enables us to derive new methods for performing scalable CSS when
(1) we have summary statistics in place of unit-level data, or (2) some of the unit-level data is missing
and/or censored. In Chapter 3, we present a generative view of both of these methods. Specifically, we show
that CSS and Principal Variables can both be interpreted as performing maximum likelihood estimation
within a certain semi-parametric model. Within this model, we establish suitable conditions under which
the CSS estimate is consistent in high dimensions, specifically in the proportional asymptotic regime where
the number of variables over the sample size converges to a constant. Our generative viewpoint also leads
to novel methodology for selecting the subset size for CSS/Principal Variables in a principled way.

Selective inference concerns the problem of drawing inferences after selection of a data-dependent infer-
ential question. In Chapter 4, we provide a simple and unifying framework for conditional selective inference
that is centered on p-values. Specifically, we introduce selectively dominant p-values, a class of p-values that
enable us to easily perform inference after selection. We give an exact characterization of when p-values
are selectively dominant and argue that essentially all commonly used p-values are selectively dominant. In
Chapter 5, we use our framework to study the inference on winners problem. We offer greater clarity on
the behaviors and properties of existing inference on winners methods, while also generalizing them to new
settings. We also identify a class of problems for which the conditional selective inference approach attains
optimal power, but existing simultaneous inference approaches are powerless. In Chapter 6, we motivate a
very broad and general class of rank verification problems that arise in a variety of different domains. We use
our framework to derive a new inferential method for these problems that dominates existing simultaneous
inference approaches, and we demonstrate our method’s efficacy and versatility by applying it to a wide

range of real-world problems.
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Chapter 1

Introduction

This thesis considers topics in two sub-fields of statistics—interpretable dimensionality reduction (Chap-
ter 2 and Chapter 3) and selective inference (Chapter 4, Chapter 5, and Chapter 6). The material in
Chapter 2 and Chapter 3 is taken entirely from Sood and Hastie [2025], and the material in Chapter 4,
Chapter 5, and Chapter 6 is taken largely from Sood [2024] and Sood [2025].

The introduction serves to provide some motivation and background on these areas, including a high-level
review of related literature. We will continue to mention other related works throughout the thesis when

relevant.

1.1 Interpretable dimensionality reduction

In modern data applications, it is common to reduce a large dataset into a smaller one, either for storage
efficiency or ease of downstream analysis. As methods become more complex, it is increasingly desirable for
this reduced dataset to be interpretable.

The first part of this thesis considers the dimensionality reduction task of selecting a subset of variables
that is most representative of the entire dataset. We will establish an equivalence between two popular
methods for this task, Column Subset Selection (CSS) and Principal Variables. Via this equivalence, we

provide a generative view of both methods, as well as other extensions and generalizations.

1.1.1 Motivation

The textbook approach to dimensionality reduction is Principal Components Analysis (PCA) [Jolliffe,
2002]. PCA projects the observed data onto a small set of variance-maximizing axes. Ultimately, the reduced
dataset consists of linear combinations of the original variables, and these resulting linear combinations are
referred to as principal components.

The diverse range of perspectives on PCA has fostered many useful theoretical and methodological
insights. For example, although PCA’s objective is typically written in terms of unit-level data, it can also
be written solely in terms of the data’s covariance [Pearson, 1901]. This covariance characterization turns
out to provide a more fundamental view of the problem, and Okamoto and Kanazawa [1968] strengthen

PCA’s theoretical foundation by using it to establish the method’s simultaneous optimality for a large class
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of objectives. Another example is probabilistic PCA (PPCA), a generative variant of PCA developed in
Tipping and Bishop [1999]. PPCA broadens PCA’s scope by enabling the application of standard statistical
tools (e.g. likelihood ratio testing, expectation-maximization, Bayesian inference).

Unfortunately, the linear combinations that PCA outputs are typically dense and difficult to interpret.
The field of interpretable dimensionality reduction has emerged largely in response to this phenomenon, and
it is spearheaded by methods that output sparse linear combinations of the original variables [d’Aspremont
et al., 2004, Jolliffe et al., 2003, Witten et al., 2009, Zou et al., 2006]. These sparse variants of PCA provide
more interpretable results by simplifying the relationship between the reduced and original dataset. Methods
like CSS and Principal Variables that select a subset of the original variables simplify this relationship as
much as possible and, consequently, can be viewed as PCA’s sparsest and most interpretable alternatives.

In the first part of this thesis, we aim to provide for CSS the same diverse set of viewpoints that
are available for PCA. In Chapter 2, we show that Principal Variables, which is characterized in terms
of covariances rather than unit-level data, solves the exact same problem as CSS. Following this insight,
we provide a generative variant of CSS in Chapter 3 that facilitates the application of statistical tools.
These covariance and generative viewpoints lead to novel methodological and theoretical insights for several

problems in interpretable dimensionality reduction.

1.1.2 Background

To provide the necessary context for Chapter 2 and Chapter 3, we give a detailed description of CSS,
Principal Variables, and the relationship (or lack thereof) between their corresponding literatures.

In the CSS problem we aim to choose k of p columns from a data matrix X € R™*P that best linearly
reconstruct the rest:

argmin  min ||X—X.5B||2 -
SClp):|S|=k BERk*P =

Here, X 45 denotes the sub-matrix of X containing columns with indices in S. While computing the exact
optimum in (1.1) is NP-complete [Shitov, 2021], a vast approximation literature [Boutsidis et al., 2009,
Civril and Magdon-Ismail, 2012, Deshpande and Rademacher, 2010, Drineas et al., 2008, Farahat et al.,
2015, Ordozgoiti et al., 2018, Tropp, 2009] has produced tractable algorithms with successful applications
in epidemiology [Fink et al., 2007, Nowakovéa et al., 2021], networking [Tripathi and Reza, 2020], business
[Boutsidis et al., 2008], imaging [Kromer et al., 2018, Strauch, 2014, Wang et al., 2015], and low-rank matrix
approximation [Boutsidis et al., 2014, Dan et al., 2015].

Prior to gaining popularity in computer science, the CSS problem first garnered attention in the numerical
linear algebra community. Many foundational works in numerical linear algebra, past and present, study
criteria similar to CSS [Baker and DeGroat, 1998, Bischof and Quintana-Ort{, 1998, Chan, 1987, Chan
and Hansen, 1994, Chandrasekaran and Ipsen, 1994, Chen et al., 2023a, Foster, 1986, Golub, 1965, Gu
and Eisenstat, 1996, Gu and Miranian, 2004, Hong and Pan, 1992, Pan, 2000, Pan and Tang, 1999, Stewart,
1999a, 1998, 1999b]. The articles referenced in the previous paragraph extend this line of research by focusing
specifically on the CSS problem and providing either improved theoretical guarantees or superior empirical
performance for the objective (1.1).

Principal Variables [McCabe, 1984] puts a non-degenerate N(0,X) model on the observed data and

suggests selecting a subset of “principal variables” according to various information criteria. The most
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popular of the four criteria suggests selecting the subset S that solves

argmin Tr(X_g— X _gs%5'Xs _g) (1.2)
SClpl:|S|=k
where —S is the complement of S and Xg and X _g are the principal submatrices of 3 whose rows and
columns are subseted by S and —S respectively. In practice, an estimate 3 of the covariance matrix is used
in (1.2). Like the CSS literature, the Principal Variables literature has produced approximation algorithms
[Brusco, 2014, Cadima et al., 2004, Guo et al., 2002, Masaeli et al., 2010, Wei and Billings, 2006] that have
enjoyed application in a number of fields, including psychology [Fehrman et al., 2017, Ladd and Golter,
1988], imaging [Chang et al., 1999], and the natural sciences [Eitrich et al., 2007, Isaac et al., 2014].
Expectedly, each thread of literature has something fruitful to offer: principal variables have strong sta-
tistical motivation and practitioners can find them in settings where only covariance or correlation estimates
are available. We provide examples of such settings in Section 2.2. The CSS literature places larger emphasis
on providing algorithms with theoretical guarantees and minimal computational and storage complexity.
Despite similarities between the methods, the CSS and Principal Variables literatures have existed entirely
independently. For example, Masaeli et al. [2010] pose a regularized matrix reconstruction problem in the

style of (1.1), but cites Principal Variables as motivation and makes no reference to any CSS literature.

1.2 Selective inference

Selective inference is a sub-field of statistics that allows practitioners to make valid inferences even when
the underlying statistical question is chosen by a data-driven selection process. However, many selective
methods, which operate by conditioning on the selection event, can be difficult to derive, hard to implement,
and exhibit counter-intuitive behavior. To statisticians outside of the sub-field, each selective procedure may
seem to come from a different argument or approach.

The second part of this thesis provides a unifying framework for selective inference centered around p-
values. So long as a statistician knows how to compute traditional p-values, our framework enables them
to easily deliver valid hypothesis tests and confidence intervals, even when the inferential question at hand
arose from an arbitrary, albeit known, selection procedure. Our framework (1) can greatly simplify the
process of designing new selective methods and (2) results in more natural and general derivations of some
existing selective methods, allowing for a deeper understanding of their behavior as well as new variations
and extensions. After presenting the framework in Chapter 4, we apply it to derive new methodological and
theoretical results for two canonical selective inference questions—inference on winners in Chapter 5 and

rank verification in Chapter 6.

1.2.1 Motivation

To motivate the need for a fresh view of selective inference, we recall the age-old task of making inferences
from the largest observation. Considering Gaussian data X ~ N(u, I,,) with unknown mean p, the largest
observation W = argmax;c,; X; may well correspond to the largest mean. Therefore, a natural way to verify
the existence of a large p; is to give a lower confidence bound (LCB) for py, the mean of the winning value.

Traditionally, we provide such an LCB via Sidak’s simultaneous approach. Let z;_, denote the 1 — «



CHAPTER 1. INTRODUCTION 4
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Figure 1.1: The first panel (left) shows the growth of the quantile z;_,, as a function of the dimension n.
The second panel (right) gives the distance between the level o = 0.1 conditional LCB and the winner Xy,
as a function of the gap Xy — Xg between winner and the runner-up. For dimensions n = 1,10, 100, 1000,
it also gives the distance from Xy to the level a = 0.1 simultaneous LCB.

quantile of a standard normal distribution and define o, = 1 — (1 — a)l/ ™. Sidak’s approach tells us that the
lower bounds p; > X; —21_4,, all simultaneously hold with probability 1—a. Therefore, fisimu = Xw —21—q,,
is a valid lower bound for uy that holds with probability at least 1 — a. Performing simultaneous inference
on n means, however, comes at a cost. As n grows, the quantile z1_,, grows as well (depicted in the left
panel of Figure 1.1), and the distance from the winning observation to the LCB correspondingly increases.

The more modern selective approach suggests providing an LCB that is valid conditionally on W. This
approach provides inferences solely for the winning mean iy, so we may hope that it avoids the simultaneous
inference’s curse of dimensionality. Following the recipe of Fithian et al. [2017] (see Appendix B.8 for details),

one finds that the conditional LCB ficong is the infimum of the confidence region
{10 : po > Xw — Quantile(1 — o, TN (0,1, Xr — po, o))}, (1.3)

where Xg is the runner-up (second largest) observation and T'N (i1, 02, a,b) is a N(u,0?) distribution trun-
cated to lie in the interval (a,b).

The conditional LCB (1.3) is near impossible to parse at first glance, but it turns out to have some very
interesting properties. As plotted in right panel of Figure 1.1, the distance Xy — [icong between the winner
and the conditional LCB is purely a function of the gap Xy — X between the winner and runner-up. If
the gap between Xy and Xp is large, then the conditional LCB for uyw will be roughly Xy — 21—, ie.,
what we expect in a one-dimensional inference problem. But as the runner-up gets close to the winner,
the conditional LCB explodes quickly to —oo and gives much worse inferences than the classical approach.
In summary, the conditional method appears to avoid the curse of dimensionality when the winner is well
separated, but when it is not, the consequences can be tremendous.

The motivation for our framework comes from the following fact: the conditional LCB becomes shockingly
simple to parse once written in terms of p-values. Suppose we wanted just to check whether each LCB was
non-negative, i.e., we used each LCB solely to verify the existence of a positive mean. Typically, we verify

the existence of a positive mean by using the p-values p; = 1 — ®(X;) to test the nulls Hy, : p; < 0. It turns



CHAPTER 1. INTRODUCTION )

out that the simultaneous LCB verifies the existence of a positive mean when smallest of these p-values p1)
is at most a,. In contrast, the conditional LCB does so when the ratio of the two smallest p-values p(1)/p(2)
is at most a.

At least when the p-values p; are uniform under the null, there appears to be a simple and intuitive
proof for the conditional procedure’s validity (much simpler than our derivations in Appendix B.8): under
the null, the smallest p-value p(;) should be uniform on [0, p(9)], so we should control error if we reject
when p(1) < ap(z). But the question remains, does this argument go through when p-values are not exactly
uniform? If not, why does it work in the Gaussian case?

The framework we develop in Chapter 4 gives a complete answer to these questions. It identifies a broad
class of p-values for which the sort of argument we have outlined above goes through. Beyond inference on
winners, it turns out to encompass a comprehensive set of selective inference problems, and it provides a
clearer view on how selective methods behave and are derived. As we illustrate throughout the article, our
framework serves to both deepen our understanding of existing methods in the selective inference literature,

as well as enable easy design of new selective inference procedures.

1.2.2 Background

The field of modern conditional selective inference was started by the seminal work Lee et al. [2016b] and
has been the subject of much academic research over the last decade [Benjamini et al., 2019, Chen et al.,
2023b, Chen and Witten, 2023, Fithian et al., 2015, 2017, Gao et al., 2024, Hyun et al., 2021, Lee and Taylor,
2014, Loftus and Taylor, 2015, Panigrahi et al., 2024, Taylor and Tibshirani, 2018, Taylor et al., 2014, 2016,
Tian and Taylor, 2018, Tian et al., 2018, Tibshirani et al., 2016]. Alongside this contemporary body of work,
there is an earlier line of work that studies drawing inferences from data-dependent questions, particularly
as it pertains to rank verification Bofinger [1985a], Fabian [1962], Gutmann and Maymin [1987], Hsu [1981a],
Maymin and Gutmann [1992]. Outside of conditional selective inference, there is a class of selective methods
that avoid conditioning on the selection event (e.g, [Romano et al., 2014, Zrnic and Fithian, 2024]), but
Perry et al. [2024] suggest empirically that such approaches may be less powerful than their conditional
counterparts, and we provide some theoretical justification to this claim.

We point out a few articles that are most relevant to our framework. For continuous data (i.e., non-
discrete data) Hung and Fithian [2020], Zhao et al. [2019] both identify similar classes of p-values and correct
for selection identically to our approach. Their results, however, only apply when the selection mechanism
selects the p-value for being below a fixed threshold. Our framework is fully general and applies (1) when
the data is non-continuous (including when data is discrete) and (2) for all selection mechanisms, including
those involving randomized selection. Hung and Fithian [2020], Zhao et al. [2019]’s work is done for the sake
of a one-off application. In contrast, we contextualize our more general theory as the backbone that supports
all of modern conditional selective inference, and demonstrate its applicability across a range of problems.
While we assume the selection procedure is known, Andrews and Kasy [2019], Markovic et al. [2019] consider
settings where the selection mechanism is unknown, and provide either (1) methods for learning the selection
mechanism or (2) theoretical results regarding to what extent the selection mechanism is identified. When
we treat the procedures we derive as global null testing procedures and close them, we get sequential selective
hypothesis testing procedures that are similar to those in Fithian et al. [2015], although the procedures in

Fithian et al. [2015] specifically test two-sided nulls, while our nulls are arbitrary.



Chapter 2

A covariance view of column subset

selection

In this chapter, we establish a mathematical equivalence and conceptual connection between CSS and
Principal Variables. This equivalence is not mathematically difficult to establish, but it unlocks new per-
spectives that enable us to design novel and useful methodology for several problems in interpretable dimen-

sionality reduction. Particularly, it leads to two applications.

Scalable CSS without unit-level data: We introduce fast algorithms for performing CSS when only
summary statistics are available. To demonstrate our algorithms’ efficacy, we provide a real world example
where BlackRock, our industry affiliate, wants to perform CSS but only has access to a covariance estimate.
Our insights enable us to perform CSS in this setting, and our novel algorithms enable us to run the appro-

priate experiments, which would take days using current methods, in less than three minutes.

CSS with missing and/or censored data: The equivalence between CSS and Principal Variables sug-
gests a natural workflow for performing CSS when data is missing and/or censored: model the missingness
and/or censorship, produce a covariance estimate that is reasonable under this model, and perform CSS
using this covariance estimate. As an illustrative example, we use this workflow to propose a simple and
novel procedure for performing CSS with missing-at-random data. In a simulation study where we sample
data from Chapter 3’s generative model and omit entries at random, our method always selects the correct
subset while the best competing method selects it less than half the time. We also confirm that our method

outperforms existing methods on a real dataset.

To start, we introduce some notation and preliminaries. The same notation will be used in Chapter 3.
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2.1 Notation and preliminaries

We use the following linear algebra notation. All matrices are bolded capital letters. We use ||A||r to
denote the Frobenius norm of the matrix A € RP*9. We denote the Moore-Penrose inverse, or pseudo-
inverse, of A by A", and the ith row and jth column of A by A,, and A,j respectively. For subsets
S Clpl =A{1,....,p} and T C [g], Asr is the |S| x |T| sub-matrix of A with rows and columns indexed
by S and T respectively. If we want to index just the rows (resp. just the columns), we use Ag, € RISIx4
(resp. Aor € RP*ITI). Indexing always precedes matrix operations, e.g., A;T = (As7)t # (A")s 7. When
A € RPX? ig square, we let Ag € RISIXISI denote the sub-matrix with rows and columns both indexed by S.
We denote the determinant of a square matrix A by |A|. For symmetric square matrices A and B, we write
A > B (resp. A~ B) if A— B is positive semi-definite (resp. positive definite), and we denote the set of
positive-semi definite matrices as ST’) . The p x p identity matrix is I,. For a vector z € R, we use ||z]2
to denote the L? norm of z. The vector g € RISl is the sub-vector of # with entries indexed by S. When
appropriate, 0 and 1 (resp. 0 and 1) refer to a vector (resp. matrix) of zeros and ones.

We use the following statistics notation. We typically denote random vectors as unbolded capital letters,
e.g., X e RPY € RY, and X ~ (u, X) means that X has mean p and covariance X. Generally 3y is Cov(Y'),
but we sometimes write X for Cov(X) specifically (when unambiguous). Samples drawn from a distribution
are assumed independent and identically distributed (i.i.d). A model refers to a family of distributions.

We will assume that all random vectors X € R we consider satisfy E[|| X||3] < occ.

2.2 The equivalence of CSS and Principal Variables

In this section, we establish a mathematical equivalence and conceptual connection between CSS and Prin-
cipal Variables. This equivalence is not mathematically difficult to establish, but it unlocks new perspectives
that enable us to design novel and useful methodology for several problems in interpretable dimensionality

reduction. Henceforth, selecting principal variables using X refers to the following subset search:

argmin  Tr(X — BesTE s, (2.1)
SClpl:|S|=k

The subset search (2.1) generalizes the original Principal Variables criterion (1.2) by allowing X to be
singular. When 3 is non-singular, Cauchy’s interlacing theorem [Bhatia, 1997] implies that Xg is always
also non-singular, so L% = 2;1 and our new search problem (2.1) reduces to the original search problem

(1.2).
Proposition 1 establishes an exact mathematical equivalence between CSS (1.1) and Principal Variables
(2.1). Tt tells us explicitly how we can perform CSS by instead searching for principal variables, and vice-

versa.

Proposition 1 (CSS and Principal Variables are equivalent). Consider a matrix X € R"*P and define
3= X' X /n. For any size-k subset S C [p], the CSS objective (1.1) with X and the Principal Variables
objective (2.1) with ¥ are equal:

1 L e et
in —||X — XesB|% = Tr(Z — s Sa,).
nggxpn\l sB|F = Tr( 53gXse)
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One important consequence of Proposition 1 is that performing CSS on a centered data matrix X is
identical to selecting principal variables using the sample covariance. Conceptually, this suggests viewing
CSS as an estimation problem where the estimand is the population principal variable set (i.e., the principal
variable set one would select using ¥). This draws a clear parallel between CSS and PCA: both methods
seek to estimate some function of the population covariance, and the typical unit-level data characterization
of each method does so by plugging in the sample covariance as an estimate.

In what follows, we fully develop this point-estimation view of CSS. Consider the typical CSS use case
where X € R™*P is a data matrix whose rows are centered i.i.d samples of a p-dimensional random vector
X ~ (p,X). In this setting, it is immediate that the CSS solution (1.1) is the plug-in estimate for the
estimand

avgmin sZam, EIX =) = BXs —u)ll) 22)
SC[p]:|S|=k BERP**

Proposition 2 confirms that the population CSS subset search (2.2) is equivalent to selecting principal
variables using 3. Furthermore, it demonstrates that, even when X does not follow a non-degenerate
Gaussian distribution, the subset selected by Principal Variables is characterized by an interpretable and

desirable optimality criterion: optimal linear reconstruction of the remaining variables (after centering).

Proposition 2 (The CSS estimand). Consider a p-dimensional random vector X ~ (u,X). For any size-k
subset S C [p], the population CSS problem (2.2) has the same objective as the Principal Variables objective
with 33:

_min E[(X = ) - B(Xs — )|}l = Te(S — BusE{ B,

Characterizing CSS in terms of covariances and reframing it as an estimation problem yields a number

of benefits and insights:

1. A more general class of estimators for the population CSS solution (2.2) results from solving (2.1) with
any estimate 3 of 3, not just sample covariance. Henceforth we will refer to solving (2.1) with 3 as

performing CSS with the covariance 3. proba

2. It is immediately clear that practitioners can perform CSS in settings where they cannot access unit-
level data but can access covariance or correlation estimates. For example, only the correlation matrix
was available for four of the nine real data examples in Cadima et al. [2004], and in genome wide
association studies practitioners often work with correlation estimates in place of inaccessible unit-
level data [He et al., 2022, Mak et al., 2017].

3. Characterizing CSS as an estimation problem stresses the importance of selecting a subset that gen-
eralizes well. This is in line with recent work from Ordozgoiti et al. [2019] that emphasizes CSS’s
out-of-sample performance and examines the benefits of performing CSS with ¢ regularization. Our
equivalence suggests performing CSS with regularized covariance estimates as an alternative regular-

ization scheme.

4. Similarly, a practitioner may be interested in the quality of their regression coefficient estimates from
the regression of the remaining variables on the selected subset (i.e., the minimizing B in (1.1)).
Using our covariance view, we show in Appendix A.5.1 that the error of these coefficient estimates is

well-behaved, even when the practitioner selects a subset via a complex CSS algorithm.
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5. The NP-completeness of CSS implies the NP-completeness of solving (2.1). Equivalently, if X ~
N(0,X), X = 0, finding a size k subset S C [p] that minimizes Tr(Cov(X|Xg)) is NP-complete.

6. If X € R™*P has rank r < min(n,p), we can find X, € R"*? such that X X, = XX via the
singular value decomposition (SVD) of X. Because X* X = X X, Proposition 1 tells us that the
CSS objective value for any subset S is the same for X and X, and thus performing CSS on X, is
equivalent to performing CSS on X. The time complexity of finding X, is O(npr), and computing
and then performing CSS on X, may be much faster than performing CSS directly on X.

2.3 Scalable CSS without unit-level data

Our first application is scalable CSS without unit-level data. We provide novel algorithms that allow
us to efficiently perform CSS when we can only access covariance estimates and a real-data example that
illustrates these algorithms’ usefulness. These algorithms are made possible by the equivalence drawn in
Section 2.2. We also discuss some other reasonable approaches that perform surprisingly poorly on our real

data example.

2.3.1 Algorithms

As it stands, it is unclear how to efficiently perform CSS with just a covariance 3. The Principal Variables
literature suggests some sophisticated approximation algorithms, but it lacks efficient implementations of
them. The CSS literature provides efficient approximation algorithms, but it is unclear how to apply them
when we only have covariance estimates. Proposition 1 implies that we could find X such that 3 = X X /n
and apply existing CSS algorithms to X . Unfortunately, factoring 3 in this way has larger time complexity
than some CSS algorithms themselves.

Hence, we derive versions of the greedy algorithm from Farahat et al. [2015] and the swapping algorithm
from Ordozgoiti et al. [2018] that take a covariance X as input. These two algorithms are the empirically best-
performing and fastest algorithms in the CSS literature, and they can be easily modified to perform subset
search according to other objectives as well, which will be crucial for our application later in Section 3.3.
Working directly with 3 allows for a significantly simpler presentation, derivation, and modification of these
algorithms, and our new algorithms maintain the same time complexity as the originals when n > p. For
the interested reader, we discuss how to modify our algorithms to perform subset search according to the
other three Principal Variables criteria in Appendix A.3. We also provide some stylized settings where we
can guarantee that our algorithms find the optimal subset in Appendix A.5.2.

The key insight in deriving our algorithms is writing the CSS objective in terms of residual covariance
matrices. For two mean-zero random vectors X € RP and Y € R we define the residual from the regression
of Y on X as

R(Y,X)=Y - B*X  B* cargmin E[|Y — BX|3].
BERaxP

The discussion in Appendix A.6 establishes that R(Y, X) is well defined.
Lemma 1 summarizes what we need to know about residual covariances. In its statement, we adopt the

convention that 0-oco = 0.
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Lemma 1 (Efficient residual covariance update). Consider a random vector X ~ (0,X) and a subset
U C [p] that does not contain the ith variable. Then the residual covariance for the subset U is given by

Sr(x,Xxp) = 5 — Y2 2., and the residual covariance for the subset U U {i} is given by

.
YR(X,Xuoy) = BR(X,Xu) — 5 Ig,>0

where B = (Zp(x,xy))ei = Sei — Z.UX%EUJ. That is, we can update ¥ p(x x,) when adding variables to

U in O(p?) time, and removing variables from U in O(p?) time if Xy, is known.

Lemma 1 illustrates that CSS amounts to finding a subset S that minimizes Tr(Xp(x, x)), and it also

allows us to quickly update Tr(3g(x,x4)) When we add or remove variables from S. Define the function
fi, A) = —||Auill3/ Aii - Lay>0- (2.3)

Considering some U C [p], computations in Appendix A.7.17 show that any ¢ ¢ U which minimizes
J(i, B R(x,x,)) also minimizes Tr(ER(X’XUUm)). This is sufficient for establishing the correctness of the

greedy and swapping algorithms we present below.

Greedy subset selection: Our greedy algorithm (Algorithm 1) starts with the empty subset S 0 = {}
and, on iteration ¢, finds S®) by adding the variable to S*~1) that minimizes Tr(ERr(x,x,)))- It termi-
nates after k iterations and returns S®). Alternatively, we can allow it to iterate until Tr(X R(X, Xsm)) is
sufficiently small. Algorithm 1’s time complexity is O(p?k). A nice property of greedy subset search is that
greedily selected subsets of different sizes are nested: upon finding the greedily selected size-k subset, we

have necessarily found the greedily selected subsets of size £k — 1,...,1 in the process.

Algorithm 1 Greedy Subset Selection
Input: covariance matrix 3, number of columns to select k

procedure GREEDY_SUBSET_SELECTION(X, k)
SO+ {)
LR(X X g0) < 2
fort=1,...,k do
i* < argmin,gge—1) f(i, ER(vas(t—l))) > f is from (2.3), arbitrarily break ties
SO §E=D U (%)

Compute ER(X’XS“)) from ER(vas(t—l)) using Lemma 1

return: S

Subset selection via swapping: On each iteration of our swapping algorithm (Algorithm 2) we loop
through our currently selected subset S and swap each selected variable out for the variable that most
reduces Tr(Xp(x, x4)). If no swap reduces Tr(Xpg(x,xg)) for a particular selected variable, then we keep
that variable in S. This is reminiscent of coordinate descent, a procedure that searches for a minimum of
f :R? — R by iteratively optimizing each coordinate while holding the others fixed. Algorithm 2 terminates

after an iteration where no swaps are made, at which point the algorithm has converged to a kind of local
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optimum. Since each swap strictly reduces the objective value, Algorithm 2 must converge in finite time.
Its time complexity is O(p®k) per iteration. In practice, we run the algorithm multiple times with different

random initializations and take the best resulting subset.

Algorithm 2 Subset Selection by Swapping

Input: covariance matrix X, number of columns to select k, initial selected subset S € [p]*

procedure SWAPPING_SUBSET_SELECTION(X, k, S)
Scopy < 0 € R¥
E;C + compute pseudo-inverse of 3 g
Tr(x,xs) ¢ Z — TesTE B
while S # Scopy do
Secopy < S
for j=1,...,k do
U<+ S_; > S_; € R*1is S with S; removed
E$ + compute X7, from Eg using [Petersen and Pedersen, 2008, 3.2.7] > Takes O(k?) time

ER(X,XU) < compute ER(X’XU) from ER(X_’XS) using Lemma 1

if S; € argmin, g, f(i, Xp(x,x,)) then > f is from (2.3)
i < argmin, gy f(i, Xr(x,xy)) > Arbitrarily break ties
Sj " > This alters S in place

21 « compute =L from X7} using [Petersen and Pedersen, 2008, 3.2.7] > Takes O(k?) time

Y R(x,xs) ¢ compute Xr(x x4) from Xpx x,) using Lemma 1

return: S

2.3.2 An example from BlackRock

We provide a real world application where BlackRock, an industry affiliate of ours, seeks to perform CSS
and only has access to a covariance estimate. BlackRock is currently the largest asset manager in the world.
For proprietary reasons, the data has been anonymized.

BlackRock has a collection of p = 774 thematic investment portfolios and would like to find a small
subset of them that are representative of the remaining. Specifically, they are interested in performing CSS.
Thematic portfolios invest in assets that are tied together by an interpretable common thread, e.g., renewable
energy companies or start-ups in India. It is important to select a subset of portfolios (rather than find linear
combinations of them) so that this thematic structure is maintained.

BlackRock does not have unit-level returns for each portfolio, but they do have a covariance estimate.
After standardizing the returns of each portfolio to have unit variance, we perform CSS using our greedy
and swapping algorithms for k£ = 1,...,30. For our swapping algorithm, we try 25 random initializations.
The results are presented in Figure 2.1, where we plot the (estimated) average R? from the regression of
each individual portfolio on the selected subset. For the size six subset found by our swapping algorithm,
this average R? is above 90%. The swapping algorithm consistently outperforms the greedy one, and for
smaller subset sizes it is able to get the same performance with one less variable. For sake of comparison,
we also plot the average R? from the regression of each portfolio on the top k principal components. The

principal components maximize this R? among all possible linear combinations of the portfolios. We find



CHAPTER 2. A COVARIANCE VIEW OF COLUMN SUBSET SELECTION 12

- -o-0-0
_._.—l—."_:_:_:---.-'
0.950 - . _._o—":_._._.—o-"
- .t
_e-® o0 e=* 9~o-0-0-0-0
-0 -0 ~0-¢
0.925 o o """ oo
-/o:.,.’ o_o-0-%" /./."
/ o~o” ®
0.900 N
% oo / ~e” P
% /0/ -0 o-0-®
@ 0.875 s
E: / / /
H -  o-¢
0.850 '/ / o
(d
s / —eo— PCA
08257 / od Greedy CSS
P —®— Swapping CSS
0.800 A /' —e— Group Lasso CSS
° —®— Best Random CSS
0 5 10 15 20 25 30

Number of Principal Components/Variables

Figure 2.1: For the BlackRock example discussed in Section 2.3.2, the average R? from the regression of each
variable on the selected subset (resp. principal components) versus increasing subset size (resp. number of
principal components).

that the performance gap between PCA and CSS is well worth the trade-off in interpretability. For smaller
subset sizes, CSS achieves the same performance as PCA while using a subset size that is only one larger
than the number of principal components.

It is important to use efficient algorithms for problems of this scale. The Principal Variables literature,
which mainly considers p < 100, suggests recomputing the objective from scratch for each new considered
subset [Cadima et al., 2004]. For the BlackRock data, using Algorithm 1 to greedily select a size-30 subset
takes less than a tenth of a second, while this naive approach takes more than six minutes. For subset
selection via swapping, Algorithm 2 typically runs in less than half a second for one initialization, while this
naive approach often takes over an hour (depending on the number of iterations until convergence). We
remark that although the swapping algorithm finds better subsets, the greedy algorithm has comparable
performance and is notably faster, especially considering it only needs to be run once for the largest k of

interest.

2.3.3 Other approaches

Another approach to finding approximate CSS solutions is formulating a convex relaxation of the original
objective [Balzano et al., 2010, Masaeli et al., 2010, Wang and Singh, 2017]. The group lasso [Yuan and Lin,

2006] provides one such natural convex relaxation:

P
argminHX—XB||%:+)\Z||BiT.||2 (2.4)
BeRpxp =

For large values of A, the solution to (2.4) has many zeroed-out rows, i.e., many variables are not used in the

reconstruction. This suggests the following procedure for CSS: tune A in (2.4) to yield exactly k non-zero
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rows and select the variables corresponding to these rows. Another approach from Masaeli et al. [2010],
Convex Principal Feature Selection (CPFS), solves (2.4) but with an ¢, penalty on the rows of B instead
of a {5 one.

We can characterize (2.4) solely in terms of covariances and therefore also apply this group lasso approach
to BlackRock’s data. Defining 3 = X7 X /n, (2.4) is equivalent to

argmin Tr(2 — 2BTS + BTSB) + 2 i |IBL |l
BERPxp i
Surprisingly, on BlackRock’s data, this group lasso approach performs worse than selecting subsets at
random! Figure 2.1 displays the group lasso’s performance as well as the best performance from 25 randomly
selected subsets. The subset chosen by the group lasso performs notably worse than the best random subset.
We were unable to tractably apply CPFS to the whole dataset, so we tried it on a random sub-sample of
one hundred portfolios. On this sub-sample, CPFS did even worse than the group lasso (results not shown).
Empirically, we found that the group lasso and CPFS systematically pulled in variables that were highly
correlated with those that had already been selected. Our results are another example of convex variable

selection methods performing poorly in settings with high correlation [Freijeiro-Gonzélez et al., 2022].

2.4 CSS with missing and/or censored Data

The equivalence drawn in Section 2.2 suggests a natural workflow for performing CSS when some data
is missing and/or censored: model the missingness and/or censorship, produce a covariance estimate that is
reasonable under this model, and perform CSS using this covariance estimate.

As an illustrative example of this workflow, we use it to suggest a procedure for performing CSS with
missing-at-random data. Suppose we observe i.i.d samples (1), ... 2(™ € RP and some values are missing-
at-random. Let the set Z, be the indices of samples for which the rth variable is not missing, and Z,.s be
the indices of samples for which the r and sth variables are not missing. To get a reasonable covariance
estimate 3, we estimate the pairwise covariances using the not-missing values and then project onto the

positive semi-definite cone:

. « . 1 ; 1 ; ; 1 ;
3 = argmin | M — ¥|% U, = — Z R —— Z ) z® — Z z)
MGSI_;_XP |ITS| i€Ts ‘IT| jeT,

Projecting a symmetric matrix onto the positive semi-definite cone amounts to setting its negative eigenvalues
to zero. Finally, we apply the algorithms from Section 2.3.1 to s

Using both simulated and real data, we demonstrate that our procedure outperforms the two existing
methods for CSS with missing data. Initial work on this problem by Balzano et al. [2010] uses a greedy
Block Orthogonal Matching Pursuit (BOMP) algorithm to approximately solve a CSS-like objective that
ignores the missing values. In follow-up work, Wang and Singh [2017] mask the missing values and solve a
group lasso penalized problem similar to (2.4).

Briefly, we remark that one could put additional parametric assumptions on the generative model we will
introduce in Chapter 3 and then apply the expectation-maximization (EM) algorithm to handle missingness.

We found this to be too sensitive to the parametric assumptions and the EM algorithm’s initialization to
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Method % Corr. Subset Selected # Corr. Variables Selected | CSS Obj.

Our Method || 1.000 4.000 £+ 0.000 2.400 + 0.000
BOMP 0.456 2.191 £ 0.056 3.223 +£0.025
Group Lasso || 0.000 1.713 £ 0.016 5.806 £ 0.037
Random 0.001 0.804 4 0.023 6.065 £ 0.045

Table 2.1: The proportion of times the correct subset was selected (% Corr. Subset Selected), the average
size of the intersection of the selected subset and correct subset (# Corr. Variables Selected), and the
population CSS objective (CSS Obj.) for the thousand simulated trials described in Section 2.4.1. The +
reports one standard error. Bold indicates best performance.

work well in practice.

2.4.1 A simple simulation study

We run a simulation study to evaluate the quality of each method. In each trial, we draw n = 200 samples
from a distribution that has p = 20 unit-variance variables. We initially sample a set of k = 4 variables, and
the remaining variables are linear combinations of these four plus a small amount of Gaussian noise (this is
a preview of Chapter 3’s generative model). The simulation setting is constructed so that this ground truth
set of k = 4 variables solves the population CSS subset search (2.2), and therefore can be treated as the
gold standard subset. Prior to running any search algorithms, we randomly omit each observed value with
probability 0.05. The distribution we sample from is described in full detail in Appendix A.1.1.

For each trial, we select a size-four subset using each method. We also select a random size-four subset
as a benchmark. For our method, we use our swapping algorithm and try ten random initializations. For
the group lasso, we find the regularization strength that selects a size-four subset via a binary search. We
run one thousand trials and use three metrics to measure the quality of each method: (1) whether or not
the selected subset S is exactly equal to the ground truth subset S; (2) the size of the intersection of S and
S; and (3) the selected subset’s population CSS objective Tr(3 — 2.§ESTIE§.), where 3 is the population
covariance. Recovery of the ground truth subset S is indeed a reasonable performance metric as, in our
example, S achieves the lowest population CSS objective among all size-4 subsets.

Table 2.1 documents the results from our simulation. Our method selects the correct subset every time
while BOMP selects it less than half the time and group lasso fails to select it even once. As expected, our

method also achieves the lowest average CSS objective value by a significant amount.

2.4.2 An example with ozone level detection data

We consider the Ozone Level Detection Dataset from the UCI machine learning repository [Dua and
Graff, 2017]. The dataset has n = 2535 samples of p = 73 variables. So that we can compute a ground truth
CSS objective value for any selected subset, we drop samples with already missing values and are left with
a sample size of n = 1847.

One hundred times, we randomly omit observed values with probability ¢ = 0.05,0.1,0.2 and select a size
k = 5,10, 20 subset using our method and BOMP. For our method, we use our swapping algorithm and only
try one random initialization. We neglect the group lasso approach because it is too slow for a problem of
this scale. Given its noted bad performances, we expect it would have done poorly. To measure a selected

subset’s quality, we compute the CSS objective value it would have attained on the fully observed dataset.
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Figure 2.2: For different amounts of missingness ¢ and subset sizes k, the selected subset’s CSS objective
value on the fully observed Ozone Level Detection data over the hundred trials described in Section 2.4.2.
The red line marks the CSS objective value attained by the subset that was selected using the fully observed

data.

As a benchmark for how well we can expect to do with no missing data, we run our swapping algorithm on

the fully observed dataset with one hundred different random initializations and record the best result.

We provide the results from our experiment in Figure 2.2. Our method significantly outperforms BOMP

in every setting and performs similarly to our no-missing-data benchmark when k& and ¢ are not too large.

Also, our method’s performance appears to be less variable than BOMP’s.



Chapter 3

A generative view of column subset

selection

In this chapter, we show that CSS and Principal Variables can both be viewed as maximum likelihood
estimation within a certain semi-parametric model. We call this viewpoint Probabilistic Column Subset
Selection (PCSS). As the name suggests, PCSS provides a generative view of CSS the same way that PPCA
does for PCA.

Aside from offering a deeper conceptual understanding of CSS and providing a theoretical statistical
justification for the CSS problem, the generative model underlies an important application in psychology

and psychometrics.

Selecting the subset size for CSS: Supposing we observe data drawn from a generalization of the PCSS
model, we propose a novel and theoretically motivated procedure for selecting an appropriate subset size. We
first verify that our procedure performs well in some difficult simulated settings, and we then demonstrate
how it can be used to shorten surveys in an automated way. As an example, we apply our procedure to the
Big Five Inventory (BFI), a 44-item personality questionnaire [John et al., 1991]. In less than a tenth of a
second, it suggests cutting the survey by more than half. Importantly, the questions our procedure selects

appear to sufficiently capture the relevant information in the survey.

3.1 CSS as maximum likelihood estimation

In what follows, we show that CSS and Principal Variables can both be viewed as maximum likelihood
estimation within a certain semi-parametric model. We call this viewpoint Probabilistic Column Subset
Selection (PCSS). As the name suggests, PCSS provides a generative view of CSS the same way that PPCA
does for PCA.

We introduce the k-dimensional PCSS model. It posits that each data vector X € RP arises from the

16
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following two-step sampling procedure:

Xg~F

(3.1)
X_s|Xs~N(p_s+W(Xs — Ep[Xs]),0°I,_).

In words, we first sample the k principal variables Xg from some distribution F', and then generate the
remaining variables X_g as linear combinations of these principal variables plus spherical Gaussian noise.
The parameters of this model are the set of principal variables S, their distribution F', the remaining variables’
mean ji_g, the regression coefficients W, and the residual variance o > 0. The size of the principal variable
set, k, is fixed and not a parameter in the model.

The relationship between PCSS and CSS is explained by Theorem 1. It says that, in our PCSS model,
any CSS solution is a maximum likelihood estimate (MLE) for S over a non-parametric family of principal

variable distributions F'.

Theorem 1 (CSS solution is an MLE). Let M 2™ e RP be samples with sample covariance .
For any M < oo, let Py be the set of distributions in the k-dimensional PCSS model (3.1) where F
admits a probability density bounded by M. Then, so long as no k variables achieve perfect in-sample linear
reconstruction of the remaining variables, any CSS solution
5 S argmin T‘I‘(i — 2.(]2;2(].)
UC[p),|U|=k
is a mazximum likelihood estimator for S in the model Py;. Moreover, each S is a mazimum hybrid like-

lihood estimator (see [Owen, 2001, Equation 9.1]) for S in the original model (3.1) where F is completely

unrestricted.

The density bound M < oo is only in place to ensure that the likelihood is finite. Otherwise every
subset S results in infinite likelihood. Likewise, if some size-k subset of variables achieves perfect in-sample
linear reconstruction of the remaining (and thus attains the minimum CSS objective value of zero), then the
likelihood for this subset tends to co as we send 02 — 0 and technically no MLE exists.

Theorem 1 tells us that any CSS solution is a MLE under the model (3.1), but since the model (3.1) is
not fully parametric, it is not immediately clear that the MLE is a favorable estimate. The usual desirable
properties of the MLE, e.g., consistency, are not automatically guaranteed.

Theorem 2 alleviates these concerns by establishing that, in the high-dimensional regime where tools like
CSS are typically applied, the MLE subset S from Theorem 1 is consistent for the population subset S.
Further, it tells us that this population subset minimizes the population CSS objective (2.1).

Theorem 2 (High-dimensional consistency of CSS). Suppose we observe n samples W 2™ e RP from
a distribution P in the k-dimensional PCSS model, and consider the proportional asymptotic regime where
p/n converges to a constant as n,p — oo while k remains fized. If, as n,p — oo, the data generating

distribution satisfies

1. (Light tails) The sub-Gaussian norm (see [Vershynin, 2018, Definition 2.5.6]) of each wvariable is

bounded above by a constant independent of p and n,

2. (Imperfect reconstruction) The minimum eigenvalue of the principal variables’ covariance Covp(Xg)

2

and the residual variance o= are both bounded below by a positive constant independent of p and n,
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3. (Important principal variables) For some 6 > 0, at least Q(pl/z*“s) entries in each column of the

regression coefficients W are bounded away from zero by some constant independent of p and n,

then the MLE subset S from Theorem 1 is consistent for the population subset S (i.e., imy, P(S’ =85)=1),

which eventually minimizes the population CSS objective (2.1).

A closer examination of Theorem 2’s proof actually tells us that, under the three conditions, the prob-
ability that S does not equal S shrinks to zero at a super-polynomial rate. The first two conditions of the
theorem are standard regularity conditions. They ensure that the in-sample CSS objective is well behaved
for all size-k subsets. The third condition is a strong identifiability condition for our problem. It ensures
that, compared to other size-k subsets U, the population subset S results in lower reconstruction error for
sufficiently many (but still a vanishing proportion) of the variables in —S\ U. Without some such condition,
the population subset S may not even be unique. For the interested reader, Appendix A.4 identifies a more
general high-dimensional setting where the CSS estimate (1.1) is consistent for population CSS solution, but

at the expense of giving a less interpretable statement.

3.2 The subset factor model

By generalizing the probabilistic model (3.1) in which the CSS solution is the MLE, we can motivate
subset versions of other existing probabilistic methods.

In this vein, we introduce the k-dimensional subset factor model, a generalization of our k-dimensional
PCSS model that drops all distributional assumptions and allows the covariance of X_g | X g to be a diagonal

matrix D > 0:

Xg~F e~ (0,D) €1 L., Lep g Cov(Xg,e) =0

(3.2)
X_s=W(Xs - EF[X_S']) +pu_s+e.

Our k-dimensional subset factor model has a close relationship with the k-dimensional factor model [Mardia
et al., 1979, Section 9.2.1]

Z ~(0,1I) e~ (0,D) e dl,...,Le Cov(Z,e) =0
X=WZ+p+e,

(3.3)

where again D > 0. In the k-dimensional factor model, each variable X; is a linear combination of latent
common factors Z ~ (0, I') plus a mean-zero unique factor € and a non-random shift ;. In our k-dimensional
subset factor model, an unknown subset of the observed variables act as common factors (once centered),
and the remaining variables are similarly linear combinations of these common factors plus a unique factor
and non-random shift. Moreover, by dropping distributional assumptions and allowing a previously spherical
conditional covariance to be diagonal, our subset factor model generalizes our PCSS model the same way
the factor model generalizes the model used for PPCA.

The subset factor model (3.2) arises naturally from a hybridization of PCA and Factor Analysis that
aims to maintain strengths from both methods. To see how, we must first discuss the advantages and
disadvantages of PCA and Factor Analysis. Factor Analysis enjoys two major benefits over PCA. First,

the factor model (3.3) provides an interpretable generative model for the data. In contrast, PCA has no
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associated generative model. Second, in the factor model, the regression of X € RP on its lower dimensional
representation Z € R has uncorrelated residuals, meaning that Z accounts for all the common variation
in X. If these residuals were correlated, i.e., they jointly varied about their means in some structured way,
that would mean there may be additional meaningful trends in X that Z does not account for. This is
the case in PCA, where the regression of X on its top k principal components typically yields correlated
residuals. Due to the fact that the lower dimensional representation Z is latent and unobserved, however,
Factor Analysis suffers from a slew of unidentifiability and indeterminancy issues [Anderson and Rubin,
1956, Guttman, 1955, Steiger, 1994]. Proponents of components-based methods are particularly critical of
factor indeterminacy, the fact that the common factors are not uniquely determined, even up to rotation
[Schonemann and Steiger, 1976, 1978, Steiger, 1979, Velicer and Jackson, 1990]. In contrast, components
(linear combinations of the observed variables) are always observed and determined, and they therefore do
not suffer from any of the same issues.

A natural attempt to hybridize PCA and Factor Analysis in a way that inherits strengths from both
methods is to assume a factor model where the factors are themselves components. Then, via an interpretable
generative model, we can recover determined factors that account for all the common variation in X. This
idea has been of great historical interest, but it has repeatedly been emphasized that it is impossible to do
so when all the unique factors €; are required to have positive variance [Guttman, 1955, Schonemann and
Steiger, 1976, Wilson, 1928]. However, if we allow some unique factors to have zero variance, Theorem 3

tells us that, surprisingly, this is equivalent to assuming a subset factor model.

Theorem 3 (The subset factor model compromise). Suppose X ~ (u, X), X = 0 follows the k-dimensional
factor model (3.3) where the unique factors €; are allowed to have zero variance. Then the common factors
Z can be written as components (i.e., Z = B(X — u) for some B € R¥*?) if and only if X follows the

k-dimensional subset factor model (3.2).

3.3 Selecting the subset size

We will use the above generative models to determine the smallest subset size needed to capture some
observed data’s underlying structure. More broadly, the procedure we propose showcases how this chapter’s
generative view facilitates the application of statistical tools in subset selection problems.

Formally, we aim to find £*, the smallest non-negative integer k for which the k-dimensional subset factor
model (3.2) holds. Recall that the k-dimensional subset factor model consists of distributions satisfying (3.2)

for some size-k factor set S:

Xs~F e~ (0,D) e1 L, ., Lepp Cov(Xg,6) =0

(3.2, revisited)
X g= W(XS — EF[XS]) + p_s + €.

We focus on the subset factor model over the PCSS model (3.1) because it is more general and hence more
representative of the structure we expect to see in real data. An interested reader can find the analogous
discussion for the PCSS model in Appendix A.2.4. Prior to proceeding, we point out that subset factor
models of increasing subset size are nested. This is because any distribution satisfying (3.2) for a set S also

satisfies (3.2) for any superset of S.
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Our approach is to output k, the smallest k for which we cannot falsify that the data generating distri-
bution belongs to the k-dimensional subset factor model. Formally, k is the smallest k for which we fail to
reject the null Hy g : |S| < k that the data is drawn from a distribution satisfying (3.2) for some size-k set
S.

To start, we present an idealized procedure that guarantees a notion of error control. This ideal procedure
controls the probability that the suggested subset size is too large, i.e., that k> k*. Unfortunately, the
procedure is computationally intractable, and we ultimately use it to motivate a tractable procedure that
performs well in practice. A more technical and detailed discussion of this ideal procedure can be found in
Appendix A.2.

For a fixed k, our idealized procedure rejects the null Hy y : |S| < k when the statistic T}, is large:

T, = min T(U), T(U) =nlog ( (3.4)

. A . N N
|Dlag(2,U — EfU,UEUEU,fU)‘
UcC[pl:|U|=k

~ ~ ~+ -
X_v -3 vuEyEu,-vl

The statistic T}, is the generalized likelihood ratio test statistic for testing the null that the data is drawn
from a Gaussian distribution in the k-dimensional subset factor model (see Appendix A.2.1 for details).
Although the test statistic T} is designed for Gaussians, we will be able to make use of it even in a totally
non-parametric setting. Intuitively, T} is large when the residual covariance from the regression of X_g;
on Xy is highly non-diagonal for every size-k subset U. If this is the case, the k-dimensional subset factor
model cannot possibly hold.

In what follows, we determine an appropriate critical value for the aforementioned test. By definition,
the null Hyy : |S| < k is true exactly when k& > k*. Bearing this in mind, fix some k > k*. First, we
imagine restricting the subset factor model so that the unique factors €; are Gaussian and independent of
the principal variables Xg, which we assume have a density. In this simpler setting, whenever the data

generating distribution satisfies (3.2) for some size-k set S, the statistic T'(S) has distribution exactly

= e
ny log|1+ 52— , 3.5
> ( v ) (3.5)

j=2 n—k—j

where {x?},{\?} are mutually independent chi-squared random variables with degrees of freedom specified

by their subscript. Thus, rejecting Ho . : [S| < k when Ty, = ming. = T(U) is larger than the critical value

p—k -2
Qnpi(l —a) = Quantile< 1 —a,n Zlog <1 + §]71 ) (3.6)

=2 n—k—j

results in exact finite sample type I error control at level a. Surprisingly, even when we make no parametric
assumptions, this same critical value guarantees asymptotic type I error control.
Theorem 4 establishes that, by using the above critical value, our ideal procedure does not suggest a

subset size that is too large with high probability.

Theorem 4 (Error control). Consider n > p samples W ) e RP from a distribution P and let k*
be the smallest non-negative integer k for which P belongs to the k-dimensional subset factor model (3.2).

Ifl% is the smallest k for which the test statistic Ty, from (3.4) is not strictly larger than the critical value
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Qnpi(l — ) defined in (3.6), then
limsup P(k > k*) < a.

n—oo
That s, our ideal procedure suggests a subset size that is too large with probability at most o in large
samples. Furthermore, if we restrict the subset factor model (3.2) to have Gaussian unique factors €; that
are independent of the principal variables Xg, then the above conclusion holds in finite samples, i.e., P(ﬁ: >
k) < a.

With the result of Theorem 4 in mind, we make two remarks about the output k of our ideal procedure.
First, if the test statistic T} typically exceeds the critical value @, p (1 — &) whenever k < k* (i.e., the test
is powerful for the nulls Hoy : |S| <k, k < k*), our ideal procedure should return k* with high probability.
Second, whenever our ideal procedure returns k> k*, the outputted k should seldom be much larger than k*.
Since Ty minimizes T'(-) over all size-k subsets, the proposed critical value becomes increasingly conservative
when the data generating distribution satisfies (3.2) for many size-k subsets. As k exceeds k*, the proportion
of size-k subsets for which (3.2) is satisfied grows quickly to one. Also, for k up to |(k* + p)/2], there exist
subsets S for which (3.2) is satisfied with progressively larger symmetric differences, and their corresponding
statistics T'(S) are accordingly less positively correlated. These facts combined suggest that the probability
of rejecting Ho j : |\S| < k shrinks quickly as k increases past k*.

Since computing the test statistic 7} requires an exhaustive subset search, our idealized procedure is
admittedly computationally intractable. Still, we can use it as motivation to design a tractable procedure
that works well in practice.

Our practical approach is to find a size-k subset S that approximately minimizes T'(+), and then to reject
the null Hy, : |S| < k when T(S) exceeds the same critical value Q. x(1 — @) as before. We again output
the smallest & for which we fail to reject. Our approach is analogous to how, when the likelihood is not
convex, a statistician may use an approximately maximized likelihood to run a likelihood ratio test (e.g.,
when selecting the number of factors to use in a factor model [Beaujean, 2013]). Appendix A.3 describes
how to modify Section 2.3.1’s algorithms to search for this subset S.

While our practical procedure does not guarantee error control, we still expect it to output k that will
rarely be much larger than k*. Again fix £ > k*. So long as our algorithms happen upon just one of the size-k
subsets for which (3.2) is satisfied, we expect that T(S) will be larger than Q,, , x(1 — ) with probability
at most o (and much less when k is larger than k*). As mentioned before, the proportion of size-k subsets
for which (3.2) is satisfied quickly approaches one as k increases, and it thus becomes correspondingly more
likely that our approximation algorithms will happen upon such a subset.

Ultimately, if our procedure suggests selecting a size-k subset, we suggest selecting the size-k subset S
that approximately minimizes T'(-). This subset results in the most diagonal residual covariance we can find,
and is thus the subset that best fits the data as per the subset factor model. Also, upon restricting the
subset factor model to multivariate Gaussian distributions, S acts as an approximation for the MLE of S
(see Appendix A.2.3 for details).

In what follows, we verify that our practical procedure suggests reasonable subset sizes in some difficult
simulated settings where the number of samples n is not much larger than the number of variables p. Then,

we demonstrate how it can be applied to dramatically reduce the length of a personality survey.
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3.3.1 A simulated example

We consider a difficult simulated example that reflects the real data example to be presented in Sec-
tion 3.3.2. For each trial, we draw n = 200 samples from a mean-zero distribution in the subset factor model
(3.2) with p = 50 variables and a size k = 20 population factor set S. For context, there are over 47 trillion
size-20 subsets of 50 variables. We consider two cases: one where the unique factors are Gaussian, and
one where they are a collection of independent Rademacher, ¢-distributed, and centered exponential random
variables. Within both cases we consider distributions with varying amounts of “signal”, which we define to
be the average population R? from the regression of the variables not in S on those in S. Appendix A.1.2
provides exact descriptions of the distributions we use, and Appendix A.1.3 documents additional results for
other sample sizes n.

For each trial we apply our procedure at level @ = 0.05 and record (1) the size of the selected subset
S ; (2) the size of the intersection of S and S ; and (3) the population sum of square canonical correlations
between the variables in S and S. The sum of square canonical correlations measures the degree to which
the variables in S and S span similar subspaces (see Section 3.1 of Schneeweiss and Mathes [1995] for more
detail), and it attains its maximum value of k¥ = 20 when S C S. To search for the subset that minimizes
T'(-) we use our swapping algorithm and try ten random initializations. Separately, we tried searching for
the minimizing subset via a forward-backward algorithm. Although this approach is faster, the results were
appreciably worse. These additional results as well as a description of our forward-backward algorithm can
be found in Appendix A.1.4.

We provide the results from our simulations in Figure 3.1. As expected, our method under selects when
the signal size is too small. In these cases, the covariance looks reasonably diagonal to begin with, so
it is difficult to gauge whether more variables are needed to achieve a diagonal residual covariance. For
reasonable to large signal sizes the procedure typically suggests selecting 20 or 21 variables, and it seldom
suggests selecting more than 22. In these settings, the selected subset S is almost always a superset of the
population subset S. The results when the unique factors are non-Gaussian versus Gaussian look nearly
identical, suggesting that our procedure has reasonable finite sample performance even when the unique

factors are highly non-Gaussian and n is not much larger than p.

3.3.2 Reducing survey length via our procedure

In recent years, psychologists have been increasingly interested in creating shorter versions of existing
surveys. Kruyen et al. [2013] found that, among the 2273 articles that appeared in six peer-reviewed psycho-
logical journals from 2005 to 2010, 170 articles contained abbreviated surveys. Developing a novel shortened
survey was a main contribution in 84 of these articles.

Despite the increasing demand for shortened surveys, there is no standardized way of shortening them.
Psychologists default to a number of arbitrary heuristic approaches that require extensive human labor and
are susceptible to personal biases. Furthermore, reliability, the one concrete and standard measure of a
shortened survey’s quality, is defined in the restrictive setting of classical test theory [Allen and Yen, 2001].
Estimates of reliability are highly sensitive to classical test theory’s assumptions, and these assumptions are
often violated in modern, multi-dimensional settings [McNeish, 2018].

We propose using our procedure to shorten surveys. Essentially, we suggest selecting a subset of questions

that, once accounted for, render the information in the remaining questions independent. To demonstrate
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Figure 3.1: For one thousand trials, the size of the selected subset S (left), the size of the intersection of S
and the population subset S (middle), and the population sum of squared canonical correlations between the
variables in § and S (right) for the different simulation settings described in Section 3.3.1. Color indicates
the average population R? from the regression of the variables not in S on those in S.

our procedure’s effectiveness, we consider the Big Five Inventory (BFI) [John et al., 1991], a p = 44 question
personality survey. There has been much interest in reducing the BFI survey, as evidenced by articles propos-
ing a 10-question version [Rammstedt and John, 2007], a 15-question version [Gerlitz and Schupp, 2005], and
multiple 20-question versions [Engvik and Clausen, 2011, Tucakovi¢ and Nedeljkovié, 2023, Veloso Gouveia
et al., 2021]. Each question in the survey is attributed to one of the five personality factors [Digman, 1990]:
extraversion, agreeableness, conscientiousness, neuroticism, and openness.

We consider the BFT dataset from Zhang et al. [2022], which has responses from n = 228 undergraduate
students at a large US public university. It can be found on CRAN in the EFAutilities package. We apply
our procedure at level = 0.05 and search for the minimizing subset using our swapping algorithm with
just one random initialization (using more than one random initialization gives identical results). Within
less than a tenth of a second, our procedure selects a size-19 subset of the original 44 questions, cutting the
survey in more than half.

As is the case for all shortened surveys, we evaluate the quality of our survey by judging its validity and
reliability [Kruyen et al., 2013]. We point readers who are unfamiliar with validity and reliability to the

relevant introductory sections of Kruyen et al. [2013].

Validity: We evaluate the construct validity of our reduced survey, i.e., the degree to which it captures
the relevant construct of interest. We cannot evaluate predictive validity (the degree to which our survey
is predictive of an external criterion) because we are working with a stand-alone dataset. Examination of

our selected questions suggest they indeed capture the relevant construct of interest. Table 3.1 provides a
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Factor in Reduced Survey in Original Survey
Extraversion
Agreeableness
Conscientiousness
Neuroticism

Openness

i
8
9
9
8

OJOJOT%%:H:

10

Table 3.1: The number of questions attributed to each of the five personality factors for both the original
and reduced surveys from Section 3.3.2.

breakdown of how many questions are attributed to each personality factor in both the original and the
reduced survey. The selected questions are distributed fairly evenly across the five personality factors, and,
in concordance with best practices [Costello and Osborne, 2005], our method selects at least three questions
per factor. Furthermore, performing a 5-factor exploratory factor analysis reveals that the reduced survey
maintains the original survey’s factor structure, another standard indicator of construct validity [Kruyen

et al., 2013]. Table 3.2 displays the loadings from this factor analysis.

Reliability: Reliability measures the consistency of a survey’s responses across multiple re-administrations
to the same individual. Although defining and estimating reliability relies heavily on the restrictive assump-
tions of classical test theory, it is still of much practical interest to pyschometricians. To measure reliability,
we first split our reduced survey into five sub-surveys, each consisting of questions attributed to the same
factor. Then we compute Cronbach’s coefficient o [Cronbach, 1951] for each of these five sub-surveys. For
the sake of comparison, we do the same for the three pre-existing 20-question versions of the BFI survey.
The results are given in Figure 3.2. Along with being similar to the reliabilities of the three pre-existing
surveys, our reliabilities are both (1) within the range of reliabilities one typically sees from shortened sur-
veys [Kruyen et al., 2013, Figure 3] and (2) within the range of reliabilities contemporary pyschometricians
consider adequate [Clark and Watson, 1995]. Admittedly, our method aims to find the most parsimonious
subset, and parsimony can be at odds with reliability. If the practitioner is particularly concerned about

reliability, they can always add additional questions.
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Factor 1 | Factor 2 | Factor 3 | Factor 4 | Factor 5
Extraversion 1 0.11 0.77 0.10 -0.06 -0.03
Extraversion 2 -0.14 0.54 0.10 0.25 0.13
Extraversion 3 0.23 -0.54 0.07 0.19 -0.05
Extraversion 4 -0.02 0.81 -0.01 0.10 0.02
Agreeableness 1 0.03 0.17 -0.06 0.47 0.15
Agreeableness 2 0.14 -0.16 0.16 -0.66 0.02
Agreeableness 3 0.12 -0.08 0.21 0.67 0.07
Agreeableness 4 0.35 0.09 -0.06 -0.52 -0.07
Conscientiousness 1 0.10 0.11 -0.01 0.23 0.48
Conscientiousness 2 0.09 0.11 0.14 -0.01 -0.60
Conscientiousness 3 -0.03 -0.09 0.24 -0.03 0.55
Conscientiousness 4 0.06 0.11 -0.02 0.05 0.66
Conscientiousness 5 0.50 -0.03 0.01 0.12 -0.36
Neuroticism 1 -0.57 0.02 0.03 0.05 0.10
Neuroticism 2 0.63 -0.07 -0.15 0.07 -0.08
Neuroticism 3 0.79 0.03 -0.02 -0.13 0.09
Openness 1 0.01 0.11 0.68 0.01 -0.06
Openness 2 -0.10 0.04 0.76 -0.01 0.03
Openness 3 0.05 -0.14 0.50 0.07 0.00

Table 3.2: Factor loadings (after rotation) from a exploratory factor analysis on the reduced 19-question
survey from Section 3.3.2. As is common in the psychometrics literature, loadings with magnitudes larger
than 0.30-0.32 are bolded [Costello and Osborne, 2005].

Reliability of Shortened BFI Surveys
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Figure 3.2: For the five personality sub-surveys, we give Cronbach’s coefficient o with 95% bootstrap Cls
(B = 1000 bootstrap samples) for our survey and the Norwegian [Engvik and Clausen, 2011], Brazilian
[Veloso Gouveia et al., 2021], and Serbian [Tucakovié¢ and Nedeljkovié, 2023] 20-question surveys. The x-axis
gives our number of selected questions per sub-survey. All other surveys chose four questions per sub-survey.



Chapter 4

A simple and unifying framework for

selective inference

In this chapter we develop a simple and unified framework for selective inference centered on p-values.
We first define selectively dominant p-values, a class of p-values that enable us to easily do inference after
selection. We then give a precise characterization of when p-values are selectively dominant and illustrate
that the most commonly used p-values are all selectively dominant. Following this discussion, we proceed by
providing a few examples of how one may apply our selective dominance machinery to easily derive selective
inference methods. As a closing example, we derive a novel, simple, and general data-carving procedure. To
demonstrate this procedure’s efficacy, we apply it to perform publication-bias aware meta-analysis on a real
dataset. Finally, we provide a brief discussion on the benefits of our new framing of selective inference, and
some commentary on how it fits into the current literature. A more involved discussion of how to apply our
framework to the inference on winners and rank verification problems is deferred to Chapter 5 and Chapter 6
respectively.

For now, we focus on doing inference using one p-value. This allows for easier exposition and is sufficient
for most problems. In Appendix B.16 we generalize our framework to accommodate inferences involving
multiple p-values (provided they obey a specific dependency structure). This enables us to come up with
new adaptive variants of methods that combine p-values, like Fisher’s combination test, and we discuss these

variants in Appendix B.16.1.

4.1 Notation

Throughout this and the remaining chapters, we will often encounter expressions like P(A|X, B), where
P is a probability measure, A and B are events, and X is a random variable. If B is a probability zero event,
ie., P(B) =0, we set P(A|X, B) to be identically zero. If not, we can define the conditional probability
measure Q(-) = P(:|B) given the event B, and we consider P(A|X, B) to be the conditional expectation
Eq[I14|X] of the indicator I4 under Q. Also, for a null hypothesis Hy, the notation Py, refers to an arbitrary

distribution under the null.

26
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Distribution of p under Hy Distribution of p|S =1 under Hy Distribution of pse/|S =1 under Hy
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Figure 4.1: The first panel (left) depicts an example distribution of a p-value p under the null. The distribu-
tion stochastically dominates the uniform distribution. The second panel (middle) depicts the distribution
p|S =1 of the same null p-value p given that it was selected for being most a = 0.1. This distribution does
not stochastically dominate the uniform distribution. The third panel (right) depicts the null distribution
Pset|S = 1 of Theorem 5’s selective p-value p/a given selection. Thanks to Theorem 5’s correction, this
distribution again is stochastically dominates the uniform distribution.

4.2 Selective dominance

In classical statistics, a p-value is a random variable p € [0, 1] that stochastically dominates the uniform
distribution U ~ Unif([0, 1]) under the null Hy:

Py,(p<t) < P(U <t)=tforalltel1l].

The left-most panel of Figure 4.1 illustrates what the distribution of a null p-value may look like. When

working with p-values, we maintain Type I error control if we reject Hy when p is small:
P, (reject null) = Py, (p < a) < P(U < a) = a.

In essence, stochastic dominance allows us to use the uniform distribution as a reference distribution. We
control the probability of p being small under the null by comparing it to the probability of a uniform being
small.

In the problems we consider, we use p to test the null Hy only after it has been “selected”. In full
generality, we consider a p-value p for testing the null Hy that is conditionally valid given some random
vector Z:

P ,(p <t|Z) < P(U<t)=tforalltel0,1], a.e. under Ppy,. (4.1)

The random vector Z plays an integral role in determining the relationship between p and a binary selection
random variable S € {0, 1}, which takes value one when p is selected and zero otherwise. This relationship

is governed by a selection function ',
s(z,z)=P(S=1|p==a,Z =2).

Intuitively, we imagine observing p = x and Z = z and then flipping a biased coin that comes up heads with
probability s(x,z). We only use p to test the null Hy when the coin comes up heads, and otherwise do not

perform inference. This process turns out to capture what happens in a wide range of selective inference

IFormally, the selection function s(-,-) is an instantiation of the conditional expectation s(p, Z) = E[S|p, Z].
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problems. In the problems we consider, we decide the selection process, so s(z, z) is known. In cases where
no Z is present, we can imagine Z = 0 everywhere and write the selection function s(x) purely in terms of
x.

Because we only perform inference when the coin comes up heads, our goal should be to design a procedure

that controls Type I error conditional on this selection event:
Py, (reject Hy | S=1) <« (4.2)

As illustrated by our next example, the classical approach of rejecting when p < a does not maintain selective

Type I error control as in (4.2).

Example 1 (Publication bias and the failure of classical inference). Consider a p-value p that is uniform on
[0,1] under the null Hy. If we use the selection function s(x) = I(p < «), i.e., we select p when it is at most
a, then p | S =1~ Unif([0,a]). Our classical procedure will clearly fail to control Type I error conditional
on selection:

Py, (reject Hy | S=1)=Py,(p<a|S=1)=1>a.

Example 1 is a standard example in the literature on publication bias. If researchers publish studies
only when they observe a p-value below «, readers always see significant findings regardless of the true data
generating distribution. As a consequence, the reader’s observed Type I error rate can be as high as one.
Figure 4.1’s middle panel displays the distribution of the left panel’s null p-value, but after it has been
selected for inference via Example 1’s selection process. It is clear from the picture that the null p-value
distribution no longer stochastically dominates the uniform distribution after selection.

Essentially, after selection, the uniform distribution no longer suffices as a reference distribution. Natu-
rally, we may instead try and use the distribution of a uniform after it has been selected by the same selection
process. Formally, let U ~ Unif([0,1]) be a uniform random variable that exists on the same probability
space as p and is independent of Z, and let S” € {0,1} be a different binary selection random variable whose

joint distribution with U and Z is governed by the same selection function 2
PS'"=1|U=u2,7=z)=s(zz).

Instead of the uniform distribution, we can use the the conditional distribution U | Z, S’ =1 of U given se-
lection as our reference distribution. This approach is valid exactly when our p-value is selectively dominant,

as we define below.

Definition 1 (Selective dominance). Consider a p-value p for the null Hy that is valid given Z as in (4.1).
We say that p is selectively dominant given Z if, under the null Hy, it has a conditional probability
density function (PDF) given Z, and it satisfies

Pu,(p<t|Z,S=1)< P(U<tZ,8 =1) forallt €[0,1], a.e. under Py, (-|S =1) (4.3)

for every selection function s(x, z).

Essentially selective dominance requires that, under the null, the conditional distribution of p given

2 Again, formally E[S'|U, Z] = s(U, Z).
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selection should stochastically dominate the conditional distribution of U given the same selection. Moreover,
this should be true for any selection process. Again, we mention that if P(S = 1) = 0 (resp. P(S' =1) =0)
for some selection function, then we define the left-hand side (resp. right-hand side) of (4.3) to be zero. We
show in Appendix B.19.1 that P(S’ =1) =0 = P(S = 1) = 0, so this convention does not cause any
issues.

As we will soon see, all the p-values that practitioners commonly use are selectively dominant as described
in (4.3). In Definition 1, we restrict to p-values with conditional PDFs under the null because it makes our
theory and methods simpler to state. Because we can always make a p-value both have a conditional PDF
and be more powerful via randomization, this restriction is never a practical issue. Also, after applying our
machinery with randomized p-values, the user can always de-randomize the resulting method if they would
like.

To perform valid post-selection inference using a selectively dominant p-value, we can transform it so
that it remains a p-value after selection. As Theorem 5 displays, we can “undo” the effects of selection by
applying the conditional cumulative distribution function (CDF) Fyjz /=1 (-) of U given Z and selection to
p. In line with prior literature, we refer to this transformed p-value as a selective p-value. For simple

selection functions, this selective p-value is often computable in closed form.

Theorem 5 (Selective dominance and error control). Consider a p-value p for the null Hy that is selectively

dominant given Z as in Definition 1. Then, for any selection function s(z,z), the selective p-value

Ys(x, Z)dx
Pset = Fujz,50=1(p) = foli (4.4)
o 8(x, Z)dx
has a null distribution that stochastically dominates the uniform conditional on Z and selection:
P, (pser <t Z,8=1) <t forallt €]0,1], a.e. under Py, (-|S =1), (4.5)
Pry(pser <t ] S=1) <t forallt €][0,1]. (4.6)

Further, if P is a distribution in Hy under which P(S = 1) > 0 and p has an exact uniform distribution
given Z, i.e.,
P(p <t|Z) =1t forallt € [0,1], a.e. under P(-|S =1), (4.7

then (4.5) and (4.6) hold with equality.

Essentially, Theorem 5 tells us that if we want selective Type I error control as in (4.2), then we should
reject Hy when p is less than the o quantile of U | Z, S’ = 1 rather than the o quantile of U. We show in
Appendix B.19.1 that the denominator of (4.4) is positive a.e. under Py, (:|S = 1), s0 pse is well defined
whenever we actually use it to make an inferential statement.

The right-most panel of Figure 4.1 depicts what happens when we apply Theorem 5’s correction to the left
panel’s p-value (we will derive this correction later). Unlike the null distribution of p given selection (middle

panel), the null distribution of ps; given selection again stochastically dominates the uniform distribution.
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4.3 Characterizing selectively dominant p-values and examples

Theorem 6 tells us that p-values are selectively dominant precisely when their conditional PDF is non-

decreasing under the null.

Theorem 6 (Selective dominance and increasing density). If, under the null Hy, the conditional PDF of
the p-value p given Z = z is non-decreasing on [0,1] for every z, then p is selectively dominant given Z as
described in Definition 1. Conversely, if the conditional PDF of p given Z = z is everywhere continuous and
not non-decreasing on [0, 1] for a set of z that has positive probability under some distribution in Hy, then p

is not selectively dominant given Z.

In what follows, we give a number of examples of selectively dominant p-values. Our examples include

all the common p-values that practitioners use.

Example 2 (Two-sided testing in parametric families). Consider observing data from a parametric family
Py and testing the null Hy : § = 6y. Because the null is a point null, most p-values we construct will have

an ezact Unif([0,1]) distribution under the null and are therefore trivially selectively dominant.

Example 3 (One-sided testing in monotone likelihood ratio families). Consider observing one-dimensional
data from a parametric family X ~ Py that admits density pg(x) with respect to some base measure u. We
say that Py has a monotone likelihood ratio (MLR) in the real valued function T(x) if, the densities pg(x)
share a common support and, for any 0 < ', the ratio pe (x)/pe(x) is a non-decreasing function of T(x).
In this case, the UMP test for the null Hy : 0 < 0y rejects when T(X) is large. The associated randomized
p-value for this test (see Appendix B.15) is selectively dominant.

Example 4 (Testing in in exponential families). Suppose we observe data X € R™ from an exponential

family Py parameterized by 6 € R™ i.e., under Py the data X has density

90(x) = exp(1 T1(X) + - -+ + 0. T (X) — 9(0))g()

with respect to some base measure j1. In both the case of testing the two-sided null Hy : 61 # 0y ; or one-sided
null Hy : 0; < 04, the UMPU test conditions on the nuisance statistics T_;(X). The p-value associated
with the UMPU test for Hy : 01 # 0o, has an exact Unif([0,1]) distribution conditional on T_;(X), so it is
trivially selectively dominant given Z = T_;(X). For testing Hy : 61 < 6y, we are in the setting of an MLR
family once we condition on T—_;(X), so Ezample 3 implies that the p-value associated with the UMPU test

is also selectively dominant given Z = T_;(X).

Example 5 (Permutation testing). In a permutation test we observe data X € X and compute a test statistic
T(X) that, under the null Hy, has a distribution that is invariant under a finite group of transformations
G:X — X. That is, T(X) iHO T(g(X)) for all g € G. To run the test, we consider a collection of group
elements g1, 92, ...,g.w where g1 = id is fized to be the identity transformation and go, ..., g, are either a
random sample from G with replacement or a random sample from G\ {id} without replacement. The test
then rejects when T(X) is large compared to the T'(g;(X)). In particular, the randomized permutation test
from Hemerik and Goeman [2018] uses a p-value that always has an exact Unif([0,1]) distribution under Hy

and is therefore trivially selectively dominant. Details about this p-value can be found in Appendiz B.1
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Example 6 (F-tests for regression). Suppose we observe data Y € R™ from a linear model Y = X + ¢
parameterized by B € R, where X € R™ % has full column rank with probability one and is independent of
€ ~ N(0,0%1,). We can run an F-test to try to reject the null Hy : Bys1 = -++ = B4 = 0 that the last d — q
coefficients are zero. The p-value associated with the F-test has an exact Unif([0,1]) distribution given X,
so it is trivially selectively dominant given Z = X. We describe this test and its associated p-value more

explicitly in Appendiz B.2.

Establishing Example 3 and Example 4 is non-trivial, and the bulk of Appendix B.15 is spent doing so.

The majority of the article focuses on examples from these two non-trivial settings.

4.4 Example applications of selective dominance

Having developed our machinery, we provide a few examples that illustrate how to use it.

As an introductory example, we show how to correct for Example 1’s publication bias. Using our selective
dominance machinery, we can provide a one-line derivation of the p-value adjustment from Hung and Fithian
[2020]. Hung and Fithian [2020] derive this correction specifically for p-values coming from z and t-tests,

but our machinery applies for all selectively dominant p-values.

Example 7 (Correcting for publication bias). Suppose we have a selectively dominant p-value p for the null
hypothesis Hy, and we choose to test Hy only after observing that p < a. We can apply our framework with
s(x) = I(x < ). The selective p-value from (4.4) is p/a, so Theorem 5 tells us that rejecting when p < o

controls selective Type I error:
PHo(p§a2|S:1):PH0(p/a§a|S:1) <o

In Example 1, if one computes the selective p-value pge; from (4.4) carefully, they will find it equals
min(p/a, 1), rather than p/a as we have claimed. However, these two expressions are almost surely equal
under P(:|S = 1), the conditional probability measure given selection. Theorem 5’s result therefore applies
regardless of which one we choose to use. Throughout the remainder of our examples, we will continue to
give expressions for pg.; that, at the very least, are equal to (4.4) a.e. under P(:|S =1).

Since essentially all the p-values researchers use are selectively dominant, Example 7 gives a simple way
for readers to make valid inferences in the presence of publication bias: declare a studies’ result significant
when the associated p-value is at most 2.

Our rule of thumb of rejecting when p < o2 should also deliver valid inferences in the presence of p-
hacking. Rather than discarding an experiment after observing a p-value larger than «, researches more
often tweak their analysis until the p-value crosses the significance threshold. This process, known as p-
hacking, is difficult to study theoretically (which is why Hung and Fithian [2020] do not study it). But
it has been empirically well-established that, under the null, p-values resulting from p-hacking have left-
skewed distributions, i.e., null p-hacked p-values can be reasonably modeled as having an increasing density
on [0, a] [Simonsohn et al., 2013]. The transformed quantity p/« then has a null density that is increasing
on [0,1], so Theorem 6 guarantees that it is a valid p-value. Thus, we again find it safe to reject when

pla<a < p<a’
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4

Our second example shows how to use Theorem 5 to perform inference using the “winning” p-value.
It illustrates how our selective dominance machinery enables us to easily test data-dependent hypotheses.
Example 8 uses the fact that, if p is selectively dominant and Z is independent of p, then p is selectively

dominant given Z. Although this is intuitively obvious, we show it carefully in Appendix B.3.

Example 8 (Inference on the winning p-value). Suppose we have n independent and selectively dominant
p-values p; for the null hypotheses Hy;, and we choose to test only the jth null Hy ; after observing that
pj 1s the smallest of the bunch. Applying our framework with p = p;, Z = p_;, and the selection function
s(z,z) = I(x < mingzk), it is straightforward to compute that the selective p-value pse; from (4.4) is

pj/ mingz; p;, so Theorem 5 tells us that rejecting when p; < aming; p; controls selective Type I error:
P, (p; < omin p; | S=1) =Py, (pj/rgéi;lpi <alS=1)<a. (4.8)

If we let W be the index of the smallest p-value (with ties broken randomly), it is now easy to see
that rejecting the data-dependent “winning” null How when py < ap(z) controls Type I error both condi-
tionally on W and marginally. Conditional error control is immediate: If Ho ; is not true, then trivially
P(falsely reject Hyw | W = j) = 0 < . For the case that Hy j is true, the event W = j is the same event

as selecting p; for inference in (4.8), so

P(falsely reject How | W = j) = P(pay < apea) | W =j)
= P(p; < aminp; | W = j)
1#£]

IN

Q.

Marginal error control then follows from the law of total probability.

P(falsely reject How) = Z P(W = j)P(falsely reject Hy; | W = j)
j=1

IN

aZP(W:j)

IN

Q.

If the nulls are all true and the p; are exactly uniform, then the inequalities become equalities and our error

control is tight.

Rejecting the null Ho w when p(1) < ap(z) may seem like a strange procedure, but we will see later that
doing so is central to the conditional inference for winners method that arises from Fithian et al. [2017] and
appears often in the contemporary inference on winners literature. We discuss inference on winners in much
more depth in Chapter 5.

Next, give a simple warm-up example that illustrates how our framework can be applied to rank verifi-
cation problems. We discuss rank verification in much more depth in Chapter 6.

Consider the following classic hypothetical. A researcher wants to test if the unknown means of two
univariate Gaussian samples, X1 ~ N(u1,1/v/2) and Xo ~ N(p2,1/4/2), are different. They end up rejecting
the null hypothesis Hp : p1 = p2 because they observe that the two-sided p-value 2(1 — (| X; — X3])) is



CHAPTER 4. A SIMPLE AND UNIFYING FRAMEWORK FOR SELECTIVE INFERENCE 33

below . After rejecting, they note X3 > Xo, and claim “not only are the two means are different, but they
must be different because p; is bigger than ps”. The researcher, however, only rejected the null that the
means are equal. Can they make a claim about the direction of inequality?

It seems that what the researcher really wants is a rank verification procedure. After observing that X3
is larger than X5, they want to verify that the mean p4 is actually larger than the mean ps, i.e., that they
can rank the means pu; > po. It is well known (and quite simple to show) that the researcher can indeed
making their desired claim while maintaining a sensible notion of error control (see Jones and Tukey [2000]).

Our framework provides new neat way of understanding why that is the case.

Example 9 (Rank verification in a simple case). Suppose that p is a selectively dominant p-value for testing
the null Hy, but we only choose to test Hy when p < 1/2. Applying our framework with the p-value p and
selection function s(x) = I(x < 1/2), Theorem 5 tells us that we control selective Type I error if we reject

according to the selective p-value pse; = 2p:
Pu, (p<51S=1) = P, 2p < alS =1) < a. (4.9)

Now, consider data X1 ~ N(u1,1/v/2) and Xo ~ N(pua,1/v/2). For the one-sided nulls Hoij @ pi <y
the UMP p-values p;; = 1 — ®(X, — X;) are selectively dominant by Ezample 3. Denoting the winner
W = argmax;_, , X; and runner-up R = argmin;_, , X;, it is now clear rejecting the data-dependent null
Hownr : pw < pr when pwr < a/2 maintains Type I error control both conditionally on W and marginally.
If Hy;; is not true, then trivially P(falsely reject Hywr | W = i) =0 < . For the case that Hy;; is true,
the event W =i is identical to the event p;; < 1/2, and hence is the same event as selecting p;; for inference

in (4.9). Therefore, in this case,

P(falsely reject Howr |W =1i) =P (pWR < % | W = z)
:P(pij < %|W=i>

< a.

This establishes error control conditional on W. Marginal error control then follows from the law of total

probability:

P(falsely reject Hy wr) = P(W =1)P(falsely reject Ho ;5 | W = 1)

IN

i=1,2
ay P(W =i)
i=1,2

Q.

If p1 = po then the inequalities become equalities and our error control is tight.

Finally, we show how our framework also applies to data-carving. Specifically, we consider Fithian et al.
[2017])’s variant of the file-drawer problem. Fithian et al. [2017] argue that data-splitting, which involves
using one chunk of the data for selection and the remaining independent chunk for inference, is often an

inadmissible approach in selective inference problems. In such settings, data-carving, as we describe below,
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results in strictly more powerful procedures. Although it initially appears that data-carving does not involve
selecting a p-value via the mechanism we described earlier, we use a coupling argument to show that it can
be viewed in this way. This both serves to illustrate the breadth of our framework’s applicability, as well as

provide a new perspective on data carving.

Example 10 (Data carving and the file-drawer problem). In the file-drawer problem, we observe two inde-
pendent samples X1, Xo ~ N(u,2) (e.g., X1 comes from the first half of the data and Xa from the second).
We test the null Hy : p < 0, but only when we observe that X1 >t for some t € R. Appendix B./ provides
details for the computations done in this example.

Data splitting ignores the first observation, which was used for selection, and simply tests the Hy using
the p-value pepiir = 1 — <I>(X2/\/§). Intuitively, because this p-value is independent of the selection process,
we should maintain Type I error control without any correction. Applying our framework with p = pspiit,
Z = X1, and the selection function s(x,z) = I(z > t), we indeed find that the selective p-value is the same
as Peplit -

Data-carving attempts to use the more powerful p-value pruy = 1 — (X1 + X2)/2). This p-value
leverages information from both samples, despite one of them being used for selection. How can we apply
our framework to this data-carving problem? In how we have stated the problem, it is not the case that we
observe pryy and then decide whether or not to use it for inference. Instead, we decide based on Xy, and
unlike in data-splitting, pruu s not a valid p-value given Xi. We can compute, however, the probability that

selection happened given that pr. took a particular value:
P(X; > t‘pfu” =xz)=1-—0(t — @71(1 —x)).

We may as well imagine that we observed that py.y = x, and then decided to use it to test the null Hy with
probability 1 — ®(t — ®~1(1 — x)). Although this is not what happens in the original problem (in our new
characterization, we may test Hy even when X1 < 3), the conditional distribution of prunu given selection is
the same in both cases. Hence, we can apply our framework with p = pgyy and s(x) =1—®(t—d~1(1—x)).

Theorem 9 of Fithian et al. [2017] tells us that Theorem 5’s resulting selective p-value,

f(ffuzz 1—®(t— q)*l(l —x))dx B f(;nf“” 1—d(t— @71(1 —x))dz
Jol—@t—0o11—x)de L= 2(t/v2) |

Pcarve =

will result in strictly more rejections than pspiie, while still maintaining selective Type I error control.

For the interested reader, we discuss more connections between our framework, data splitting, data
carving, data fission [Leiner et al., 2023], and data thinning [Dharamshi et al., 2024, Neufeld et al., 2024] in
Appendix B.5.

Our framework also applies to regression problems, including Lee et al. [2016b]’s foundational problem of
doing inference on LASSO selected regression coefficients. This example is a bit long, so we have deferred it to
Appendix B.6. It demonstrates how for some selective inference problems, the difficulty lies in characterizing
what the selection function is.

Examples 7 to 10 all share a common theme. In all three examples, the practitioner cheats. They peek at
the p-value and, to varying degrees, they only test the null when the p-value looks promising. The purpose

of selective procedures is to adjust the p-value in a way that accounts for this cheating. The harsher the
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Original vs. replication study p-values

Replication study p-value pg
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Figure 4.2: Scatter plot of the original po and replication pr p-values for 92 psychology studies from the
open science collaboration’s replication analysis Collaboration [2015]. Note that the x-axis, which ranges
from [0,0.05] is on a different scale than the y-axis, which ranges from [0, 1].

cheating is, the more this adjustment inflates the original p-value.

4.5 Publication-bias aware meta-analysis

Performing replication studies is a crucial part of the scientific process, especially when one is wary that
the original study may suffer from publication bias. To judge the prevalence of publication bias in psychology,
the open science collaboration conducted a mass replication analysis of psychology studies [Collaboration,
2015]. Via their efforts, we have access to p-values from 92 pairs of original and replication psychology
studies 3, depicted in Figure 4.2. We refer to p-values from the original study as po and p-values from the
replication study as pg. The p-values po from the original studies are significant at the o = 0.05 level, while
only 34 of the replication p-values pr are significant.

Although the original study p-values suffer from publication bias, they still contain valuable and usable
information. By Example 7 and its subsequent discussion, po/a should be a valid p-value even in the presence
of publication bias or p-hacking. Then, via Fisher’s combination test, we can use both the corrected original
p-value po/a and uncorrected replication p-value pg for inference. As a refresher, Fisher’s test considers
n independent p-values p; for the nulls Hy; and rejects the global null N}, Hy; when the test statistic
—23"" log(p;) is at least as large as the 1 — o quantile of the x3, distribution. In our case, we have two
independent p-values po/a and pg that test the same null hypothesis, and we can reject this null hypothesis

when

—2(log(po /) +log(pr)) > Quantile(1 — a, x3).

This approach is analogous to data-carving. After using part of our data for selection (the original study)
and part for inference (the replication study), we still make use of the information remaining in the first part
after selection for inference as well. Unlike existing approaches to data-carving, which are often complex and
problem specific, using Fisher’s combination test along with our selective dominance framework provides a
general and simple way to data-carve.

Our combination approach allows us to make more powerful inferences on the open science dataset. Our

3We exclude seven studies with original p-value po larger than o = 0.05.
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approach finds that 47 study pairs have significant findings, whereas using solely the original study p-value
po/a or the replication study p-value pg results in only 39 or 34 significant findings respectively. It is
surprising that, even after a harsh adjustment for publication bias, the corrected original study p-values
result in more discoveries than replication study p-values. It is hard to gauge if this is due to chance,
differences between the original and replication studies (e.g., minor differences in population demographics,
devices used for measurement, sample size), or because there is somehow even harsher selection bias in
the original studies than what we have accounted for. It may even be the case that some replicators felt
incentivized to induce bias in the opposite direction, and tried to ensure that the replication studies were

not significant.

4.6 Some discussion

First, we discuss why we believe that our treatment of selective inference is easier to grasp than what is
presented in the current literature. Plainly stated, when statisticians and practitioners alike are presented
with a null hypothesis Hy, the first thing they do is come up with a marginally valid p-value p. The standard
selective inference approach is to come up with a quantity that is pivotal under the conditional distribution
of the test statistic given selection. This can be a daunting task, and our framework (specifically Theorem 5)
provides an automatic way of finding such a pivot via the marginal p-value p, an object that people are
familiar with and is common to all inferential problems. Practitioners in particular are very accustomed
to methods that take a marginal p-value p and perform an adjustment to it (e.g. a Bonferonni correction
multiplies each p-value by n, a Benjamini-Hochberg adjustment multiplies the ith smallest p-value by n/i).
Hopefully, this simplified view changes selective inference from a subject that is taught in a topics statistics
course (graduate level) to one that can be covered immediately after (or even during) the lecture on p-values
in an introductory statistics course (graduate level).

Second, we discuss a technical contribution of our framework. The current selective inference literature
is also mostly focused on making selective confidence intervals, i.e., coming up with a selective test for the
point null Hy : 8 = 6y and inverting it to get an interval for fy. As such, there is very little literature on
one-sided selective testing. The only examples of one-sided selective tests that we are aware of establish
validity via nice properties of exponential families (e.g., Fithian et al. [2017], Hung and Fithian [2019b]). As
we have seen, however, exponential family data is not necessary for us to make one-sided selective tests. In
reality, the real driving force behind our ability to do selective inference is that the data came from an MLR
family, or more specifically that the marginal p-value has a non-decreasing density under the null. This
sort of shape-constraint is the important property at the crux of many existing procedures (e.g., Hung and
Fithian [2020], Lei and Fithian [2018], Zhao et al. [2019]). In fact, both Hung and Fithian [2020], Zhao et al.
[2019] leverage this shape-constraint to perform selective inference identical to us, but only in cases where
the data is continuous, there is no random variable Z that selection is allowed depend on, and the selection
function is s(z) = I(x < 7) for some fixed threshold 7. Hung and Fithian [2020], Zhao et al. [2019] only
consider our p-value approach for one-off use cases, and do not provide a full framework as a consequence.
In contrast, we fully flesh out this approach so that it can accommodate essentially all modern selective

inference techniques.



Chapter 5

Inference on winners via selective

inference

In this chapter, we use Chapter 4’s framework to study the inference on winners problem. First, we
characterize our motivating selective inference problem from Chapter 1 in terms of p-values, and demonstrate
that it boils down to Example 8 from Chapter 4. Written in terms of p-values, the method becomes easier to
derive, interpret, implement, and generalize beyond Gaussianity. Particularly, we are able to gain insight on
(1) when the conditional lower confidence bound (LCB) from (1.3) could be useful and (2) the extent to which
the conditional LCB explodes to —oo. Also, the p-value viewpoint enables us to apply the closure principle,
yielding a new conditional sequential hypothesis testing procedure that makes strictly more discoveries than
the original method.

Next, we provide theoretical results that suggest that, even though the conditional confidence region from
Chapter 1 suffers from the exploding interval problem, this conditional approach can still be quite powerful
in certain settings. Particularly, we show that it attains the maximum possible power in a generalized variant
of the needle-in-a-haystack problem (when the needle is sufficiently well separated from the haystack). For
sake of comparison, we also study locally simultaneous inference in this setting [Zrnic and Fithian, 2024].
Locally simultaneous inference is a competing method that is (1) strictly more powerful than the classical
simultaneous inference approach and (2) designed to maintain the benefits of conditional inference while
avoiding the exploding interval problem. We show that locally simultaneous inference suffers from a curse of
dimensionality that renders it powerless, even when the conditional approach achieves the maximum possible
power.

Finally, we use our p-value characterization to derive a new variant of hybrid inference [Andrews et al.,
2023], an inference on winners procedure that interpolates between the conditional and simultaneous inference
approaches. Hybrid inference manages to avoid both the exploding intervals of conditional inference and
the curse of dimensionality of locally simultaneous inference. Again, writing hybrid inference in terms of
p-values makes it easier to derive, interpret, implement, and generalize beyond Gaussianity. It also again
enables us to apply the closure principle to find a new hybrid sequential hypothesis testing procedure that
makes strictly more discoveries than the original approach. Our p-value viewpoint also illustrates that

hybrid inference strictly dominates its naive union bound competitor, which splits the Type I error budget

37
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XRr }:l Xw ﬁ Xr Xw [] Xr Xw

Figure 5.1: We plot the level & = 0.1 conditional LCB f for different gaps between the winning value Xy
and the runner up value Xp and highlight the distance between i and Xy in red. The LCB f is chosen
exactly so that the tail probability P(N(f,1) > Xg), shaded in blue, is 1/a = 10 times the tail probability
P(N(fi,1) > Xw), shaded in red (the overlap appears purple). As Xy and Xg get closer, we need to take
i further back for this condition to be satisfied.

between the conditional and simultaneous approaches and then takes the better of the two. Unfortunately,
our viewpoint also suggests that, while it results in a strict improvement, hybrid inference cannot do too
much better than this naive alternative.

This chapter focuses on the independent data setting. The problems we discuss in Chapter 6, however,
illustrate how one can perform inference on winners when the data comes from a multi-parameter exponential

family or multivariate Gaussian with known covariance. This encompasses many correlated data settings.

5.1 Conditional inference

In this sub-section we discuss Fithian et al. [2017]’s conditional approach for performing inference on
winners. This conditional approach turns out to be highly related to the testing procedure that we derived

in Example 8. To be concrete, we will imagine performing inference at level o = 0.1.

Corollary 1 (Testing the winner). Suppose that p; are n independent and selectively dominant p-values for
the nulls Hy ;, and let W be the index of the smallest p-value (with ties broken randomly). Rejecting Ho w

when p1y < apa) controls Type I error at level a conditionally on W, and therefore also marginally.

Unlike Sidak’s simultaneous approach, which rejects the winning null when the smallest p-value is small in
absolute terms, the conditional approach rejects the winning null when the smallest p-value is small relative
to the second smallest p-value. This procedure is strange, but fairly easy to interpret: we reject the winning
null when the most extreme observation is 1/a = 10 times more extreme under its null than the second most
extreme observation is under its null. This can be quite a stringent requirement!

Once written in terms of p-values, its easy to mathematically see the merits and pitfalls of the conditional
approach. If all the p-values except the smallest provide essentially no evidence against the null, then p(z) ~ 1
and we reject when p(1) < a, the same p-value cutoff as a one-dimensional problem. On the other hand, if
even just one other p-value provides a similar amount of evidence against the null as the smallest p-value,
then then p(s) ~ p(1) and we will never reject because p(1) £ ap) ~ ap().

The p-value viewpoint also makes it clear that the conditional approach can only outperform the simul-

taneous approach when some null p-values are conservative (i.e., they have super-uniform distributions). We
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give a heuristic argument here, and a more formal statement in Appendix B.7. Suppose one of our p-values
p1 is a very strong signal (so it is very small with high probability) but the remaining p-values ps, ..., p, are
null p-values that are uniform (i.e., they are not conservative). Our conditional procedure will reject when
our smallest p-value, likely pq, is less than « times the smallest of po, ..., p,. The minimum of these n — 1
uniform p-values is 1/n on average. Hence, roughly speaking, the conditional approach also rejects when
p(1) is less than a/n, which is essentially the same as Sidak’s simultaneous approach for moderately sized n

or small a.

5.1.1 Confidence regions for the winner

In parametric settings, we can invert Corollary 1’s test to get selective confidence regions for the winning
parameter. Consider observing independent data X; ~ Py, from an MLR family Py parametrized by 6 € R.
Let p?" (which is a function of solely X;) be the UMP p-value for testing the null Hg’”i 1 0; < 0. Details
regarding these p-values can be found in Appendix B.15.1. We can define the winner W = argming g, p?—“
to be the index of the smallest and therefore most promising p-value. This winning index will be the same

irrespective of fy !. By inverting Corollary 1’s test, we get an LCB

{60 Ip?i))/p‘(gg) > o} (5.1)

for the winning parameter 6y that holds conditionally on W with probability exactly 1 — a:
P(0w € {60 : py)/p(3) > a}[W) =1 -«

The fact that the confidence region (5.1) is actually an LCB is a consequence of the selective p-value p?f) / pﬁg)
being monotone non-decreasing in null parameter 6y. Appendix B.15.3 provides general conditions (which
will hold for essentially every selective problem) under which selective p-values like p?f) / p((’;)) are monotone in
the null parameter. We show these conditions apply here, and also argue that (5.1) has exact 1 — « coverage
in Appendix B.8. We also show in Appendix B.8 how to invert Corollary 1’s test to get a confidence interval
(CI) instead of LCB, and that both our CI and LCB match Fithian et al. [2017)’s approach in the Gaussian
case.

Writing the conditional LCB terms of p-values helps us better understand its behavior. In particular,
recalling our motivating Gaussian example (1.3), we learn that Figure 1.1’s LCB stretches back exactly to
the fi under which it is 1/a = 10 times less likely to see something as extreme as the winner than something
as extreme as the runner-up. Noting this fact, Figure 5.1 illustrates why the LCB (1.3) diverges to —oo as
the winner and runner-up get closer. If the winner and runner-up are very close, we need the LCB [ to be
very far back for the winner to be ten times more extreme than the runner-up. Thanks to the decay of the
Gaussian tail, however, we can always find such a mean if we go far back enough.

For non-Gaussian data, the amount the conditional LCB (5.1) stretches back depends on the right tail
decay of Py. The faster the tail decays as 6 decreases, the larger the first 6 for which the winner is 1 Ja =10
times as extreme as the runner-up. Seeing as the Gaussian distribution, which has a rapidly decaying tail,

still results in exploding lower bounds, we should expect that the distance from the winning observation to

1If we use the same auxiliary randomness to compute pfo for every 6o, then one index will result in the smallest p-value for
every 0p and W. The way we construct our UMP p-values in Appendix B.15.1 ensures that this is the case.
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Distribution of LCBs from different subsamples
le—4

w

Lower confidence bound
(=3 N

Condi‘tional Simulténeous

Figure 5.2: Over B = 1000 different sub-samples of n = 2 failure times from the dataset Molotaliev [2024],
the distribution of the conditional and simultaneous LCB for the “winning” parameter. The conditional
LCB is always vacuous.

the lower bound can often be quite large in many settings.

As an example, consider observing independent exponential random variables X; ~ Exp(};). Crucially,
the parameter space A € (0, 00) is bounded below. The exponential distribution has an MLR in T'(z) = 1/,
so the UMP test for H(;\)‘; 1 A < Ag uses a p-value pg\o that rejects when X is small. It turns out that

Ao

- A
;ﬁrﬁ)?u)/p(zo) =Xw/X@),

so the conditional LCB for the winning parameter Ay,

(o py/ps) > ol (5:2)

is vacuous whenever X(1)/X(2) > «, i.e., with positive probability the confidence region (5.1) spans the whole
parameter space (0,00). A careful derivation of this test and result can be found in Appendix B.9.

The failure of the exponential conditional LCB (5.2) manifests in real data examples. On a dataset of
car engine failure times [Molotaliev, 2024], we find that the conditional LCB (5.2) is always vacuous. The
dataset has the failure times of one-hundred car engines, which we model as independent exponential random
variables. Over many sub-samples of just n = 2 failure times, the LCB (5.1), which does inference on the
worse of the two engines, always gives a vacuous lower bound of zero. In contrast, the simultaneous approach
always gives a non-vacuous lower bound. Figure 5.2 depicts the results. The result is concerning. Despite
conditional LCB having exact 1 — a = 0.9 coverage, our empirical coverage is one (the vacuous LCB must
always cover the parameter). This suggests that the exponential distribution is likely not an appropriate
model for this dataset (the failure times are not spread out enough), even though it is often a natural choice

for modeling failure times.
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5.1.2 More discoveries via the closure principle

Once written in terms of p-values, it is natural to treat Corollary 1’s test as a test of the global null and
try to close it (as in Marcus et al. [1976]). Closing a global null test precludes us from making confidence
regions, but it allows us to make more individual discoveries. Closed global null testing procedures are often
computationally intractable to implement, so it is interesting that Corollary 1’s global null test admits a

tractable closure.

Corollary 2 (Closed testing for winners). Suppose that p; are n independent and selectively dominant p-
values for the nulls Ho ;. Let Hy (;y denote the null corresponding to the jth smallest p-value (with ties broken
randomly) and define p(,+1y = 1. Rejecting the null hypotheses Hy (ry for which pjy < ap(ji1y for all j <k

controls the family-wise error rate at level .

As is often the case for closed procedures, Corollary 2 procedure is best understood sequentially. We
reject Hy (1) when p) < ap(). Then, if we rejected Hy (1), we reject Hy 2y when p(2) < ap(z), so on and so

forth until we fail to reject.

5.2 Conditioning can gain power

In this section we will study the power of the conditional inference on winners procedure from Corollary 1.
To do so, we will consider a sequence of problems with increasing dimension. Particularly, we imagine
observing isotropic Gaussian data X (™ ~ N (,u("), I,,) centered at a mean vector 1™ . Defining the individual
(n)

nulls Héz) : i, our goal is to test the global null ﬂ;;lHéZ) : ﬂgn) < 0 that all the means are less than or
equal to zero. Because we now have a sequence of problems, we also have a sequence of winners and runner-
ups. We will let W(n) and R(n) denote the indices of the largest and second largest of the Xj(-n)7 1<j<n
respectively. To apply Corollary 1, we consider the p-values pgn) =1- <I>(Xi(")) which are valid selectively
dominant p-values for the nulls H(()T;) be Example 3.

It will be helpful to recall that if Z; are independent standard Gaussian random variables, then

m%lx Z; = +/2logn + 0,(1),
1=

Meaning roughly that we can treat max} ; Z; as non-random and equal to v/2logn when n is large. We will

be somewhat informal in our discussion, but rigorous proofs of all the results can be found in the appendix.

5.2.1 Power of the conditional approach

First, we characterize a regime where Corollary 1’s procedure is powerful. To do so, we focus our attention
on a generalization of the needle-in-the-haystack problem.

In the typical needle-in-the-haystack problem, we imagine testing the null that all the means are exactly
equal to zero, and consider alternatives where one mean is positive and the remaining means are zero, e.g.,
u§") > 0 and u§-n) =0 for j > 1. Tt is well known that for such alternatives, Sidak’s procedure (and also

Bonferonni), which rejects when

1_@(X]('n))Sanzl—(l—a)l/"%a/n for any 1 < j < n,
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has limiting power equal to one whenever ugn) > +/2logn. It is quite intuitive that the test is powerful in
this regime. Under the null, the maximum observation we see should be around /2 logn. If ,uln) > /2logn.,
then X f”) will be noticeably larger than than this threshold, and we can be sure the data did not come from
the null. On the other hand, if ugn) < v/2logn, then no observation will be larger than /2logn. Sidak’s
procedure will be unable to distinguish between the alternative and null, and it will be powerless in the limit.

In our generalized needle-in-the-haystack problem, we imagine testing the composite global null Hén)
that all the means are at most zero, and consider alternatives where one mean is positive and the remaining
means are non-positive, e.g., ugn) > 0 and p
the winner Xg}gn) 1(%81)
Corollary 1’s procedure, which rejects when

(n
J

diverges to infinity in probability (i.e., X‘(/‘T;zn) - Xl(;()n) 5 0),

) <0 for j < 1. Our result tells that whenever the gap between

and runner-up X

< a, (5.3)

has the maximal possible limiting power. To be concrete, X‘(;}Zn) - X}(%"()n) % 50 means for all B € R that

—xW s> B)=1.

lim inf P(X ) o

n— o0 (n)

To provide some clarity on this condition, we give some sequences of mean vectors u%n) for which it holds.

For example, X%gn) — XI(%TEZ«L) % 50 under the sequence of alternatives

(n) \/310gn if] = 1,
’LL, =
’ 0 ifj > 1.

For this sequence, X {") ~ /3 logn will be the clear winner and will have an increasing gap to the runner-up,
which is the maximum max;~1 X j(.n) ~ /2log n. Identical reasoning tells us that X ‘(;zn) -X }(ﬁ)n) % 50 under
the sequence

1 itj=1,
! 1—+3logn ifj>1.

Interestingly, for this later sequence, Sidak’s test (which is also valid for the composite null Hé")) has limiting
power zero! This is not the case for Corollary 1’s procedure, which will have the highest possible limiting
power of 1 — ®(®~1(1 —a)—1) > 0.

How is it possible that Corollary 1’s procedure can be powerful while Sidak’s procedure is powerless?
Intuitively, it is possible for a procedure to be powerful because the observations X J(-n) for j > 1 are so
negative that it is obvious upon observing them that they come from null means. Corollary 1 knows to
ignore these observations, and simply draw an inference using X 1(”), while Sidak’s procedure does not. More
generally, when the gap between the winner and runner-up is big, it is clear that the winner was the largest
not because of selection bias, but because it came from a large mean. In the composite null problem, there
are many more interesting ways for this gap to be big. Unlike Sidak’s procedure, Corollary 1’s procedure is
able to adapt to the compositeness of Hén).

Ideally, we would characterize when X ‘(;,LG) - X](;En) % 50 in terms of some conditions on the mean vector
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(™ This is difficult, however, as there are many different sequences of needle-in-the-haystack mean vectors

that elicit this behavior. For example, we later justify that X‘(/‘T,LG) — ng)n) % o0 for the sequence
loglogn ifj=1,
Ngn) = loglogn — 2y/logn if 1 <j < |/n], (5.4)
-n if [Vn]+1<j<n.

If we wanted, we could keep coming up with different sequences p(™ that satisfy this condition, and it is not
clear how to characterize all such sequences cleanly. Given a sequence p(™), however, it is typically easy to
argue whether Xg}gn) — X}(%n(:l) % 50 or not.

Theorem 7 below is a summary of our discussion, and it gives a formal statement of our result.

Theorem 7. Consider data XZ.(") ~ N(,ul(.n)7 1) and the global null H(()") = ﬂ?leéZ) with Hy ; : ,ul(.n) <0. If

u™ € R™ is a sequence of alternatives such that
1. [L(ln) 18 positive,
2. pgn) s mon-positive for j > 1,

(n) (n)
3. XW(n) — XR(n)

Xz-(n) for1 <i<n,

2y 0o, where W (n) and R(n) (resp.) are indices of the largest and second largest (resp.)

then Corollary 1’s test for Hén) attains the mazrimal possible limiting power. That is,

liminf inf P(¢" rejects ) — Py, rejects ) >0
im in mHelHn (o™ rejects ) (¢n Tejects ) >

where H,, is the set of all tests that maintain level a Type I error control under Hén), and ¢ is the test
that rejects when (5.3) holds.

In wrapping up this part of the discussion, we emphasize that the regime we have studied is a regime
where we should expect methods to be powerful. There is only one possible signal, and the assumption
X ‘(;/LG) — XI({&) 5 50 essentially ensures that this signal is well-separated and easy to identify. It is believable
that a procedure should be able to adapt to the data generating distribution and reduce the problem
to classical one-dimensional Gaussian mean testing. If anything, it is less surprising that Corollary 1’s
procedure is powerful, but rather more concerning that Sidak’s simultaneous inference procedure can be
powerless. Even more surprising and concerning is what we discuss next. Locally simultaneous inference, a
simultaneous inference procedure designed specifically to be adaptive to the compositeness of Hén), can also

be powerless in this easy regime.

5.2.2 Comparison to locally simultaneous inference

In this sub-section we discuss applying locally simultaneous inference (LSI) to the previous sub-section’s
problem. LSI is an adaptive simultaneous inference technique that is strictly more powerful than vanilla
simultaneous inference. In full generality, LSI can be applied to a wide variety of multi-dimensional inferential

problems. We only give a high-level overview of the method, and discuss only how it can be used to perform
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Power comparison between conditional and LSI
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Figure 5.3: Power of Corollary 1’s procedure versus that of locally simultaneous inference (o« = 0.1, 8 = «/10)
for the sequence of needle-in-the-haystack alternatives u(™ € R™ given by ,u(ln) = 4/0.8logn¢, ﬂgn) =

\/0.8logn¢ — 2y/logn for i = 2,...,|n¢], and ,uz(-") = -—nfori=|n%|+1,...,n, with ¢ =0.9. Plot shows
that LSI becomes powerless as n — oo, while the conditional method has power approaching one. Shaded
region denotes one standard error bands.

inference on winners in the isotropic Gaussian data setting. A full treatment of LSI can be found in the
original article [Zrnic and Fithian, 2024].

It is worth mentioning that our Gaussian inference on winners is the motivating problem for LSI. One
express goal of LSI is to retain the benefits of Corollary 1’s conditional procedure while avoiding the exploding
interval problem discussed in Chapter 1. In an attempt to achieve this, LSI avoids conditioning and instead
leverages solely marginal simultaneous inference techniques.

At a high level, the goal of LSI is to avoid performing simultaneous inference on all n means. Instead,
LSI uses the data to determine a data-adaptive subset of means that would have been likely to produce

a winner 2

, and applies a simultaneous inference correction as if we only ever considered doing inference
on these means. Despite this simultaneous correction being data-dependent, LSI still manages to return a
provably valid inference.

Getting more into the weeds, we explicitly state when LSI rejects the global null H(()n). LSI splits the «
Type I error budget into two parts, 0 < 8™ < a and 4™ = a — (. The B part of the budget is used
to determine which observations could have potentially been the winner. Define

N=|{: X" > X0 =42 00 ) (5.5)

to be the random number of observations that are within 4z of the winner. The remaining () of

1-8" /2
the budget is used to perform simultaneous inference, but the simultaneous correction pretends that only
these NV observations were ever present. Explicitly, LSI rejects H(g") when

n n n 1
1-— @(Xévzn)) < max{%(v),an}, 7](\,) =1—(1—4")w (5.6)

2Technically, it finds a subset that, with high probability, contains a subset of means that would have been likely to produce
the winner
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Note that, because of the maximum in (5.6), LST will never do worse than Sidak’s procedure. The fact that
rejecting according to the condition (5.6) is a Type I error controlling procedure is a consequence of Theorem
3 in Zrnic and Fithian [2024].

Intuitively, LSI should perform well whenever Corollary 1’s conditional procedure does. When the gap
between the winner and another observation is sufficiently large, LSI realizes that this other observation had
minimal chance of winning, and simply ignores it (i.e., it recognizes that the winner is large because it came
from a larger mean and not because of selection bias). If the gap between the winner and every observation
is large enough, then we will have N = 1 and LSI totally avoids doing any simultaneous correction (i.e., LSI
reduces to a one-dimensional Gaussian mean testing problem). In this case, LSI should be as powerful as is
possible. But what is a large enough gap for LSI?

Theorem 8 gives a surprising result. LSI can be powerless in needle-in-the-haystack settings even when

Corollary 1’s conditional test attains maximal power. The proof sketch below gives an idea of why.

Theorem 8. Consider data Xi(") ~ N(p

For every § € |a, 1], there exists a sequence of alternatives u™ € R™ satisfying the assumptions of Theorem 7

Q

(.1) and the global null H{™ = np_ H" with Ho; = u{™ < 0.

i ) %

such that, for all Type I error budgeting sequences 0 < By, < «, LSI’s test has zero limiting power despite

the maximal limiting power being 6. That is,

limsup P(¢%5T rejects ) = 0.

n—00

where ¢£51 is the test that rejects when (5.6) holds, despite the fact that

liminf sup P(¢, rejects ) =4,

N0 gLeH,

where H,, is the set of all tests that maintain level o Type I error control under the global null Hén).

Proof sketch. We show the case where § = 1. Consider the sequence of alternatives given by (5.4). The test
that rejects when 1 — @(Xl(n)) < a is in ‘H,, and obviously has limiting power one. Based on how we have

set our means, we will have

Xf") ~ loglogn

max Xi(n) ~ loglogn — 2¢/logn + 1/2log v/n = loglogn — \/logn

2<i<|V/n)
in X™ x~loglogn — 3+/1
2S?§n[r\1/ﬁj B oglogn ogn
(n)
ma X ~/2logn—n
Wil t1<ign s

Therefore we see that Xf") will be a clear winner and also have a gap to the runner-up which diverges
15 2 > 44/2logn of the winner, so

N = /n (where N is from (5.5)). Because uﬁ") is growing very slowly, the simultaneous correction over y/n

to oo in probability. Further, there are y/n observations within 4z

observations will be too harsh and LSI will be powerless. O

In Figure 5.3, we provide simulation results that verify Theorem 8’s conclusion. More specifically, we

consider a particular sequence of needle-in-the-haystack alternatives (similar to the one in the proof sketch),
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and show empirically that LSI is powerless as n — oo, whereas Corollary 1’s test has a limiting power of
one.

Briefly, we mention that because LSI is at least as powerful as Sidak’s procedure, it is easy to come up
with non needle-in-the-haystack alternatives where LSI attains maximal power but Corollary 1’s procedure
(n)

is powerless. For example, taking p; ° =1 for all 1 <4 < n would suffice. It remains concerning, however,
that LSI is designed to be powerful for needle-in-the-haystack alternatives, but it sometimes fails to be.
Theorem 8 suggests that LSI suffers from a curse of dimensionality that the conditional procedure avoids.

We discuss why this may be the case in the next sub-section.

5.2.3 The (seeming) necessity of conditioning

Finally, we provide some brief discussion on why conditioning may be the crucial tool that allowed us
to gain power in this needle-in-the-haystack setting. Initially, this may seem surprising and counterintu-
itive. General wisdom dictates that conditionally valid methods should be less powerful than their marginal
counterparts. This is because requiring conditional validity imposes an additional constraint on the Type
I error control (conditional validity implies marginal validity, but not vice-versa). Hence, we may expect
reasonable conditional tests to be less powerful than reasonable marginal tests, which are derived without
this additional constraint in place. In actuality, conditioning (often times on nuisance statistics) allows us
to effectively reduce the dimension of the problem. We will see how, in our Gaussian inference on winners
problem, conditioning enables us to avoid a curse of dimensionality that standard marginally valid proce-
dures suffer from. Prior to proceeding, we mention that many of these ideas are similar to those discussed
in Fithian et al. [2017].

For simplicity, we will now return to having a fixed dimension n, so X ~ N(u, I,) is a random vector
in R™, and W and R (respectively) are the random indices of the largest and second largest entries of X
(respectively).

Essentially, all the procedures we have discussed up to this point amount to doing inference on the random
estimand pw, i.e., the mean of the winning observation. A standard way to do inference on an estimand is
to come up with an estimator for it, and then study the deviations of the estimator. In our case, we use the
estimator Xy and we study the deviations Xy — pw.

In conditional inference, we opt to study the deviations Xy — pw conditional on W. Once we have
conditioned on W, our estimand puy goes from being random to fixed. Along with our fixed estimand, there
n — 1 fixed nuisance parameters. This is now reminiscent of a classical statistics problem (like in Section
4.4 of Lehmann et al. [1986]). By conditioning further on nuisance statistics, we can remove the influence
of these additional nuisance parameters and truly reduce to a one-dimensional inference problem. To be
concrete, let X_y € R*™! be a vector containing all the entries of X aside from Xy. The conditional 1 —«

quantile of this deviation,

cond

ql—na (,LLw,x_w) = Quantile(XW - ,LLW|W =w,X_w = x—w)v

depends on p only through the value of the winning mean. Therefore, when we invert the conditional 1 — «
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high probability region

RO (1) = {2 : T — prw < G5 (ft, ) for w = argmax ; }
1<i<n

to get an exact 1 — « confidence region
CR{ZHX) = {n € R : X € R ()} = {p: pw > Xw — ¢4 (pw, 2-w)},

the resulting confidence region provides non-trivial inferences only for the one-dimensional mean py (which,
again, is a non-random parameter once we condition on W). This confidence region is the same as (1.3)
from Chapter 1.

In contrast, if we study the deviations Xy — pw marginally, then the 1 — a quantile
g9 () = Quantile(l — o, Xy — pw ), (5.7)
depends on the entire p vector. Inverting the 1 — a high probability region

R () ={x : 2y — pw < @17 (i, ©—yy) for w = argmax z; }
1<i<n

to get an exact 1 — « confidence region
CRYUS(X) ={peR": X e R{" ()} = {p: pw = Xw — ¢/ (pw, z—w)}, (5.8)

is not similar to what we do in a one-dimensional inferential problem. In fact, due to the high probability
region (5.7)’s multi-dimensional dependence on p, it is unclear if finding the confidence region (5.8) is
even computationally feasible. Despite targeting a one-dimensional “estimand” py, this confidence region
inadvertently provides non-trivial inferences for the entire mean vector, in part due to the estimand being
random.

Even though the confidence region (5.8) may be computationally difficult to find, we can still verify that
the inferences it results in are, at best, as good as those from Sidak’s procedure. This is the subject of

Proposition 3 below.

Proposition 3. For n-dimensional Gaussian data X ~ N(p,I,), the confidence region CR"*.9(X) is an

eract 1 — a confidence region for p, i.e.,

P(ue CR"™9) =1 - a.

11—«

Furthermore, if Sidak’s procedure cannot affirm that there is a positive mean, i.e., if

1-9(Xw) > an, W = argmax X,
1<i<n

then the projection of CRY"'? onto any coordinate axis contains a non-positive value.

The same issue we find with the marginal confidence region (5.7) is present with LSI. Although LSI

attempts to apply a smaller simultaneous correction than Sidak’s approach, the first step of any reasonable
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LSI procedure involves making simultaneously valid confidence intervals for each coordinate of u. Doing so
appears to necessarily expose LSI to a curse of dimensionality that Corollary 1’s procedure avoids.

In summary, it appears that targeting random estimands but performing unconditional inference will
necessarily expose us to a curse of dimensionality. So how can we deliver powerful inferences while also
avoiding the exploding confidence regions we saw in Chapter 1?7 One idea would be to simply target a non-
random estimand. For example, we could try and target p (1) instead of uw, where p1y > py = -+ > )
are the sorted entries of p. If we observe X only after the entries were randomly shuffled, these sorted
parameters still identify our data generating distribution. Perhaps it is possible to come up with an estimator
for p (1) and nuisance statistics that, once conditioned on, get rid of the nuisance parameters p (), ..., fi(n)-
We leave this as an area for further exploration. Another approach is hybrid inference, which we discuss

next.

5.3 Hybrid inference

Hybrid inference, originally proposed by Andrews et al. [2023], is an inference on winners procedure
that attempts to balance the benefits of the simultaneous and conditional approaches. It is a very elegant
idea, but it currently only applies to Gaussian data and can be difficult to parse and implement. Using our
selective dominance framework, we give a simpler exposition of hybrid inference that enables its application
in more general settings, provided that the data is independent. As a bonus, our new procedure is very easy
to understand and implement.

Corollary 3 presents our hybrid testing procedure. We give the sketch of a proof and defer a detailed
proof to Appendix B.19.3.

Corollary 3 (Hybrid test for the winner). Suppose that p; are n independent and selectively dominant
p-values for the nulls Hy ;, and let W be the index of the smallest p-value (with ties broken randomly). Fiz
some B < a and define 3, = 1 — (1 — B)Y/™. Rejecting How when

pa) = T:gp@) + (1 - ?:g) Bn (5.9)

controls Type I error at level a.

Proof sketch. Let B be the event that the smallest p-value comes from a null and is at most 3,. We know
from Sidak’s procedure that P(B) < (. Hence, on the complementary event B¢, which has probability
> 1— 3, it suffices to ensure that we fail to falsely reject How with probability at least (1 — «)/(1 — f).
Supposing Hy ; is true, imagine testing Hy ; using p; only when B¢ happens and W = j. This is exactly
like selecting p; to use for inference when it is between 3, and max;.; p;. For this selection, Theorem 5’s
selective p-value is given by (p; — 3,)/(max;.; p; — Bn). Thus, we can ensure that we fail to reject Hy ; when

B¢ and W = j happen with probability at least (1 — a)/(1 — 3) if we fail to reject whenever

Pj — Bn 1-a a—f ( &—/3)
— P S e pi> — Cmaxp + (1 - .
max;x; p; — Bn 1-p Pi 1-p i# b 1-p b

Our hybrid inference procedure fails to reject in this case. O
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Written in terms of p-values, it is easy to see how the hybrid approach balances the benefits of the
simultaneous and conditional approaches. It will reject both when the smallest p-value is small in absolute
terms or when it small relative to the second smallest p-value. When the other p-values provide essentially
no evidence against the null (i.e., p(o) ~ 1), hybrid rejects when p(y) is at most (o — )/(1 — ), a cutoff that
has no dependence on the problem dimension n. Thus, hybrid performs at least on par with the conditional
procedure run at level (1 — «)/(1 — ). On the other hand, even if some other p-value provides as much
evidence against the null as the smallest, hybrid still rejects whenever the level § simultaneous approach
does. This is because when p(;)y < 3,, the hybrid cutoff is a mixture of two things that are at least p(y), so
we reject.

The parameter 8 allows hybrid inference to interpolate between the simultaneous and conditional ap-
proaches. When we set 3 = 0 then the hybrid cutoff (5.9) becomes ap) and we recover the conditional

method, and if we set § = a it becomes a,, = 1 — (1 — a)'/™ and we recover the simultaneous method.

5.3.1 Confidence regions

In parametric settings, we can get hybrid confidence regions for the winning parameter by inverting
Corollary 3’s test. Again suppose we have independent data X; ~ Py, from an MLR family P, parametrized
by 6 € R, and let pfo be the UMP p-value for testing the null Hgf)i : 0; < 6y. By inverting Corollary 3’s test
we get a hybrid LCB for the winning parameter 6y :

{90 eR:pf > %pﬁg) + <1 - B) ﬁn}. (5.10)

We argue in Appendix B.10 that the confidence region (5.10) indeed gives a LCB. We also show in Ap-
pendix B.10 how to invert Corollary 3’s test to get a CI (rather than an LCB), and that both our CI and

LCB match the original construction from Andrews et al. [2023] in the Gaussian case.

5.3.2 Comparison to the union bound

Another way to balance the benefits of the conditional and simultaneous approaches is to apply a union
bound. Naively, we can reject the winning null whenever the level g simultaneous approach rejects or the

level o — 8 conditional approach rejects, i.e., whenever

Py < max{(a — B)p), Bn}- (5.11)

The union bound harshly switches between the simultaneous and conditional approaches, whereas the hybrid
approach smoothly interpolates between them. This is illustrated in Figure 5.4, which compares the LCBs
resulting from the hybrid versus union bound approaches in the n = 20 dimensional Gaussian problem.
Written in terms of p-values, we easily see that the hybrid approach dominates the union bound approach,
which is affirmed by Figure 5.4. Both methods reject when p) < 8,. When p(q) > B,, it is quick to verify
that the hybrid cutoff (5.9) will be strictly larger than the union bound cutoff (5.11), meaning hybrid will

reject whenever the union bound does and more 2.

3the authors Andrews et al. [2023] only point out that hybrid dominates the level S classical approach, which is weaker than
our statement
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Distance from winner to LCB

------ Simultaneous with a=0.1
—— Conditional with a=0.1
—-— Hybrid with a=0.1, B=0.01
------ Simultaneous with a=0.01
—— Conditional with a=0.09
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Figure 5.4: For the n = 20 dimensional Gaussian problem X; ~ N(u;,c?) with largest observation Xy
and second largest observation Xg, the standardized distance (Xw — fi)/o from Xy to the level o = 0.1
hybrid, conditional, and simultaneous LCB fi as a function of the standardized gap (Xw — Xg)/o between
the winner and runner-up. For hybrid we take 8 = 0.01. The larger of the level @ = 0.09 conditional LCB
and level ao = 0.01 simultaneous LCB are shown in green (i.e., the union bound LCB).

Practically speaking, however, hybrid inference does not result in much improvement over the union
bound, especially as it pertains to making discoveries. This is already somewhat evident in Figure 5.4, where
we see that the hybrid LCB, although always larger than the union bound LCB, is still always very close to
it. As the variance o2 gets large, the absolute difference fihyb — flunion between the hybrid and union bound
LCBs grows with o, but the relative difference (tnyb — flunion)/o (in units of standard deviation) remains
the same (see Appendix B.10.4). Accordingly, even when the hybrid cutoff (5.9) is larger than that of the
union bound (5.11), it is provably not much larger. We detail why in Appendix B.11, where we also run a
number of simulations comparing the power of the hybrid and union bound approaches. In our simulations,
we are unable to find a setting where the hybrid approach results in a appreciable power gain.

Overall, we suggest viewing hybrid inference as a procedure that squeezes the remaining power out of
the union bound approach. As it is not computationally more expensive and our p-value viewpoint makes

it equally easy to implement, it is always worth using in place of the union bound.

5.3.3 Applying the closure principal

As was true in the conditional case, treating Corollary 3’s test as a global null test and closing it allows
us to make more discoveries. As we allow /3 to range from 0 to «, this closed procedure interpolates between

Corollary 2’s closed procedure and the Holm-Sidak procedure, which is the closure of Sidak’s global null test.

Corollary 4 (Closed hybrid testing for winners). Suppose that p; are n independent and selectively dominant
p-values for the nulls Ho;. Let Hy ;) denote the null corresponding to the jth smallest p-value (with ties
broken randomly) and define p(,+1) = 1. Fizing some B < a, rejecting the null hypotheses Hy i) for which

a—p

a—f
PG) = 1= gPu+n + (1 - 1_3> Br—j+1

for every j < k controls FWER error at level «.
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This closed procedure is also best understood sequentially. We reject Hy (1) when p(1) < %p(g) +(1-

%)Bn. Then, if we rejected Hy (1), we reject Hy 2y when pay < %p«g +(1- %)ﬂn_l, so on and so

forth until we fail to reject.



Chapter 6

Rank verification via selective

inference

In this chapter, we use Chapter 4’s framework to study a class of rank verification problems. First, we

consider some motivating real world examples

Rank verification for large language models: LM Arena [Chiang et al., 2024a] is a platform that
currently has over thirty-thousand daily users and ranks the performance of n > 200 large language models
according to user preference data. Figure 6.1 provides an example of what the leader board may like. Is
Gemini-2.5-Pro-Preview-05-06, the model at the top of this example leader board, actually the best model?

If so, by how much?

Rank verification across multiple clinical trials: A big pharmaceutical company is interested in
investing in a drug, and are examining n = 5 smaller pharmaceutical companies that have developed drugs
targeting a similar condition. These smaller companies have each completed an early stage clinical trial, and
the big company wants to decide which one of these smaller companies to partner with. Is the drug with
the highest observed average treatment effect truly the best of the bunch? If so, how much better is it (i.e.,

how much of a premium should the company be willing to pay)?

Rank verification for machine learning benchmarks: Suppose we evaluate n different pretrained
machine models on a benchmark dataset. For example, we may evaluate the five different pretrained ResNet
models that PyTorch offers on the ImageNet validation dataset [Deng et al., 2009]. The results of this
experiment are shown in Table 6.1. Is ResNet-152, the model with the best performance on the validation

dataset, actually the best model? If so, by how much (i.e, is it worth the extra latency and compute cost)?

52
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Rankx (UB) ':Zzl;lectrl) Model ::::: 95% CI Votes Organization License

1 1 Gemini-2.5:Pro-Previen-05-06 1446 +6/-7 6115 Google Proprietary
2 3 Gemini-2.5:ElashzPreview-05:20 1418 +10/-10 3892 Google Proprietary
2 1 1409 +7/-6 7921 OpenAI Proprietary
2 2 1405 +6/-5 10280 OpenAT Proprietary
3 6 1399 +5/-3 14840 XAI Proprietary
a4 3 1394 +5/-4 15276 OpenAI Proprietary
6 6 1387 +7/-8 6938 Google Proprietary
8 6 1368 +5/-5 9741 DeepSeek MIT

8 6 1365 +8/-8 6094 OpenAI Proprietary
8 13 Hunyuan-Turbes-20250416 1356 +9/-7 5111 Tencent Proprietary
9 9 DeepSeek:-R1 1354 +4/-4 19339 DeepSeek MIT

10 18 Gemini-2.0-Flash-001 1351 +4/-3 24928 Google Proprietary

Figure 6.1: A screenshot displaying the top ten entries of the LM Arena leader board. Left-most column
denotes the rank of the model on the leader board, which is determined by the model’s “Arena Score” in the
fourth column. The fifth column provides 95% bootstrap confidence intervals for the population arena score,
but with no multiplicity correction, so these confidence intervals cannot be used to safely draw inferences
about the population ranking.

Model Top-1 accuracy
ResNet-18 0.673
ResNet-34 0.713
ResNet-50 0.801
ResNet-101 0.810
ResNet-152 0.817

Table 6.1: The top-1 accuracy (i.e., the fraction of examples where the model’s top prediction matches the
true label) of the five pretrained ResNet models on the m = 50000 sample ImageNet Validation set. The
number denotes the number of layers, so a larger number indicates a larger model. The model with the
highest observed accuracy is bolded.

All of these are examples of rank verification problems, and they can be formalized as follows. We observe
a multivariate Gaussian vector X ~ N(u,>) and see that W = argmax; ;,, X; is the index of the largest
observation. Can we claim that puw > max;.w y;, i.e., that the largest observation came from the largest

mean? We elaborate on how each of the above scenarios reduces to solving this problem.

Rank verification for large language models: The models on the LM Arena leader board are ranked
by “arena scores”. These scores are linear transformations of coefficients B € R™ from a Bradley-Terry model
[Bradley and Terry, 1952]. Because the model is fit from i.i.d. samples, these coefficients follow a central
limit theorem when the number of examples is large, i.e., B&N (8,%) for some non-diagonal covariance X.
Letting W be the index of the model with the largest fitted coefficient, we want to know, for what 6 € R

can we claim Sy > minjzw B +0 7

Rank verification in multi-arm clinical trials: If there are enough participants in each clinical trial,
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then the vector with each drug’s average observed treatment effect X € R™ obeys a central limit theo-
rem, i.e., X~N(u,Y) with diagonal covariance X. We want to know, for what § € R can we claim that

pw > max;cw i + 07

Rank verification for machine learning benchmarks: When the benchmark dataset is large enough,
the vector X € R™ with each models classification accuracy obeys a central limit theorem, i.e., X~N(u, X)) or

some non-diagonal covariance 3. We want to know, for what § € R can we claim that gy > max;jew p; +467

This chapter mainly considers a generalization of our motivating problem. Defining S to be the set
containing the indices of the largest 1 < K < n entries of X, we aim to draw the inference min;cg p; —
max;gs ft; > 0 that the largest K observations came from means that are more than ¢ larger than the other
means. We provide a powerful and computationally tractable error controlling procedure for drawing this
inference, and can can recover a solution to our motivating problems by setting K = 1. Throughout our
discussion, we will assume that the covariance Y is known. In our applications, ¥ is not known but can be
estimated from the data.

To start the chapter, we give a high level overview of how we can use Chapter 4’s framework to derive
our procedure. In the process, we also discuss how our procedure dominates existing simultaneous inference
competitors. Then, we give a formal statement of our procedure and characterize its behavior in some special
settings. With all of our contributions in place, we contextualize our work by providing a broader literature
review on rank verification. After the literature review, we provide a series of real data applications. We
conclude by demonstrating how the framework from Chapter 4 can also be applied to rank verification
problems in alternative settings, specifically the exponential family setting explored in Hung and Fithian
[2019D).

6.1 Overview of approach

Prior to describing how we derive our selective rank verification procedure, we start with a simpler and
non-selective problem. Having observed data X ~ N(u,X), when can we verify that u; is strictly larger than
the other means? This is a classical statistical inference problem. The inferential question has been fixed
prior to observing the data, and it has not been selected in a data-dependent manner.

Defining the null hypotheses Ho;; : p; < pj for i # j, our goal is to reject the union null hypothesis
U,j-iHo,ij. One reasonable approach (from Berger [1982]) is to reject this null when we reject the individual

nulls Hy;; for all j # i. Defining

Uij = MVaI'(Xi — XJ) = \/E” — 22” —+ Ejj

to be the standard deviation of X; — X;, Example 3.9.2 from Lehmann et al. [1986] tells us that the UMP

test for Hy ;; rejects when,

X; > Xj + VijZ1—a

Therefore, our earlier reasoning implies that it is safe to reject U;+;Hy ;; whenever

Xi > X +vijz1-q for all j #i.
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In our problem, our goal is not to reject Uj; Ho ;; for some fixed i € [n], but rather to reject the data-
dependent null hypothesis Uy Ho wj, where W is the index of the largest observation. In other words, we
only ever try and reject U;; Hy ;; after observing that W = 4. A simple fix is simultaneous inference. We run
our above procedure for every 1 < i < n, but to account for the fact that we are now simultaneously testing
n hypotheses, we run it at level a/n rather than level a. (i.e., we apply a Bonferroni correction). Then, after
observing that W = i, it is safe for use to reject Uj«w Ho w; so long as we happened to reject U;—; Ho;
at the reduced level a/n. In practice, this approach amounts to observing that W = ¢ and then running
our original test for U, Ho ;; at level a/n instead of level a. It enables us to claim that puy > max;jzw i;
whenever

Xw > X; + UVWjZ1—a/n for all j £ W. (61)

Note that in (6.1), because z1_,/, = O(y/logn) grows with the dimension n, this simultaneous procedure
requires the winning observation Xy, to have a larger and larger gap to the remaining observations as the
dimension of the problem grows.

In our selective approach, we recognize that our above UMP test for Hj;; rejects exactly when the
selectively dominant p-value p;; = 1 —®((X; — X;)/v;;) is at most a. Correspondingly, our earlier procedure
for rejecting U;£; Ho ;; rejects exactly when max;.; p;; < a. When try to reject Ujy Ho w; via our selective
approach, we imagine only selecting the p-values p;; for j # i to use for inference when W = i. We show
that the selection event W = i corresponds to selecting p;; to use for inference when it lives in some interval
[A;j, Bi;], where A;; and B;; are random quantities that are independent of p;;. To account for selection, we
reject not when all of the p;; for j # ¢ are at most o, but rather when all of the corrected selective p-values
(pij — Aij)/(Bij — Aij) are at most a.

The selective procedure above controls the probability of false rejection conditional on W, but A;; and B;;
have complicated forms, and it is incredibly difficult to parse. Crucially, by doing some additional analysis,
we can show that, when W = 4, each of the selective p-values (p;; — A;;)/(Bij — Aij;) for j # i satisfy the
bound

pij — Aij
=W < 2maxp;;.
Bij — Ay — G# Pis

This means that our selective approach is at least as powerful as the following procedure: first we observe
W =4, and then we run our original test for U;.;Ho;; at level a/2 rather than at level a. This is much
better than the above simultaneous approach, which required us to run this test at level «v/n. In contrast to

the simultaneous approach, the selective approach enables us to claim that py > max;.w pu; whenever
Xw > Xj +vwjz1—q/2 for all j #W. (6.2)

Unlike (6.1), the above rejection region (6.2) has z;_,/2 in place of z;_,/,, and it does not require the
gap from Xy to the remaining observations to be larger for higher dimensional problems. Note that our
selective procedure will make at least as many discoveries as the simultaneous approach, and strictly more
when n > 2.

This is the crux of our contribution. A selective approach that is strictly more powerful than the
simultaneous approach because it avoids a curse of dimensionality that the simultaneous approach fails to.
In Appendix B.17, we demonstrate how more sophisticated and general simultaneous approaches (including

Tukey’s honest significant differences test) for this problem also fail to avoid this curse of dimensionality.
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As a consequence, these other simultaneous approaches are also strictly dominated by our procedure when

n > 2.

6.2 Main results

In this subsection, we provide our selective rank verification procedure along with some theoretical results
that help us better understand its behavior. We imagine observing n-dimensional data X ~ N(u,X) where
¥ is known. Our only restriction on X is that we require X; and X; to be not perfectly correlated when i # j.
Considering the null hypotheses Hfj g — pj < 9, we derive an error controlling procedure for rejecting the
data dependent union null UieS,jQSny
a false rejection happens when we reject UiengSHfj and p; is not more than § larger than p; for all i € S

where S is the set of the largest K observations’ indices. Formally,

and j ¢ S. Tying back to our motivation, we can safely draw the inference min;cg p1; — max;jgg p; > 6 when
we reject UiGS,jQSHg]"

Prior to stating our simplified results, we introduce some notation. First, for a pair i # j, we define

X, —X; -9
5 2
Dij = d Uijj 5 vij = Var(Xi — X]) = E“ — 22” + Ejj.

Considering another pair of indices k # ¢, we use p;; e to denote the correlation between D;; and Dyy.

Using this notation, Theorem 9 states our method. Though it may look complicated, it is easy to
implement on a computer and we will soon see that its behavior is very interpretable. In our statement of

the theorem, we adopt the convention that the maximum of an empty set is —oo.
Theorem 9 (Gaussian rank verification). If we reject Uiesngngj when
1
® | D) — ma Dy, | —o(D;)

x & —
U kes.egs: Piske K
pijke<0

598 <a (6.3)
i€S.jds
(DS — max —4—D% | —®| D) — min DV
9 kesipgs: Pkt M U keSegs: Piske K
pij ke <O Pij,ke>0

then, conditional on S, the probability of making a false rejection is at most «.

Our next result, Theorem 10, helps us make sense of Theorem 9’s method. It is easiest to state in terms

of the p-values pfj =1- @(ij), which are selectively dominant p-values for the nulls H fj

Theorem 10 (Understanding Gaussian rank verification). For 6 > 0, the procedure from Theorem 9 is

guaranteed to reject Uies,ngH?j whenever

0 < af2. 4
Jax pi; < af (6.4)
Remark 1. The proof of Theorem 10 also informs us that for 6 < 0, the procedure from Theorem 9 is

guaranteed to reject UiES,jQSng whenever maxies jgs py; < a/2.

Essentially, Theorem 10 tells us that, for 6 > 0, Theorem 9’s test will reject Uses, jgsH, fj whenever all the

two-sided difference-of-means tests comparing pairs of observations inside and outside of the top K reject,
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Algorithm 3 Top-1 rank verification via simultaneous inference

Input: data X € R™, covariance matrix ¥ € R™*™, significance level «

procedure SIMULTANEOUS_LCB(X, ¥, «)

§+ o0
W <+ index of largest observation in X
for j # W do .
6+ min(XW - X]‘ — VWjZl—a/n 5) > vy = \/EWW — QEWJ' + ij
return: 4

and possibly also in other situations as well. We already discussed why, in the case of K = 1 and § = 0, this
is a strict improvement over the simultaneous inference approach discussed in Section 6.1. Appendix B.17
explains why this is a strict improvement over other simultaneous inference approaches for 6 > 0 and all
values of K as well.

Theorem 10 also clarifies a sense in which the error control in Theorem 9’s is tight. Fixing any covariance
3, if we consider the mean vector oo = 1 = ... ug—1 > UK = PK41 > HK+2 = - = [ = —0Q,
then Ujes jgsHjy is always true and any rejection of Uies jgsHj; is false. In this setting, all of the two-
sided difference-of-means tests in Theorem 10 reject with probability one, aside from the one comparing the
observations X and Xgi1. This test will falsely reject with probability exactly « (after all, this is the
setting of a vanilla two-sided test), and Theorem 10’s procedure will therefore falsely reject with probability
exactly a. Theorem 9’s test both (1) rejects whenever Theorem 10’s condition holds and (2) still maintains
error control, so it must falsely reject Uies,jeSH?j with probability exactly a as well.

We mention that the time complexity of running Theorem 9’s test is O(K?(n — K)?), which can be
O(n%) in the worst case (e.g. if K =n/2). This will still not be prohibitive for many problems, but if it is,
Theorem 10 tells us that we can safely reject UieSJ’gSng whenever the condition (6.4) holds, which only
takes O(K (n — K)) time to check (i.e., O(n?) in the worst case). Because Theorem 9’s test can reject even
when this condition does not hold, however, doing so can potentially result in a loss of power (aside from in
some special cases that we point out in Section 6.2.2). We mention that when K = 1, like in our original
motivating problem, Theorem 9’s test only takes O(n?) time to run and Theorem 10’s condition only takes
O(n) time to check.

6.2.1 Getting lower confidence bounds

By inverting tests Ujcs jgsHY:, i-e., finding the the smallest § for which the test fails to reject, we can

179
get a strict LCB for the differencje min;eg p; — Max;gs i; between the smallest mean whose observation is
in S and the largest mean whose observation is not in S. For the case that K = 1, we can easily generalize
the simultaneous inference test we described in Section 6.1 to apply for any § € R and then invert it. This
results in the LCB given by Algorithm 3. We will refer to Algorithm 3’s LCB as the simultaneous LCB.

As an alternative, we can also get an LCB that is valid conditionally on S by inverting Theorem 9’s test.
We argue carefully that inverting Theorem 9’s test results in a LCB in Appendix B.18. In practice, this
LCB must be found via a binary search, as is described in Algorithm 4. We will refer to Algorithm 4’s LCB
as the conditional LCB.

Theorem 10 implies an important fact about the simultaneous and conditional LCBs: whenever the

conditional LCB is non-positive, it is guaranteed to be larger than the simultaneous LCB. This means that
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Algorithm 4 Top-K rank verification via conditional inference

Input: data X € R™, covariance matrix 3 € R™*™ number of winners K, significance level o

procedure CONDITIONAL_LCB(X, ¥, K, «)
S < indices of largest K observations in X
& « via binary search, find § such that

5 _ 1 o | _ 5
@ D) - max oDR | - ®(D))
pij ke<0
max =«
1€S,JES
d(D2— max —1-DY | —®| DS~ min 1D
i ges igs: Pide KL U peS.egs: Piake ke
Pij ke<O Pij ke>0

> Vij = \/E“ — 221']' + Ejj
> D = (Xi = X; —n)/vi
Tik—Nig—=Njp+E;0

VijVke

> Pij ke =

return: ¢

whenever the conditional LCB enables us to make a discovery, i.e., it allows us to say with confidence that
the K largest observations come from means that are strictly larger than the rest, it is guaranteed to certify a
bigger gap between the means of the K largest observations and the remaining means than the simultaneous
LCB. This is not the case, however, when the conditional LCB returns a negative value (i.e., no discovery is
made). In this case the conditional LCB can be much lower than the simultaneous LCB. In fact, if the top
K and bottom n — K observations get too close, the conditional LCB can diverge to —oo, like we saw for
the inference on winners problem in Chapter 1. We will observe this happen later when we discuss our real
data applications.

This leaves users with a trade-off. If they want to ensure that their LCB will never be too negative,
they should use the simultaneous approach. If they want to maximize their chance of making a discovery,
however, and also be able to make the best possible claim about the strength of said discovery once it has
been made, they should use the conditional approach. We suspect that most users care significantly more
about the latter, especially since the exploding inferences of the conditional approach are relatively rare (we
will see this later). One can always try and get the best of both worlds by taking a hybrid or union bound
approach as in Section 5.3. Doing so will prevent the exploding intervals, but also lessen the user’s ability
to make discoveries. We suspect that users are more interested in making discoveries than anything else.

We re-iterate that, despite the fact that the conditional LCB can diverge to —oo, it is provably guaranteed

to make more discoveries in each individual problem instance (not just on average). This is more than

enough to justify its use. It is also in stark contrast the to the inference on winners problem we discussed
in Chapter 5, where conditional inference (Corollary 1) had no such advantage over simultaneous inference
and still suffered from the exploding inference problem.

Finally, we mention that Theorem 10 and Remark 1 in tandem imply the validity of a much simpler way
to make an LCB for min;cgs p; —max;gg p; that is conditionally valid on S: for all ¢ € S and j € S, compute
the lower bounds X; — X; —v;;21_/2 of the standard two-sided difference-of-means confidence intervals for
ti — pj, and take the lowest one. If it is non-negative, return it as the LCB, otherwise return —oo.

We describe this simpler procedure, which mimics the one suggested in Hung and Fithian [2019b], in



CHAPTER 6. RANK VERIFICATION VIA SELECTIVE INFERENCE 59

Algorithm 5 More simple top-K rank verification via conditional inference

Input: data X € R™, covariance matrix 3 € R™*™ number of winners K, significance level o

procedure SIMPLE_CONDITIONAL_LCB(X, ¥, K, «)

6+ o0
S + indices of largest K observations in X
for i € S do

for j ¢ S do

3 < mm(Xi — Xj — vijzl_a/Q,c?) > v = \/E“ — 22” + Ejj

if § >0 then

return: §
else

return: —oo

Algorithm 5. This LCB will always be less than or equal the one that results from inverting Theorem 9’s test
(i.e., it is worse), but it is faster to compute and easier to understand. Like was the case for Algorithm 4’s

LCB, whenever Algorithm 5’s LCB is non-negative it will be larger than Algorithm 3’s LCB.

6.2.2 Some special cases

Briefly we discuss some special cases where we can even more precisely characterize the behavior of
Theorem 9. Our focus will always will always be for the § = 0 problem, where we are simply trying to verify
that the top K observations came from means that are strictly larger than the rest.

Our first special case is when X is diagonal, i.e., the observations are independent. The below result tells

us that, in this case, Theorem 10 gives an exact characterization of Theorem 9’s test.

Corollary 5 (Independence). When X is diagonal, the procedure from Theorem 9 rejects UieS,jeSH?j ezactly
when the condition (6.4) from Theorem 10 is satisfied. More specifically, if I and J are the indices of the

observations inside and outside of the top K with the smallest standardized difference, so

X; - X, X - X
—_—— = mim —
Vrj 1€S,5ES Vij

then the procedure from Theorem 9 rejects Uies,jgsH?j exactly when
Xr> Xy + Vrj%1—a/2-

Our next result explains that the same is true for equicorrelated data. The work of Hung and Fithian

[2019b] implies the below result for the case that K = 1, but we generalize it to any K.
Corollary 6 (Equicorrelation). If ¥ is an equicorrelation matriz, i.e., for some p € (—1,1)
o ifi=j
po” if i # j,

then the procedure from Theorem 9 rejects Uies,jgsH?j exactly when the condition (6.4) from Theorem 10

is satisfied. More specifically, if I and J are the entries of the Kth and (K + 1)st largest observations
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respectively, then the procedure from Theorem 9 rejects Uies’jgsHioj exactly when
Xr>X;+ VIJZ1—a)2-

We also provide an analogous result for autocorrelated data when K = 1 or K = n — 1, provided that

the amount of autocorrelation is not too large.

Corollary 7 (Autocorrelation). Suppose that ¥ is an autocorrelation matriz with small enough autocorrela-

tion. Specifically, the entries of X are given by 3;; = opl=il with p € [1*2‘/5, %] ForK=1o0orK=n-1,
the procedure from Theorem 9 rejects Uies,jgsHin exactly when the condition (6.4) from Theorem 10 is sat-
isfied. More specifically, if I and J are the indices of the observations inside and outside of the top K with

the smallest standardized difference, so

X;— X, X - X
—— = 1min
vrJg i€S,j¢S Vij

)

then the procedure from Theorem 9 rejects Uies,jgsH?j ezactly when
X1 > Xj+vrszioa)e-

Finally we characterize how our method behaves if we set K = 1 and apply it to multinomial data.
Particularly, we imagine using a multivariate Gaussian distribution to approximate the joint distribution
of ¢ multinomial trials Y ~ Multinomial(¢, 71, ...,7,), i.e., we define # = Y/t and apply our method to
7~ N(m, 7/t — 77T /t).

Corollary 8 (Multinomial). Suppose K = 1 and we apply Theorem 9’s procedure to data X = 7t with
covariance ¥ = 7t /t—## | /t. Defining W and R to be the indices of the largest and second largest observations

in T respectively, Theorem 9’s procedure will reject Uies,jesHZOj ezactly when
Xw > Xr +VwRZ1_qa/2-

More generally, we learn in the proof of Corollary 8 that when the covariance is ¥ = 7/t — ##7 /t, the
maximum vy ; for j # W is attained by vy g. It is then straightforward to show that, for this multinomial
problem, Algorithm 5 will return 7y — g — VwRr21—a/2 as an LCB for my — max; .y 7;. This result along

with Corollary 8 can be viewed as a recovery of the main application in Hung and Fithian [2019b].

6.3 Related work

Both Gutmann and Maymin [1987] and Stefansson et al. [1988] study our problem in the case that
K =1, =0, and the data X; ~ N(u;,o?) are independent Gaussian samples with common variance. They
show that drawing the inference min;ecg p1; — max;gg p; > 6 whenever the two-sided difference-of-means test
comparing the largest and second largest observation rejects is an error controlling procedure. Our work
provides a complete generalization of their result in the case of multivariate Gaussian data, allowing for any
K, any covariance structure, and any § € R. Work prior to Gutmann and Maymin [1987] studied related
rank verification problems in similar settings [Bechhofer, 1954, Bofinger, 1983, 1985b, Desu, 1970, Fabian,



CHAPTER 6. RANK VERIFICATION VIA SELECTIVE INFERENCE 61

1962, Gupta, 1965, 1956, Hsu, 1981b, 1984], but used simultaneous inference techniques and failed to avoid
a multiplicity correction as Gutmann and Maymin [1987] did. Follow-up work to Gutmann and Maymin
[1987] includes methods that avoid multiplicity corrections for other rank verification problems [Gutmann,
1987, Maymin and Gutmann, 1992], but in similarly restricted settings. Also, Cheng and Panchapakesan
[2009] extend Gutmann and Maymin [1987]’s result to the case of independent samples from a scale family
with a monotone likelihood ratio (Gutmann and Maymin [1987] themselves handle the case of independent
samples from a location family with a monotone likelihood ratio).

To prove their result Gutmann and Maymin [1987], condition on the index of the winning observation.
This is a similar strategy to that of modern post-selection inference, a field initiated by the seminal work
Lee et al. [2016a]. By leveraging modern selective techniques, Hung and Fithian [2019a] generalize Gutmann
and Maymin [1987]’s procedure to apply for exponential families with Schur concave carrier measures (for
K =1and any § € R). Schur concavity requires the carrier measure to be symmetric, so for the multivariate
Gaussian case Hung and Fithian [2019a] only generalize Gutmann and Maymin [1987]’s procedure from
the independent to the equicorrelated setting (our Corollary 5 and Corollary 6 cover both of these cases).
The main focus of Hung and Fithian [2019a] is rank verification for multionmial data. If there are enough
samples, then multinomial data can be approximated as correlated multivariate Gaussian data via the central
limit theorem, and our Corollary 8 recovers Hung and Fithian [2019a]’s result. Hung and Fithian [2019a]
also consider rank verification for the Bradley-Terry model, but their method (1) only scales to games with
roughly n = 40 players and (2) requires each player to play the other players the same number of times (both
conditions are violated in our LM Arena example). Work that is concurrent with and independent from ours
considers multivariate Gaussian rank verification in the independent and unequal variance case [Goldwasser
et al., 2025]. Indeed, once restricted to this case, Theorem 9’s method matches that of Goldwasser et al.
[2025]. Goldwasser et al. [2025], however, do not show that the resulting method amounts to running all the
two-sided difference-of-means tests comparing all the observations inside the top K with all the observations
outside of the top K (i.e., they have no analog of our Theorem 10 or Corollary 5). As a consequence, they

do not formally characterize the method’s behavior or power.

6.4 Applications

Having developed and contextualized our method, we provide a series of real data examples that demon-

strate its usefulness.

6.4.1 Ranking large language models from user preference data

Although we do not have access to the full LM Arena data, we can use a smaller dataset that LM Arena
has made publicly available [Chiang et al., 2024b]. This dataset contains m = 33000 i.i.d examples of human
preference data, where users provide two models with the same prompt and then mark which of the two
models performed better. In total, the dataset has n = 20 models.

Following Chiang et al. [2024a], we use this data to fit a weighted Bradley-Terry model [Bradley and
Terry, 1952], where each example is inversely weighted by the probability of those two models being shown
to the user. Because these probabilities are not given to us, we estimate them from the data. Table 6.2

reports the arena scores, which are found by multiplying each model’s Bradley-Terry coefficient by 400 and
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Model name Arena score
gpt-4 1535
claude-v1 1439
claude-instant-v1 1351
gpt-3.5-turbo 1301
guanaco-33b 1160
vicuna-13b 1132
palm-2 1104
wizardlm-13b 1093
vicuna-7b 1051
koala-13b 1019
mpt-7b-chat 896
gptdall-13b-snoozy 889
RWKV-4-Raven-14B 873
alpaca-13b 841
oasst-pythia-12b 828
chatglm-6b 790
fastchat-t5-3b 776
stablelm-tuned-alpha-7b | 691
llama-13b 657
dolly-v2-12b 656

Table 6.2: Arena scores of the n = 20 models from the publicly available LM Arena dataset [Chiang et al.,
2024b).

then adding 1000.

Table 6.2 shows that gpt-4 is the best performing model on Chiang et al. [2024b]’s dataset. Can we affirm
that it is indeed the best performing model in the population (i.e., if we had infinite samples)? Because
the number of samples is so large, the central limit theorem implies our estimated coefficients B ~ N(B,%)
approximately follow a normal distribution centered around the population coefficients 5. The covariance X
is unknown, but we can estimate it via the bootstrap (we use b = 10000 bootstrap iterates). This enables
to apply both Algorithm 3 and Algorithm 4 to get LCBs for the difference between gpt-4 and the remaining
models’ population arena scores. Algorithm 3’s simultaneous LCB enables us to say with 95% confidence
that

ArenaScoregpi—gq > max  ArenaScoremodel — 21. (6.5)
model#gpt—4

That is, we can affirm that gpt-4’s population arena score is not too much worse than any of the other
models. In contrast, Algorithm 4’s conditional approach enables us to affirm with confidence that gpt-4 is

indeed be the best model in the population. In particular, it allows to say with 95% confidence that

ArenaScoregpt—4q > max  ArenaScoremede + 19. (6.6)
model#gpt—4

Despite having such a large sample size, we still air on the safe side and run some simulations to affirm
that our conditional LCB does not undercover in this sort of real data setting. In our simulations, we use
our fitted Bradley-Terry coefficients B as the population coefficients. For each simulated trial, we sample
m = 33000 pairs of competing models (7,j) with ¢ < j from our original dataset (with replacement), and
mark that the ith model won with probability f (eBi*Bﬁ ), where f(+) is the sigmoid function. To save time, we
only run B = 1000 simulated trials and only use b = 100 bootstrap iterates in each of these trials. Our 95%
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Figure 6.2: For each sub-sample size on the x-axis, the five ResNet models from Table 6.1 are evaluated on
B = 100 different random sub-samples of the size m = 50000 ImageNet validation set. The plots give the
distribution of the resulting conditional LCBs from Algorithm 4 and simultaneous LCBs from Algorithm 3
(left), along with the proportion of times these LCBs are non-negative (right).

conditional LCB has an empirical miscoverage rate of only 0.001. Note that this overcoverage should not be
surprising. Even though our conditional procedure is strictly more powerful than simultaneous inference, it
still involves taking the maximum of n = 20 selective p-values, so it can certainly be conservative. This may
especially be the case when many observations are in close competition to be the largest, as is the case in

this example.

6.4.2 Ranking ResNet models

We revisit the problem of determining whether the ResNet model with the best performance on the
validation dataset is actually the best performing model in the population (see Table 6.1 for a refresher on
the five different models and their performances). We will denote the validation top-1 accuracy (i.e., the
fraction of validation examples where the model’s top prediction matches the true label) of the five models
as § € R®, with g; being the validation accuracy of the ith largest model (so s is the validation accuracy
of ResNet-152). Since § is a sample mean of m = 50000 five-dimensional i.i.d observations, it should follow
roughly a normal distribution by the central limit theorem, i.e., § ~ N(q,¥) where ¢ € R® contains the
unknown population accuracies of the five models. Having observed that {5 is the largest entry of ¢, we want
to verify whether or not g5 is the largest entry of ¢q. Although the covariance ¥ of § is unknown, § is a sample
mean, so % is easy to estimate from the data. We point out that, because models often get the same easy
examples correct and same difficult examples wrong, the covariance X is dense and highly non-trivial. This
dense covariance precludes us from using the methods of Gutmann and Maymin [1987], Hung and Fithian
[2019b], and Stefansson et al. [1988].

We compare four approaches for verifying that ¢s is the largest entry of ¢:

1. Incorrect approach: Often times, the validation set performance of models is displayed exactly as
we have shown it in Table 6.1, and it is implicitly assumed that the model with the best validation

performance would perform the best in the population. For example, this is the case in the original
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ResNet paper, which contains a table exactly like the one we have presented [He et al., 2016]. This

approach is unprincipled, and can result in false claims with high probability!

2. Naive approach: A naive, but statistically valid approach, is to report standard error bars for
each model’s validation accuracy. These sorts of error bars are what are now typically presented
in contemporary machine learning literature. Using these error bars, one can apply a Bonferonni
correction and get simultaneously valid confidence intervals for each model’s population accuracy. For

example, we can say with 95% confidence that all of the following statements simultaneously hold:
¢1 € (0.667,679), g2 € (0.707,0.719), ¢3 € (0.796,0.806), ¢4 € (0.805,0.815), ¢5 € (0.812,0.821)

Because the intervals for g4 and ¢5 overlap, however, this approach does not allow us to confidently
say that ResNet-152 is the best model.

3. Simultaneous approach: The simultaneous approach is to use the LCB given by Algorithm 3. Unlike
the previous naive approach (which is technically just a different way of doing simultaneous inference),
this non-naive simultaneous approach does inference on the difference between the accuracy of two
models. Because the model predictions are highly correlated (models tend to be correct and incorrect
on the same examples), our estimates of the difference in performance between two models tend to
have lower standard errors than the estimates of each model’s individual performance. Algorithm 3’s
LCB allows us to state with 95% confidence that

qs > 11;1%)(4 q; +0.0044

i.e., we can affirm that ResNet-152 is the best model in the population.

4. Selective approach: By inverting Theorem 9’s test, we can state with 95% confidence that
qs > 112?;(4 q; + 0.0053.

The selective approach both (1) affirms that ResNet-152 is the best model in the population, and (2)
affirms a bigger gap in population performance between ResNet-152 and the remaining models than the
simultaneous approach. We re-affirm that, according to our theory, whenever the selective approach is

able to affirm a positive gap, it will affirm a bigger gap than the simultaneous approach.

In this problem, we were lucky to have a large enough validation set that both the simultaneous and
conditional LCBs were able to verify ResNet-152 as the best model. We are not always fortunate enough,
however, to have benchmark datasets with m = 50000 examples, and it is worth studying how these two
methods compare when the validation set size is smaller.

Figure 6.2 displays what happens when we run both Algorithm 3 and Algorithm 4 after randomly
subsetting the ImageNet validation set to different sizes. The left panel shows that the conditional method
tends to deliver larger LCBs than the simultaneous approach, and the right plot demonstrates what we
already provably knew: the conditional method makes strictly more discoveries than the simultaneous one.
We do notice in the left panel that the conditional method does sometimes (very rarely) give very low LCBs,

particularly when the size of the validation set is small (in low sample settings, the winner is more likely to
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be less distinguishable from the other observations). We see, however, that it is quite rare to observe one
of these exploding conditional LCBs, and they are more than made up for by the fact that the conditional
method makes strictly more discoveries.

Despite the sample size being so large, we air on the safe side and run some simulations to affirm that
our conditional LCB does not undercover in this sort of real data setting. So that our simulated setting
mimics our real data example, we treat ¢ as the population accuracy of each “pretrained model” in our
simulations. To get simulated examples that respect the correlation structure of our real data examples, we

use the following three step procedure to generate each new five-dimensional validation sample.

1. Generate Y ~ N(O,Q), where Q is our estimate 3 of the covariance of g, but standardized to be a

correlation matrix.
2. Transform Y into five uniformly disturbed random variables via the transformation U; = ®(Y;).
3. For this sample, mark the ith “pretrained model” as correct when U; < ¢; and incorrect otherwise.

Over B = 10000 simulated trials, where in each simulated trial we generate m = 50000 new validation

examples, our 95% conditional LCB has an empirical miscoverage rate of 0.048.

6.4.3 Ranking clutch basketball players

Player Clutch field goal % | Clutch field goal attempts
Michael Jordan 0.462 676

Kobe Bryant 0.444 2871

LeBron James 0.523 3525

Stephen Curry 0.558 1685

Kevin Durant 0.504 2224

Kawhi Leonard 0.510 921

Table 6.3: According to inpredictable.com [Beuoy, 2025], the observed clutch field goal percentage and
number of clutch field goals taken for LeBron James, Kobe Bryant, Michael Jordan, Stephen Curry, Kevin
Durant, and Kawhi Leonard. Player with the highest clutch field goal percentage is bolded.

In basketball, a classic question is determining which player in a group is the most clutch, i.e., when it
matters, who is most likely to score a basket?

Whether or not a shot should be classified as “clutch” is up to interpretation, and many definitions
exist. We will leave this classification up to the popular sports analytics site inpredictable.com, which
broadly describes clutch shots as “shots taken that have an elevated impact on win probability” [Beuoy,
2025]. Whether or not a shot fits into this category is determined internally by the site, and then final
clutch field goal percentages and number of clutch shots taken are reported for each player. We provide
these numbers for six well-known players in Table 6.3. We mention that Michael Jordan’s numbers are taken
only from 1996 onward because this is the year that the National Basketball Association started recording
play-by-play data. Hence, any claims we make about Michael Jordan only apply to the Michael Jordan that

played from 1996-2003, and are not representative of his whole career.
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In our analysis, we make the simplifying assumption that the outcomes of all the clutch shots for the all
the players are independent. This assumption may be violated if some clutch shots were taken in the same
game, whether by the same or different players. We expect the extent to which this assumption is violated,
however, to be small.

More specifically, since LeBron James’ has taken nycgron = 3525 clutch shots, we assume that the number
of clutch shots LeBron has made will follow a Bin(3525, ¢r.cpron) distribution, where LeBron’s population
clutch field goal percentage greBron is unknown. Because the number of clutch shots each player has taken
is different, Hung and Fithian [2019b)’s rank verification procedure cannot be applied to this problem. To
proceed, we instead note that ny.cpron is large enough for the central limit theorem to apply, i.e., GLeBron ~
N (qLeBron, 02) Where 02 = qreBron (1 —qLeBron)/MLeBron. More generally, the vector § € RS of empirical clutch
field goal percentages for each player approximately has a multivariate normal distribution § ~ N(g, %),
where ¢ € RS encodes the players’ population clutch field goal percentages, and ¥ is a diagonal covariance
matrix. This enables us to apply our rank verification method to the problem. Per usual, ¥ is unknown.
Since the ¢; are sample means, however, 3 can be easily estimated from the data.

The first question we try and answer is the most popular one. Out of Lebron James, Kobe Bryant, and
Michael Jordan, who is the most clutch? Upon observing that James has the highest empirical clutch field
goal percentage of the three (see Table 6.3), can we affirm that his population clutch field goal percentage is
actually highest? Algorithm 3’s simultaneous LCB allows us to say with 95% confidence that

qLeBron > maX{inchaela qKobe} +0.016

In contrast, Algorithm 4’s conditional LCB allows us to say with 95% confidence that

QLeBron > maX{inchaeh qKobe} +0.025

Via both methods, we are able to say with confidence that James is a more clutch player than Jordan and
Bryant. As predicted by our theory, however, the conditional approach is able to certify a larger gap between
James’ and the others’ abilities. Although the difference between the gaps, which is 0.9%, may seem small,
a one-percent difference in field goal percentage is quite sizable in basketball, especially when one considers
that star players take thousands of clutch shots over their careers.

What if we had wanted to add some more modern players into the mix? Along with Lebron James, Kobe
Bryant, and Michael Jordan, we now also consider Stephen Curry, Kevin Durant, and Kahwi Leonard, three
other players who have won Finals MVPs and are known to perform well in the clutch. Out of the bunch
Curry has the highest empirical clutch field goal percentage. Can we verify that he is actually the most
clutch? Algorithm 3’s simultaneous LCB allows us to say with 95% confidence that

{Stephen > max{qLcBrona GMichael s {Kobe; (Kevin; qKawhi} — 0.0009.

That is, we can affirm that Curry is not that much less clutch than any of the others, but we cannot affirm
that he is the most clutch. In contrast, Algorithm 4’s conditional LCB allows us to say with 95% confidence
that

qstcphcn > max{qLcBrona GMichaels @Kobes dKevin qKawhi} + 000847
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and therefore enables us to claim with confidence that Curry is indeed more clutch than the rest.

Again, despite having a large number of clutch shots per player, we run simulations to make sure that
our conditional LCB does not undercover in this sort of real data setting. In our simulated trials, we treat
each player’s observed clutch field goal percentage ¢player as their population clutch field goal percentage,
and sample a binomial observation Bin(npiayer; dplayer) for each player. Using these observations, we apply
our procedure as described above. When we include only James, Bryant and Jordan in our simulations, our
95% selective LCB has an empirical miscoverage rate of 0.033 over B = 10000 trials. When we include all six
players in our simulations, our 95% selective LCB has an empirical miscoverage rate of 0.024 over B = 10000

trials.

6.5 Rank verification in exponential families

Briefly, we revisit the rank verification problem of Hung and Fithian [2019b], where we observe data

X € R” from a natural multi-parameter exponential family Py with density

go(x) = exp(Orz1 + - - + Opn — P(0))g(2), (6.7)

L. Our goal in revisiting this problem is two-fold. First, it illustrates

with respect to some base measure
how Hung and Fithian [2019b]’s rank verification procedure fits nicely in our framework. Second, we show
that Hung and Fithian [2019b] do not appropriately handle cases where there can be ties for the winner In
contrast, our selective dominance framework naturally handles these cases properly.

Like Hung and Fithian [2019b], we want to verify that 6y is strictly larger than the remaining 6, where
W is the index of the largest X;. In case of ties, we follow Hung and Fithian [2019b] and set W to randomly
be one of the winning indices. Since Ey[X;] = 6;, the winning parameter Ay may reasonably be the largest
of the 6;.

Considering the nulls Hy ;; : 0; < 0;, we want to reject the data-dependent null U;w Ho w; and affirm
that Oy is strictly larger than every other parameter 2. Considering j # W, our strategy will be to come up
with a valid test for Ho w;, and then reject Ujzw Ho w; whenever we reject Hg w; for every j # W. Fixing
i # j, we start by constructing the UMPU p-value p;; for testing Ho;; : 6; < 6;. Ultimately, we will only
use this p-value to test Hy ;; when 7 is selected as our winning index, and we will correspondingly adjust the
p-value to account for this selection.

Defining the transformed sufficient statistics Y € R™ by

_Xi— X
=2

. Xi—|-Xj

Yi ;
2

Y; Yy = X, for £ #1, j, (6.8)

the random vector Y has an exponential family density given by

Go(y) = exp | (6: — 0;)yi + (0; + 0;)y; + > Oeye —(0) | G(y) (6.9)
oy,

We assume that T;(x) = z; so that our discussion more closely mirrors Hung and Fithian [2019b], although we do not need
to. Hung and Fithian [2019b] also assume that g(z) is Schur concave for other purposes, but we leave this assumption out.

2If we performed the same analysis for the nulls Hg .7+ 0; — 05 < 0 then we could verify that 0y is more than § larger than
any other 0;. Inverting these tests would result in a L(]JB for the difference 0y — max;-y 0; between the winning and next
largest parameter.
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with respect to some other base measure. It is then well-established (see Appendix B.15.1) that if we denote

the conditional left-continuous survival function of Y; and its right-hand limit as
Gij(yily—i) = Po,=0; (Y > yilY_i = y—4) Gzrj(yﬂy—i) = }Lﬁl Gij(uly—q), (6.10)
then the UMPU p-value p;; for testing Hy ;5 : 0; < 0; is given by
Py = GHAIY=0) + Uty Gy (ViIY_) = G (VIY_), (6.11)

where Ujj qus are Unif([0, 1]) random variables that are independent from each other and the data. By
Example 4, the p-value p;; is selectively dominant given Y_;.

Crucially, we can tell if X; is a winner by examining the p-value p;;. It is straightforward to confirm
that X is the sole winner exactly when Y; > maxy; Y3, —Y;. Equivalently, this happens when p;; is strictly
smaller than

a5 (Y=i) = G:S(Ifif( Yy, = Y;|Y25). (6.12)

Likewise, one can confirm that X; is one of multiple winners exactly when Y; = maxj; Y, —Y}, or equivalently

when p;; is at least q;; but at most
0 (Y=i) = Gij(rggf Yy, = Y5|Y_5). (6.13)

Moreover, in the case that there are multiple winners, the number of winners is also a deterministic function
of Y,ii
N(Y_;))=1+|{t#1 :Y}:IE;LXYkH. (6.14)

i
Note that N;(Y_;), which is always at least two, is not the same as the number of winners, which can be
one. Rather, it is the number of winners there will be if X; is a winner and at least one other X} is as well
(see Appendix B.12 for details).
Leveraging these facts, we can apply our framework to come up with a valid test for Hg ;. Essentially,
we use p;; to test Hy;; with probability one when it is less than qg, and with probability 1/N; (we randomly
select one of the N; winners) when it is between qg and ¢;;. Explicitly, letting p = p;; and Z = Y_;, we can

apply our framework with the selection function

1 ifx< q;;(z),
s(@,2) = 3 g e e g (), ()]
0 otherwise

This is a piece-wise linear function that is easy to integrate, and, after some computations detailed in

Appendix B.13, Theorem 5 tells us to reject when the selective p-value

Dij — (1 - ﬁ) (pij — 4;5)+

a5+ v (a5 — a)

(6.15)

is at most a.
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Figure 6.3: Considering three independent binomials X; ~ Bin(b, s;) with b = 4 and s; = 1/2, the first
panel (left) depicts N = 10° draws from the conditional distribution of the p-value pjo (used for testing
Hp s : 51 < 89) given W = 1 and the nuisance statistics (X1 + X»)/2 = 2, X3 = 2. When pis < ¢/, then
X is the sole winner and the p-value is selected for inference with probability one, but when p?, € [qu, q12)
there is a three-way tie and it is selected for inference with probability 1/3. Hence, the p-value’s conditional
distribution is not uniform on [0, ¢12] as Hung and Fithian [2019b] implicitly assume. The next panel (right)
displays the consequence. Conditional on W = 1, Hung and Fithian [2019b] do not maintain Type I error
control when testing H{,, at level a = 0.1 (denoted by horizontal dashed line), whereas our method does.
Error bars denote a 99% confidence interval.

The crucial difference between our derivation and Hung and Fithian [2019b]’s is that Hung and Fithian
[2019b] use the same selective p-value when there can and cannot be ties amongst the Xj. If there cannot
be ties amongst the Xy, then ¢;; = q;; always, and the selective p-value (6.15) simplifies to p;;/¢;;. If we use
Dij/qi; when ties are possible, however, we will not achieve conditional error control (as is claimed in Hung
and Fithian [2019b]). We give an example in Figure 6.3, where X € R? is composed of three independent
binomials. The left panel of Figure 6.3 depicts the conditional distribution of p1o given W = 1 for a specific
setting of the nuisances statistics Y_;. It makes it clear that rejecting when p;;/¢;; < a does not maintain

conditional error control, as is affirmed in Figure 6.3’s right panel.



Appendix A

Supplementary material relating to

column subset selection

A.1 Additional simulation details and results
A.1.1 Missing data simulation setting
We describe the distribution used in Section 2.4.1. Recall the PCSS model:

Xg~F

) (3.1, revisited)
X_s| Xs~N(p-s+W(Xs = Ep[Xs]), 07T i)

We set the ground truth subset to be S = {1,2,3,4} and let Xg have a mean-zero multivariate Gaussian

distribution with equicorrelated covariance 0.75 - I, +0.25-11T. We set 02 = 0.15. The matrix W is given

70
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below:

[ V/17/90  \/17/90  /17/90 0
V17/50  \/17/50  —+/17/50 0
VIT/50  —/17/50  /17/50 0
VITB0  —/17/50 —\/T7/50 0
0
0
0
0

—/17/50  \/17/50  /17/50
—/17/50  \/17/50  —\/17/50
—V17/50  —/17/50
~ VT —/TT/50 /1790
VIT/9  17/90  \/17/90
17/50  /17/50  —/17/50
V17/50  —/17/50  \/17/50
VI7/50  —/17/50 —/17/50
V17/50  \/17/50
—/17/50  \/17/50  —\/17/50
—/17/50 —\/17/50 \/17/50]
i —/17/90  —\/17/90 —+/17/90]

It is designed so the rows have non-zero entries of equal magnitude, rows with the same non-zero entries

Q
iy
\]
\
ot
)

O O O 0o o0 o o o
|
=
J
~
o
S

have a different configuration of signs, and the variance of each variable is one.

A.1.2 Simulation setting for selecting subset size

We describe the distribution used in Section 3.3.1. Recall the subset factor model:

Xg~F e~ (0,D) e L, ..., Lepi Cov(Xg,6) =0

(3.2, revisited)
X_g=W(Xs— Ep[Xs]) + p-s +e

We set the ground truth subset to be S = {1,...,20} and let Xg have a mean-zero multivariate Gaussian
distribution with block diagonal covariance. Specifically there are five equally sized blocks, each of which is
the equicorrelated matrix 0.5 - Iy +0.5-117. The matrix W is somewhat sparse, and the non-zero entries

are 1 or —1 with probability 1/2. We document the non-zero entries of W here:

—1 1 1 —1 1 1 1 1 1 —1 1 1 1 1 -1 -1

—1 1 1 -1 -1 1 1 1 1 1 -1 -1 1 —1 1 —1

—1 1 —1 1 1 1 1 1 1 -1 -1 -1 -1 -1 1 —1

Wiris =11 —1 1 —1 1 -1 -1 —1|,Wsgaa512= [—-1 1 1 -1 -1 -1 1 1
—1 1 —1 1 1 1 1 1 1 1 -1 -1 1 1 1 1

1 -1 -1 1 -1 -1 -1 1 1 1 1 -1 -1 -1 1 1

1 1 1 1 1 —1 1 1 —1 1 1 -1 1 1 1 1
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(101 -1 -1 1 1 1 1]

1 1 1 1 —1 1 -1 —1] —1 1 -1 -1 1 -1 -1 -1
1 1 1 -1 -1 1 1 1 1 1 -1 -1 1 1 1 1

1 1 —1 1 1 1 1 1 1 -1 1 —1 1 —1 1 —1
Wis21006 = |1 —1 1 -1 1 -1 -1 -1|,Wo2a30,13:20= |—1 1 -1 -1 -1 1 -1 1
1 1 1 —1 1 -1 -1 1 -1 -1 -1 -1 1 1 —1 1

1 1 —1 1 1 1 1 1 -1 -1 -1 -1 1 1 -1 -1

11 -1 1 1 1 -1 -1 1 ] 1 -1 -1 1 1 1 1 —1

-1 -1 -1 -1 -1 1 -1 1|

To define D, first we define the diagonal matrix D where D;; = i mod 6. Then we set D = s - D, where
we use s € R to control the amount of signal. The values of s we use are s = 0.254,0.812,2.71,9.2,30.0. The
unique factors € ~ (0, D) are generated independently of the principal variables. When the unique factors
are non-Gaussian, ten of them are Exp(l) — 1 random variables, ten are Rademacher random variables
that take value 1 or —1 with probability 1/2, and ten are ¢-distributed random variables with 3 degrees of
freedom. In the non-Gaussian case we scale the unique factors so their variance matches D. The indices of
the exponential random variables are 1,11,13,17,19,20, 23,24, 26, 27, of the Rademacher random variables
are 3,4,8,9,12,14, 21,22, 29,30, and of the ¢-distributed random variables are 2,5,6, 7,10, 15,16, 18,25, 28.
These indices were chosen from a random permutation.

We also ran the same simulations in the case where X g ~ N(0,I;), € ~ N(0,nI}) for some n > 0,
Xs L €, and the rows of W are randomly generated unit vectors. The results (not shown) are notably better

than the ones we chose to display.

A.1.3 Additional simulations for selecting subset size

We give results from additional simulations, where we repeat the simulations from Section 3.3.1 but for
different sample sizes n. Figure A.1 depicts the results for the Gaussian unique factor case and Figure A.2

for the non-Gaussian unique factor case.

A.1.4 Selecting subset size with a forward-backward algorithm

We rerun our simulation from Section 3.3.1 but now using a forward-backward algorithm to find the
smallest subset size for which we fail to reject. This is a natural choice, as forward-backward algorithms are
commonly used for model selection tasks [Borboudakis and Tsamardinos, 2019]. Our algorithm completes a
forward stage and then a backward stage. During each iteration of the forward stage, the algorithm greedily
adds the variable that results in the largest decrease of the test statistic T'(+) to the selected set. The forward
stage continues until we find a subset for which we fail to reject. Then it begins the backward stage. On each
iteration of the backward stage, the algorithm greedily removes the variable whose removal results in the
smallest increase of T'(-). The backward stage continues until removing any additional variable would result
in a subset for which we reject. Conveniently, after one such forward and backward stage, our algorithm has
converged, because removing any additional variables would result in rejecting, and there is no need to add
more variables since we have already found a subset size for which we fail to reject.

The results from replicating Section 3.3.1’s simulations with our forward-backward algorithm are given

in Figure A.3. Although the forward-backward algorithm is faster, it performs considerably worse than our
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Figure A.1: Results for the case of Gaussian unique factors. For description of the plots, see the caption of

Figure 3.1
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Figure A.2: Results for the case of non-Gaussian unique factors. For description of the plots, see the caption
3.
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Figure A.3: Replication of the simulations whose results are in depicted Figure 3.1, but now using our
forward-backward algorithm to perform subset search. For description of the plots, see caption of Figure 3.1.

swapping algorithm. Compared to the swapping algorithm, our forward-backward algorithm over selects
more often and more drastically. Also, it often selects worse subsets, in the sense that the overlap between
the variables it selects and the true population factor set is noticeably smaller. When we replicate the
experiment for sample sizes other than n = 200 as we did for swapping in Appendix A.1.3, we see the same

degradation in performance (results not shown).

A.2 DMore on selecting the appropriate subset size

In this section, we provide more details surrounding the procedures presented in Section 3.3. Recall that
we want to identify k*, the smallest k for which the data generating distribution belongs to the subset factor
model, and that the procedures we consider output l%, the smallest &k for which we are unable to reject the null
that a size-k subset is sufficient. In Appendix A.2.1 we consider the restricted case where the unique factors
are Gaussian and independent of the principal variables, and establish a test for this null with finite sample
validity. In Appendix A.2.2, we show that the same test maintains asymptotic validity in the unrestricted
case. This is immediately sufficient to imply the correctness of Theorem 4, the proof of which is detailed
in Appendix A.7.12. In Appendix A.2.3, we discuss some desirable properties of the (ideally) outputted
subset S and some practical considerations surrounding searching for it. Finally, in Appendix A.2.4 we give
a discussion that establishes the analogous procedure for the PCSS model (3.1).

Throughout we consider n > p data points ("), ..., 2(™ € R? that are sampled from some distribution

and have sample mean /i and sample covariance 3.
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A.2.1 A finite-sample test when the unique factors are Gaussian

The goal of this section is to develop a test that is level « in finite samples for the null Hy : |S| < k that
the data is drawn from from a distribution in the k-dimensional subset factor model (3.2) with Gaussian
unique factors e that are independent of the principal variables Xg. This is the set of distributions that

satisfy

Xg~F

(A1)
X_g | Xg ~ N(ﬂ—S + W(XS - EF[Xs]),D)

for some size-k subset S, where D > 0 is an arbitrary diagonal matrix. In other words, it is the PCSS model

(3.1) where the covariance of X_g | Xg is now allowed to be diagonal (rather than just isotropic).

Motivating a test statistic

Our test statistic more or less comes from a generalized likelihood ratio test (LRT). Specifically we
compare the data’s likelihood under a totally unrestricted multivariate Gaussian model to its likelihood
under a restricted multivariate Gaussian model, where the restricted multivariate Gaussian model only
considers distributions that are also in k-dimensional subset factor model. Suppose that 3 - 0. It is well
known that the minimized negative log-likelihood, scaled by 1/n, under the unrestricted Gaussian model is
given by

1 S P
3 log |2 + 5(1 + log(27))

From [Petersen and Pedersen, 2008, 9.1.2], the above can be written as
1 ~ 1 ~ ~ ~—1 p
5 log |EU‘ + 5 log |E,U — EfU,Uz:U EU,7U| + 5(1 + 10g(2ﬂ')),

for any size-k subset U. Appendix A.7.5 in the proof of Theorem 1 tells us that the minimized negative

log-likelihood, also scaled by 1/n, under the restricted Gaussian model is

=1~ P
+5(

1 A 1 . .
min = log |Xy| + 3 log(|Diag(X_y — X_p vy Su—uv)|) + 5

1+ log(2
UCpIU|=k 2 + log(2m))

The generalized LRT statistic is two times the difference in log likelihoods, and is thus given by

e . (-1
. |Diag(¥_v — X _puEy Xv-v)l
min  nlog ~ ~ — .
velplUl=F X v -2 puIy 3u,-vl

Our test statistic generalizes the LRT statistic by allowing for singular 3

T, = min T(U), T(U) =nlog < (3.4, revisited)

L e . e
|Diag(X_v — X _puEy3u,—v)
UcClpl:|U|=k

- - -
1¥_v-Y_vuIyXy,_v]

There may be size-k subsets U for which |Diag(ﬁLU — EALU’UZA];ZA]U,,UM = |§ALU — ZALU,UEA];ZA]U’,U\ =0,
and we adopt the convention that T(U) = 0 for such U. In the case that k = 0, the same reasoning tells us
that Ty = nlog (|Diag(ﬁ])|/\2\).
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Determining a critical value

We will come up with a critical value by studying the distribution of T'(S), where S is a size-k subset
for which the data generating distribution satisfies (A.1). Since Ty = ming cp):juj=1 T(U) < T(S), rejecting
when T}, is larger than the appropriate quantile of T'(S) will be sufficient to guarantee type I error control.

To study the distribution of T'(S) we leverage techniques from fixed-X Ordinary Least Squares. It suffices
to understand the distribution of 3_ 5 — N s, Sﬁ];ﬁ]&_ s, i.e, the distribution of the residual covariance from
the regression of the x(_z)s on the :cg). We are able to show that, conditional on the z(9), this covariance has
a Wishart distribution. Then, via the Wishart distribution’s Bartlett decomposition [Anderson et al., 1958,
Corollary 7.2.1], we establish that the quantiles of T'(S) are bounded above by those of

p—k ~2
n Zlog <1 + ;(]_1 ) ) (3.5, revisited)
j=2 n—k—j

In (3.5) {x?}, {X?} are mutually independent chi-squared random variables with degrees of freedom specified
by their subscript. When k& = p — 1, (3.5) should be interpreted as a point mass at zero, and the same
argument holds when k = 0.

Denoting the (1 — a) quantile of (3.5) as @y p k(1 — ), Lemma A.2.1 both summarizes this result and

also establishes finite sample validity the test that rejects when Ty > Qy p k(1 — ).

Lemma A.2.1. Consider n > p samples t(V, ... (™ € R? drawn from a distribution P that satisfies (A.1)
for some size-k set S where 0 < k < p. Then the quantiles of T'(S) are bounded above by the quantiles of
(3.5). As a consequence, P(T, > Qnpr(l —a)) < a.

A.2.2 An asymptotic test for the subset factor model

We now show that the test from Appendix A.2.1 maintains asymptotic validity for the more general null
Hy i o |S| < k that the data is drawn from a distribution in the k-dimensional subset factor model. Recall

that the k-dimensional subset factor model is the set of distributions satisfying

Xs~F e ~ (0, D) e1 L, ., Lepy Cov(Xg,e) =0

(3.2, revisited)
X_5=W(Xs — Ep[Xs]) + p-s + e

for some size-k subset S.

Lemma A.2.2 tells us that, should the data be drawn from a distribution satisfying (3.2) for some size-k
set S, then T'(S) has a pivotal chi-squared limiting distribution. The degrees of freedom match what one
would expect from Wilks’ theorem [Wilks, 1938], although our setting is much more general. The proof is a
careful application of the delta method and standard, but its result is surprising. Typically, we would expect

the limiting distribution of a statistic like T'(S) to depend on fourth moments and therefore not be pivotal.

Lemma A.2.2. Consider samples z(V, ..., ") € R? drawn from a distribution that satisfies (3.2) for some
size-k set S where 0 < k < p. With p and k fized, T(S) ~ X%pfk)(pfkfl)/Z as the number of samples n tends

to infinity.

In Lemma A.2.2 X%

k) (p—k—1)/2 should be interpreted as a point mass at zero when k = p — 1.
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Using Lemma A.2.2, Lemma A.2.3 establishes the asymptotic validity of the same test from Appendix A.2.1
under the more general null Hy j : |S| < k. Using Lemma A.2.2, we can easily show that the (1 —a) quantile
of (3.5) converges to the (1—«) quantile of the X%p—k:)(p—k—l)/2 distribution, which we will denote @ x(1—c).
Because T'(S) has a limiting distribution that admits a density, it is then immediate that the difference be-
tween P(T(S) > Qunpi(l —a)) and P(T(S) > Qp.r(1 — «)) converges to zero, and this is sufficient to imply
the result.

Lemma A.2.3. For samples V... (™ € RP drawn from a distribution P that satisfies (A.1) for some

size-k set S where 0 < k < p, limsup,, oo P(Tkx > Qnpi(l —a)) < a.

Our decision to use the quantiles of (3.5) rather than those of the X?p—k)(p—k—l)/Q distribution is inten-
tional, even though the latter guarantee the same asymptotic validity. In many practical settings, n is not
sufficiently larger than p for our asymptotic guarantees to be reflected in our finite sample results. Although
rejecting according to the quantiles of (3.5) only guarantees finite sample validity when the unique factors are
Gaussian (and independent of the principal variables), we may hope that this validity is somewhat robust to
deviations from Gaussianity. If so, rejecting according to the quantiles of (3.5) should improve performance
for smaller sample sizes while maintaining the same asymptotic guarantees.

Figure A.4 illustrates the benefits of rejecting according to the quantiles of (3.5). In Figure A.4, we
consider settings with p = 50 variables, a size k = 20 factor set S, and either n = 200 or n = 5000
samples, and plot three different distributions: (1) the limiting chi-squared distribution of T'(S); (2) the
distribution (3.5); and (3) the distribution of T'(S) in an example case where the unique factors are not
Gaussian. In this non-Gaussian example, the thirty unique factors consist of ten centered Poi(A) random
variables with A = 1,...,10, ten centered chi-squared random variables with 1,...,10 degrees of freedom,
and ten uniform random variables that range from —a to a for a = 1,...,10. The principal variables are
independent standard Gaussians and regression coefficient matrix W € R®=%)*F has uniformly random
unit vector rows. Figure A.4 has two important takeaways. First, at reasonable sample sizes, the limiting
chi-squared distribution is a poor approximation for the actual distribution of T'(S), and rejecting according
to its quantiles will lead to over-selection. Second, even when the unique factors are not Gaussian and the
sample size is reasonably small, (3.5) is an excellent approximation for the actual distribution of T'(.S). This

remained to be the case when we varied n, p, k, and the distributions of unique factors.

A.2.3 Examination of the selected subset

Ultimately, having settled on selecting a size-k subset, we would ideally the size-k subset S that minimizes
T(U). Unlike in Section 3.3, S in this section refers to any actual global minimizer of T'(U) that would be
found via exhaustive search. In what follows, we give a useful re-characterization of S.

First, we re-characterize S as an MLE. Given that T (U) is motivated by the LRT, this should not come
as a surprise. Consider the case that every (k + 1) by (k + 1) principal sub-matrix of 3 is full rank. Then

we can use [Petersen and Pedersen, 2008, 9.1.2] to compute for any size-k subset U that
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Figure A.4: In the case of p = 50 variables and a size k = 20 subset .S, the exact finite sample distribution
of T(S) for n = 200 (left) and n = 5000 (right) samples in the cases of both Gaussian and non-Gaussian
unique factors, plotted against its limiting X?p_ k) (p—k—1)/2 distribution.

~ . L1 . . . \ 1
Diag(X_yp — X _puX, Xu_ Syl|lDiag(%_y — X _puX; Xy
nlog<| lag(¥_y - UUy U, U)|> :nlog<| U|J la%( u - U,AU_ U U, U)|)
1Xu||X_v - X vy Su-vul
N . . . L1
_ <|2U||Dlag(2U -X puy 23U,U)|>
=nlog =
1%
~ . ~ ~ ~—1 ~
=n (log(|2U|) + log(|Diag(X—v — Y_vu Xy Z3U,—U)|))

—nlog(|2)

So, in this case, every minimizer S of T(U) belongs to

argmin  log(|2y|) + log(|Diag(X_p — 2,U,U2;12U,,U)|) (A.2)
uclpl:|Ul=k
Correspondingly, in this case, the subsets belonging to (A.2) are exactly the maximum likelihood estimators
for S in the restricted Gaussian model that only consists of distributions also in the k-dimensional subset
factor model (see Appendix A.7.5 in the proof of Theorem 1).

Solving (A.2) also handles the case that every (k-+1) by (k+1) principal sub-matrix of 3 is not full rank.
In this case, there must be a size-k subset U such that T(U) = 0, and we should fail to reject. However,
every (k+1) by (k+1) principal sub-matrix of 3 is not full rank if and only if the minimized value of (A.2)
is —oo. Thus solving (A.2) is sufficient to handle both cases.

We can easily modify our algorithms from Section 2.3.1 to efficiently search for a subset that solves (A.2).
We detail how to do this in Appendix A.3.

Because S results in the most empirically diagonal residual covariance, it is immediate that S asymptot-
ically (fixed p, n goes to infinity) recovers a subset that results in an exactly diagonal population residual
covariance, provided that k> k*. Unfortunately, this does not necessarily mean that S will recover a subset
S for which the subset factor model (3.2) is satisfied, because the subset factor model requires that the
unique factors are independent. We can at best guarantee that they are uncorrelated. Nonetheless, aside

from some pathological cases, we can guarantee recovery.



APPENDIX A. SUPPLEMENTARY MATERIAL RELATING TO COLUMN SUBSET SELECTION 80

Lemma A.2.4 uses the following less restrictive version of the subset factor model to state our recovery

result:

Xs~F e ~ (0,D) Cov(Xgs,e) =0

(A.3)
X_s=W(Xs - Ep[Xg]) + p-s +e

Lemma A.2.4. Consider samples (V... , 2™ € R? drawn from a distribution P that satisfies (A.3) for
some size-k set S. Suppose that P has population covariance 3 such that 3g = 0. Then, with probability

one, P eventually satisfies (A.3) with S as the number of samples n tends to infinity.

A.2.4 The PCSS model

We provide an exactly analogous discussion for the PCSS model (3.1). Recall that the k-dimensional
PCSS model is the set of distributions satisfying

Xs~F
) (3.1, revisited)
X_s| Xs~N(p-s+W(Xs — Ep[Xs]),07Ip—p).
for some size-k set S. Again, our procedure returns IAc, the smallest k for which we fail to reject the null
Hy : |S| < k that the data generating distribution belongs to the k-dimensional PCSS model. Like before,
we provide a test for this null that is valid in finite samples and we comment on some qualities of the selected

subset S. Because the PCSS model makes a Gaussian assumption, we do not need to discuss asymptotics.

Motivating a test statistic

Like in Appendix A.2.1, we consider a generalized LRT. Specifically, we compare the data’s likelihood
under a totally unrestricted multivariate Gaussian model to its likelihood under a restricted multivariate
Gaussian model, where the restricted multivariate Gaussian model only considers distributions that are also
in k-dimensional PCSS model. Again, suppose that 3 > 0. Identical reasoning as in Appendix A.2.1 along
with computations from the proof of Theorem 1 (see Appendix A.7.5) imply that the LRT test statistic is

A —1 A

A A pik
(Ty(z,U -3 vy Bu-v)/(p - k))
nlog

UCplU|=k Sy -3 S, Su_ul

Again, we will consider a generalization of this statistic that allows 3 to be singular:

. . A+ 2 p—k

B N B (Tr(ZLU -X puEy2u-_v)/(p— k))
T, = min T(U), T(U) =nlog - " T
UClplUI=k Y v -Y_vuEyXy,_v]
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Determining a critical value

Like in Appendix A.2.1, we will consider a size-k subset S for which the data generating distribution
satisfies (3.1) and study the distribution of T(S) For simplicity we will assume that the principal vari-
able distribution F' admits a density. Like before, the residual covariance still has a conditional Wishart
distribution, and we can use the Wishart’s Bartlett decomposition to show that T' (S) has distribution
p—k

~2 p—k o n
X{p—k)(p—h—1)/2 T 225=1 Xn—k—j p
nlog ( e 7 ) / H X%ikij (A4)
=1

In (A.4), {x?},{X?} are mutually independent chi-squared random variables with degrees of freedom specified
by their subscript. Defining @n,p,k(l — «) as the (1 — «)-quantile of (A.4), Lemma A.2.5 establishes a valid
finite sample test for the null Hy : |S| < k.

Lemma A.2.5. Consider n > p samples (V... 2™ € RP drawn from a distribution P that satisfies (3.1)
for some size-k set S where 0 < k < p. Suppose further that P admits a density. Then f(S) has distribution
(A.4) and, as a consequence, P(fk > Qvn%k(l —a)) <a.

Proposition A.2.1 establishes error control of our procedure for the PCSS model. It is analogous to
Theorem 4.

Proposition A.2.1. Considern > p samples (1), ... (™ € RP from a distribution P that admits a density
and let k* be the smallest k for which P belongs to the k-dimensional PCSS model (3.1). Ifl% is the smallest

k for which the test statistic fk is not strictly larger than the critical value @n,p,k(l — «), then
Pk > k*) < a.

Examining the selected subset

As in Appendix A.2.3 we ultimately select the subset S that globally minimizes f(U) Like before, we
can characterize this subset as an MLE. Supposing that every k by k principal sub-matrix of 3 is full rank
and no size-k subset empirically perfectly linearly reconstructs the remaining variables, similar computations

to those in Appendix A.2.3 shows that a size-k subset U minimizes T(U) if and only if it solves

argmin log [Sy| + (p — k) log(Tr(Z_y — E,U,Uﬁ];lﬁ]Uy,U)/(p —k)) (A.5)
Uclpl:|U|=k
Under the same conditions, it is also true that U solves (A.5) if and only if it is the MLE for S in the
restricted multivariate Gaussian model that only contains distributions also in the k-dimensional PCSS
model (see Appendix A.7.5 in the proof of Theorem 1)

If the conditions from the previous paragraph are not met, it is unfortunately the case that the subset
that minimizes f(U) may not solve (A.5). The conditions from the previous paragraph are not met, however,
if and only if the minimized objective of (A.5) is —oo. Solving (A.5) thus warns us if this is the case, but it
is not totally sufficient as was true in Appendix A.2.3.

We show how to search for the subset that solves (A.5) using Section 2.3.1’s algorithms in Appendix A.3.
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Criterion/Method Algorithm 1 Naive

McCabe’s First Criterion O(min{p?k, pk>}) O(p*k) or O(pk™)
McCabe’s Second Criterion O(p?k) O(p*k?)
McCabe’s Third Criterion O(pk) O(p*k?)
McCabe’s Fourth Criterion O(p*k) O(p3k?)

Table A.1: A time complexity comparison of our algorithms to the naive algorithms that, when features are
added or removed from the current subset, recompute the objective as written with no optimizations. The
reported time corresponds to one complete run of Algorithm 1 or one iteration of Algorithm 2. McCabe
himself pointed out that his first criteria of minimizing |[¥_g—3_g 5251237_ 5| is equivalent to maximizing
|Xs|, so we report the naive time complexities for both versions of the objective.

Analogous to Lemma A.2.4, Lemma A.2.6 uses the following generalization of the PCSS model to state

a subset recovery result:

Xsg~F €~ (0,0°1) Cov(Xgs,e) =0
X_g= W(XS — EF[Xs]) + U—_g + €.

It says that S eventually will result in a isotropic population residual covariance.

Lemma A.2.6. Consider samples V), ... 2™ € RP drawn from a distribution P that satisfies (A.6) for
some size-k set S. Suppose further that, at the population level, some set of k variables perfectly linearly
reconstruct the remaining. Then, with probability one, P eventually satisfies (A.6) with S as the number of

samples n tends to infinity.

A.3 Efficient subset search for other objectives

To modify Algorithm 1 and Algorithm 2 to perform subset search under a new objective we simply need
to alter f in (2.3) so that ¢ ¢ U C [p| that minimizes f(i, -) also minimizes the new objective over the subsets
U + i. In this section, we explicitly give f(i,-) that allow us to search for subsets that minimize T'(-) (see
Section 3.3), f() (see Appendix A.2.4), and McCabe’s other three criteria. We generalize all of McCabe’s
criteria by changing inverses to pseudo-inverses, thereby allowing for singular 3.. Correctness of our proposed
f.(4,-) are implied by derivations in Appendix A.7.17.

For McCabe’s criteria, Table A.1 contrasts the time complexity of our algorithms with that of naive
implementations. In the naive implementation, the practitioner recomputes the objective as written with
no optimizations when adding/removing elements to/from the current subset. For both our algorithms and
the naive implementation, the time complexity of searching for subsets that minimize 7'(-) and ZN“() matches

that of McCabe’s second criterion.

Minimizing 7T'(-): The discussion in Appendix A.2.3 tells us that it suffices to find a subset that minimizes
log |Xs| + log(|Diag(Xr(x_s,x5))|). To perform this search, use

U Brx,xy)) = 10g((Zrix,x0))ii)

+ Z log ((ER(X,Xu))jj — (Brex,xo))i/ (Brxx0) )i - f(zR(X,XU))ipo)
JEU+i
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Minimizing T() The discussion in Appendix A.2.3 suggests finding a subset that minimizes log |Xg| +
(p—k)log(Tr(Xr(x_s,x5))/(p—k)). If the objective value is not —oo then solving this problem is sufficient.

Otherwise we cannot say anything concrete. To perform this search, use

J(1, U, Brix,x)) = log((Br(x,xu))ii)

+ (p — k) - log (TT(ER(X,XU)) — (B rex,x0))eill3/ (ZRrex,x0))ii - I(ER<X,XU>),;,;>0)

McCabe’s first criterion: McCabe’s first criterion suggests selecting a subset that minimizes |X_g —
2_575251257_5|. We generalize this to selecting the subset which minimizes |[Z_g — 2_5752§257_5| =
| r(x,x5)|- For simplicity, we will assume that there exists a size-k subset such that [Xg| > 0. If this is
not the case, then every size k subset has redundant variables which can be perfectly linearly reconstructed
by other variables in the subset, and the practitioner should use a smaller subset size. To perform subset

search according to McCabe’s first criterion use:

J(6, BRr(x,x0)) = —(BRr(x,x0))ii

Alternatively, as we add/remove variables to/from U, we can keep track of E§ instead of X p(x x,) using
[Petersen and Pedersen, 2008, 3.2.7] and instead use

f0,2,3) = (2 — TwEHEwm)

Lemma 1 implies that this is equivalent to our earlier suggestion, but it has smaller time complexity when
k< \/p.

McCabe’s third criterion: McCabe’s third criterion suggests selecting a subset that minimizes [|X_g —
E,S,SE?ES’,SH%. We generalize this to selecting the subset which minimizes ||2,S—2,S,SE§257,S lF =

[Er(x,x6)ll%- To perform subset search according to McCabe’s third criterion use:

fli 2R xe)) = [1B113/8:)% = 28T B r(x,x0)B/Bi] - 13,50
where 8 = (Zpr(x,xy))ei-

McCabe’s fourth criterion: McCabe’s fourth criterion suggests selecting a subset that maximizes

Tr(E:é.E_&sEglES,_S). This is equivalent to maximizing the sum of squared cannonical correlations
between Xg and X_g. We generalize this to selecting the subset which maximizes Tr(X 7T g3 g, SZ%E $,—-5)
which has the same interpretation in the more general case where X is singular. Consider a currently selected
subset U. Fixan i ¢ U and let V = U +1i. Take j and h to be the rank of 7 in V and —U respectively. So, for
example, (3v);; = X;; and (E_y)pn = Xj; Then, to perform subset search in accordance with McCabe’s

fourth criterion use

FOUE, BRX 0. X0) BR(X0.X ) 2ty Bf) =
BTEY B

Vv
B I/3J>0 - I(ER(X_U,XU))hh>0
J

Tr((z\t)—])—jER(XU,Xfu)) +
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where f = 3y; — EV’,VEfVE,V,,», and we compute 2$ from E‘[E and Efv from E‘_”U using [Petersen and
Pedersen, 2008, 3.2.7]. We keep track of £7; and =7, as we add/remove elements to/from U using [Petersen
and Pedersen, 2008, 3.2.7] and keep track of Xp(x_, x,) and Xr(x, x_,) using Lemma 1 as usual.
If ¥ > 0, then we can give an exact closed form for the replacement f given above:
o ﬁij,}lﬂ_j (aTB,j)Q _ aTzR(XU,X,U)a —|— QOKTB_]‘ — ﬂj

U, 2, % 205,200 = —~
f(za U7 9 R(X_U,XU)7 —U> U ) BJ 6/@] 5

where a = Eglﬁm, 0 =3 — X;ya and 8 is as before, but now we can explicitly compute Efv =2} =
() hn— (Bv) nn(E—v)h—n/(Z_v)nn. Also, as we add elements to U, [Khan, 2008] now allows us
to keep track of X7 = 251 and EfU = E:b with simpler closed form updates.

A.4 The high-dimensional consistency of CSS

In this section we characterize a high-dimensional setting where the size-k CSS estimate (1.1) one gets
from the sample covariance is consistent for the size-k CSS solution according to the population covariance
(2.1). In particular, we fix k£ and imagine observing n samples from a distribution P over RP, where p is
possibly growing with n. We denote the population covariance under P as X € Sﬂxz’ . Our analysis applies
in the proportional asymptotic regime, where p/n converges to a constant. For the result to apply, P must

satisfy three assumptions as n grows.

Assumption 1 (Light-tailed data). The sub-Gaussian norm (see [Vershynin, 2018, Definition 2.5.6]) of

each variable is bounded above by a constant independent of p and n.

Assumption 2 (Low-dimensional invertibility). The minimum of the smallest eigenvalues of all the k X k

principal sub-matrices of 3 is bounded below by a positive constant independent of p and n.

Assumption 3 (Separation). For some 6 > 0, the achieved CSS objective for the population best subset

S* = argmin Tr(X — Z.SZ%E.S)
SClpl,|S|=k

is well separated from the objective achieved by any other subset

Jnin TH(E — BesTETeg) — Tr(E — Bog- BF Bose) = Q(pV/210)
Note that Assumption 2 is much weaker than assuming a lower bound on the minimum eigenvalue of X.
Under Assumption 2 , 3 can still be singular.
Under the above three assumptions, Theorem 11 guarantees that the in-sample CSS solution is consistent

for the population CSS solution.

Theorem 11 (High-dimensional setting where CSS is consistent). Suppose we observe samples A N M=
RP with sample covariance 3 € STP from a distribution P with population covariance ¥ € Sﬁxp, Fiz k, and

consider the proportional asymptotic regime where p/n converges to a constant as n,p — oo. If P satisfies
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Assumption 1, Assumption 2, and Assumption 3 as n,p — 0o, then any in-sample CSS solution

S’ € argmin TI‘(XA] - 2.52;2.3)
SClpl,|S|=k

is consistent for the population CSS solution

S* € argmin Tr(Z — Z.sXi ),
SClpl,|S|=k
i.e.,

lim P(S=8*) =1.

n—oo

Note that, by Assumption 3, the population CSS solution S* is eventually unique.

The rest of this section is a proof of Theorem 11. We use || - ||2 to denote the spectral norm of a matrices.
We denote the sorted eigenvalues of a positive semi-definite matrix A € Sixq as A\ (A) > --- > X (A) > 0.
For a matrix M € R?** we denote its sorted top-k singular values as s;(M) > --- > s5(M) > 0. We use
¢; to denote positive constants that are independent of n and p. If we introduce a new c¢;, that means that

such a ¢; exists. Also, we make use of the stochastic calculus notation of [Vaart, 1998, Chapter 2].

A.4.1 Central argument

First we consider the case that X ~ (0,X), X € STP is mean-zero and let iij =n"t 22:1 XZ-(Z)XJ(-K) be
our estimate of ¥ = F[X X "]. We will use the notation

Obj(Q,U) = p~1/27Tr(Q — Qe Q5 Q).

~1/2=6  Qur goal is to show that 5',

to denote the CSS objective for the covariance €2 € SﬂXP , scaled by p
which is a minimizer (break ties randomly) of Obj(f],S) for size-k subsets S, is consistent for S*, which
is the minimizer of Obj(X,S) for size-k subsets S. By Assumption 3, Obj(X,S) eventually has a unique
minimizer.

Assumption 3 tells us exactly that
min Obj(X — Obj(X,5") =Q(1
S#IS* J( I S) -]( ? S ) ( )7

If we show that
A(S) = 0,(1 A(S) = |Obj(%, §) — Obj(=
scimax (5) = 0p(1), (S) = |Obj(Z, S) — Obj(X%, )|

then S will be consistent for $* via the following argument:
P(S = §*) = P(Obj(%, 5%) < min P(Obj(%, S))
~ 1
S . . AL .
> P(Sg[r;]lflwglzkA(S) < 2(5%1 Obj(%, 5) — Obj(%,57)))

=1-o0(1)
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Considering an arbitrary size-k subset S, we fix t > 0 and devote the rest of the argument to showing that

PA(S)>t) =0 ((i) _1> : (A7)

Then, the fact that maxgcp):|s)= K(S) = 0,(1) follows trivially from a union bound.

We start by re-writing &(S ). For two square positive semi-definite matrices A and B, von Neumann’s
trace inequality [Mirsky, 1975] implies that |Tr(AB)| < |Tr(A)||Tr(B)|. Then, for four square positive
semi-definite matrices 2&, B, A, and B, we have that

ITr(AB — AB)| = |Tr(AB — AB + AB — AB)|

< |Tr(A(B - B))| + |Tx((A — A)B)]
< |Tr(A)| - [Te(B - B)| + [Tr(A — A)| - [Tx(B)).

Using this fact we can reconfigure K(S)

A(S)

=p TS - S0s55 Bsa) — Ta(S - BasTESsa)|

<p 2 Ti(E - 3 +p*1/2*5|Tr(§15.§3.s§3; — T5eesT)|

<p V2O(E - B)| 4 p 2T (s Bas)| [T (Eg — T+ p V2 TS50 Bas - BsaTas)| - [T(Sh)|
<p 5|Tr(2 )| +p 1/2= 6|T1"(25.2.s IR |Tr(25 2+)|

_ =t _
+p 2T (BgeBas)| - [Tr(Bg — 25| + 07270 Tr(ZseBes — BseTas)| - [Tr(ZF)|

We can further bound some of these terms. We know from Assumption 1 that max;ep,) 3i; < ¢ and
therefore also max;e(y] jeip) 2] < c1, 50 |Tr(BseXes)| < kpmaxicipy) jep] Efj < cop. We also know from
Assumption 2 that |Tr(E1)| < k||Z5" |2 < c3. Hence, we have

AS) < p V2OT(E — )] 4p 2T (EsuBs — BsaZas)| [T (Sg — 25|
Ai(S)
oo p 2 Te(Eg — B5)| +esp 20 Tr(BseBas — BsaZas)|
Asz(S) A5(8)

If we provide appropriate tail bounds for the E,-(S ), i.e. show that for any ¢ > 0 that

P(A(S)>t) =0 ((i) _1> ,
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where the right-hand-side bound is independent of S. Then it is straightforward to establish the tail bound
(A.7) for A(S). We devote the rest of the argument to establishing this tail bound for A;(S), Ay(S), and
As(89).

A.4.2 Establishing tail bounds
Tail bound for 81(5)

We start by getting a concentration bound for the entries of ENIW Using the Orlicz norm notation from
Section 2.7.1 of Vershynin [2018], Assumption 1 implies that || X;|ly, < cs. We can use [Vershynin, 2018,
Lemma 2.7.7] to see that || X; Xy, < | Xl | Xj]lw, < 5 implying that all the X;X; are sub-exponential.
For any x > 0, [Vershynin, 2018, Corollary 2.8.3 ] gives the following concentration bound for the entries
S

P(|Z~)ij — %] > 2) < 2exp (—cgmin (22, ) n) (A.8)

Now, we use the union bound along with our sub-exponential concentration result

p
P(A(S) > t) < P(p~ /%79 Z |2 — 2| > 1) (triangle inequality)
i=1

IA

1
2p exp (—06 min (np71+25t2, np71/2+6t)) (sub-exponential concentration)
1

Tail bound for A,(S)
~2
To get a tail bound for Ay(S) we need a concentration result for ;. Fix some constant c¢; > 0 and

define Eij = max{|2X%;; + ¢7|,|2%;; — ¢7|}. Two things are true. First, if |§ij + 3 > Eij, then it must be

P
< Z P (|E” — | > p_1/2+6t) (union bound)

ElS]

the case that |§)ij — 3] > ¢7. Second Ez’j < cg for some constant. Considering some x > 0, we can now get

. =2
a concentration result for 3.

P (|§fj ~22 > x)

=P <|§72] - 212]'| >z, |§U + 3451 < EU) +P (|§,2J - 2?j| >z, |§” + 3] > Elj)

<P <|§ij — X > x/éij) + P (liij + X5 > gz‘j)

<P <|§3m — 2] > 95/08> +P (\iw -3 > C7> (definition of EU)

< 2exp(—cg min (2%, ) n) + 2exp(—cion) (sub-exponential concentration)

With this result under our belt, getting a tail bound for &2(5 ) is straight-forward.
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P(Ay(S) > t)

P
~2
< P(Pil/zfé Z Z 12 — E?j| > 1) (triangle inequality)
€S j=1
P ~2
= ZZ-’D <|Eij - 212]" > k_lp_1/2+5t> (union bound)
i€S j=1
~2
< 2pkexp (—cn min (np71+25t2, np71/2+5)) + 2pk exp(—c1on) (concentration for %)

Tail bound for A;(S)

We will get a tail bound for A3(S) via a concentration inequality for the singular values of X .5251/ ’e
R™** where X9 € R"** is random matrix with i.i.d samples of Xg as rows. Essentially, concentration of
these singular values this will imply concentration of the eigenvalues of f);l

Using Assumption 1 and Assumption 2, we can show that the rows of X .5251/ 2 e R are isotropic

sub-gaussian random vectors with bounded sub-gaussian norm:

—1/2 —1/2
1Z5"* Xslly, = sup [[(Z5"*Xs) 0]l

[lv]|2=1
—1/2
Xg( Es / v >
1=5" %0l

—-1/2 -
<I=57%2 sup 87 Xs |l

19]]2=1

= sup
loll2=1

2

k
— 1/2
<151 1% sup S il | Xs

lloll2=1"=,

_ 1/2 ~
< |=5" 1% max | X;[ly, sup [3[h
i€[p]

"5 2=1

< ci12.

Note that in the above v, 7 € R¥ have fixed (non-growing) dimension because k is fixed. [Vershynin, 2018,

Theorem 4.6.1], then tells us that there is a constant ¢13 such that for any = > ¢;3,

P (m%s]( \Si(X.SE?/Q) — n1/2| > m) < 2exp(—cia(z — 013)2), (A.9)
1€

To apply this result we need to note two facts. First, whenever the first k singular values of X .SE?/ 2

are positive, that means that 2;1/ 2%52}9/ % is invertible, so is must be invertible. Second, whenever is is
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invertible,

~+ ~—1 _
Tr(2g — B8 = Te(Zs — )]
~—1
= |Tr(Zg s — I)Zg")|
~—1
<Tr(Zg Bs — I)||Tr(Sg")|
_ 1/2& 1 1/2
< kIS5 (BY Sy BY° - 1)
-1 —1/2& —1/2\—1
<EZg 2 Te((Bg " EsXg7) 7 — 1)

< K= ol max s * (02 X s B 1) 1)

<5 m%@)}( \S;Q(nflmX.SE;l/Q) —1]
i€

where we have again made use of Assumption 2. To finalize our argument, we will need to make use of the

following lemma.

Lemma A.4.1. Fiz some a € (0,1). There exists some b > 0 such that for all x >0
lt —1|<a = blz —1| > |z7% - 1] (A.10)

Proof. If =1 the right hand inequality is always true, so consider x # 1. If |x — 1| < a, then

|[2=2 — 1] B 11— 22|
e —1] 22|z —1]
1+
)
2+4+a
T (1-a)

So we can take b = (2 +a)/(1 — a)?. O
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Now we can prove the tail bound for As (S). Fix some c16 € (0,1). Then for large enough n,

P(£3>t)

<P (;Dl/25|Tlf(§3Jsr -9 > t, max [si(n 2 X 535 1%) — 1] < C16>
1€
+P (mé[%k)]( \Si(ﬂil/zXoszgl/Q) -1 > 016)
1€

SP(?é?Is]dS X B ) 1 > e max (2 X s ) — 1) <>

+P <I;I€lf[ik}]( \si(n’l/QX.SEgl/Q) -1 > 016)
(g is invertible on the event)

<P (m?,sf fsi(n ™2 X 0535 %) = 1] > v ma i P X s 251 - 1] < )
1€ 1€

+P (mz[xk)]( \si(nfl/ZX.SZ];l/Q) -1 > 616)
i€
(Lemma A.4.1 with a = ¢y4)
<p (m?; 5:(Xas35"/%) — nt/2| > clsnl/Zp—1/2+5t) P (m?kx 5:(X a5 35 "/%) — nll2) > n/)
S 1€

< 2exp(— clg(nl/Qp 1240y _ 020)2) + 2exp(—021(n1/2 —c92)? )

., ((g)”).

A.4.3 Estimation with mean

(apply Equation (A.9) once n large enough)

Now we allow X ~ (p, 2), % € S§”? to have a non-zero mean. Now with

S 712 XO )y (x© T

we still let S be a minimizer of Obj(2, S) (with ties broken randomly). Also still we let S* be the (eventually
unique) minimizer of Obj(X,S) for size-k subsets S. Now we define S to be the minimizer of Obj(3, S)

(with ties broken randomly) where

_ Vi i 0 N . _ [
12 () ()_N)T7 N:nlin()v
=1

and we want to show that $ is consistent for S*.

By our earlier arguments, we know that

max  A(S) =o0,(1),  A(S)=p /*"’|Obj(E, ) - Obj(3, 9)|
SClpl:|S|=k
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If we can show that also

A(S) = o0,(1 A(S) = p~/2H510bi(3, ) — Obj(Z, S)|.
somax (8) = 0p(1), (S)=p |Obj(X, S) i(Z,9)]

then we have consistency, because

P(S = S%)
= P(ODbj(%,8") < min P(Obj(X, 5))

" 1 ~ 1
- | [P, 1 _ Obi(®. §*
> P(ch]lagsl_kA(S) < 4(51&15{1 Obj(%, 5) — Obj(%, 5 ))7ng§‘:kA(S) < 4(51%1* Obj(%, 5) — Obj(%, S )))

=1-o0(1)
Again, we consider an arbitrary size-k subset S, fix t > 0, and devote the rest of the argument to showing
that .
PA(S)>t) =0 ((i) ) :
Then, the fact that maxgcpy):|s|=k A(S’) = 0,(1) follows trivially from a union bound.

Again we reconfigure K(S) and bound it, similar to how we did before.

A(S)
= p VTS - Bes 8 Bsa) — Tr(E - £0s55 8|
< VTS - B[ 4 p 2 Te(Sge Sas S — is.i.sizn
< p 2| Te(S — )| 4 p V2 Te(BgeSas)| - [Te(Ee — B5)| + 9 V2 Tr(BgeSas — EseSes)| - |Tr(E0)]
<p V2T = B)| +p 2 T (B0 Bes — BgeTas)] - |TF(ES Es)|
+p T (E0aBas — SgaBas)| - Te(Eg — Fg)| +p7 /27 Te(BsuZus)| - [Tr(Sg — )|

+p 2T Ses — SseTas)| - [Tr(Dg — S0+ 2 Tr(EseBes — ZsgeTas)| - [TH(ZF)|
< p V2 TS — ) 4 p V2 (B e Ses — SgeSes)| | Tr(Se — St
S S
A1(S) As(S)

— st S} S
F V2 (B Bas — SgeTas)| - [Tr(Bh — Zo)| + o pt/ 2| Te(S g — S|

As(S)

—1/2— & & S S =+ 1/9_ PN ~ ~
P VT (EgeBes — BseDes)| - [Tr(Zg — )| +e3p /20 Tr(BgeSes — ZseZes)|

As(S) Az (S)



APPENDIX A. SUPPLEMENTARY MATERIAL RELATING TO COLUMN SUBSET SELECTION 92

Our above results already imply tail bounds for the A;(S), i.e., we know for any ¢ > 0 that

P(A(S) > 1) =0 ((i) 1) :

~

We know show the same tail bounds for the A;(.S), i.e., we show for any ¢ > 0 that

P(A(S)>t) =0 ((ﬁ) _1> ,

It is then straightforward to establish the required tail bound (A.7) for A(S).

Prior to proceeding, we note it is easy to verify that

Tail bound for A;(S)

By Assumption 1, the X; are sub-Guassian and max; || X;||y, is bounded by some constant ca3. Therefore,

[Vershynin, 2018, Theorem 2.6.3] gives us sub-Gaussian concentration, i.e., for any = > 0:
P(|f1; — pi| > x) < 2exp (*62415271) .

We can then get our tail bound by applying a union bound.

P(Ay(S) > t) = P(p'/*7° Z(ﬂi — wi)® > 1)

P

< ZP (|ﬂz —pl > (tp_1/2+5)%) (union bound)
i=1

< 2pexp (—024tnp*1/2+5) (sub-Gaussian concentration)

()

Tail bound for A,(S)

~ .2 =2
As was the case for Ay(S), it suffices to examine the different ¥,; — X,;. Fix some constant cg5 > 0 and

define Eij = max{2%,; + c25,23;; — co5}. Two things are true. First, rewriting

B+ iy = 285 + 2(2y; — By) + (B — )

makes it clear that |ﬁ]l] —|—Z~]ij| > Eij implies that either 2\f]ij —X,;| > ca5/2 or |53” — ENJ”\ > c95/2. Second,

Eij < c9g for some constant. Thus for any =z > 0,
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~ 2 ~2
P (185 - 551> =)

~ 2 =2 ~ =~ ~ ~ 2 =2 ~ ~ ~
_p (|2ij S B I S Bij) 4P (|2ij S D S S I Bl-j)
<P (|ﬁ]” — iij| > Jf/éi]‘) + P (|ﬁ]ij + il]‘ > éij)
<P (|2” — iij| > CL‘/CQG) + P <|§3” — Eij| > 025/4) + P (|ﬁ:ij — il]l > CQ5/2>

(definition of Eij and union bound)
= P(|fu — pal - |5 — pg| > x/c26) + P (|§z’j - 3] > 025/4) + P (|1; — il - |frj — pj| > c25/2)
< Pl — pal > (x/c26)"?) + Pty — sl > (x/c26)'/?) + P (|§~:ij — 3] > 025/4)

P (I = il > (es/2"2) + P (It = | > (e25/2)' )

(union bound)

< dexp(—ca7an) + 5 exp(—casn)

(sub-Gaussian and sub-exponential concentration)

We can finish the argument the same way as we did for Ay (S).

P(Ay(S) > t)

p
<P(p /0 Z Z \22 - i?ﬂ > t) (triangle inequality)
i€S j=1
P L2 =2
- Z Z P (|2ij -2 > kﬂp*l/ﬂét) (union bound)
i€S j=1
< 4pk exp(—czgtnpfl/ﬂ‘s) + 5pk exp(—c3on) (concentration for ﬁ]fj)

()

Tail bound for A;(S)

We first develop the following bound, which holds whenever both S and > s are invertible.

A+ = -1 ~-—1
|Tf(25 - 2s)\ = \TI"(ES -3 )|
1wl/2, a1 =1 w1/2
= |(=5'sY% (S - 25)2Y7)
< RIZF e - Tr (25185252 + 25123 - )= 7 - (2512830 )

< e |Tr (8557855512 + 251785 - Sy 71 = (2517863517
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1/2

Crucially, we can show that |25/ %(3g — iS)Zgl/zHg concentrates to zero. For any x > 0, we have

P25 (25 — 29)85 2|, > 2)
< P(|Es — Zsl2 > |25 15 2)
< P(|Es - Sslr > =55 )

< ZZP(MZ — il - g — g > 2G5 %) (triangle inequality + union bound)
i€S jes

< SO Pl — il = kS5 3 + P — gl = k55 ) (nion bound)
i€s jes

< 4dexp(—czr?n) (sub-Gaussian concentration)

Henceforth we refer to |\E§1/2(ﬁ15 - f)s)Zgl/zHQ as E. We will need the following lemma.

Lemma A.4.2. Fiz some a > 0. There exists b > 0 such that for all z,y > ¢
27—y < bla —y] (A.11)
Proof.

T —y 1
g<*|$*y\

— 2

I71 o yfl‘ _
Ty C

So one can take b= 1/c%. O

The Bauer-Fike theorem [Bauer and Fike, 1960] tells us that every eigenvalue of 2;1/2232;1/2 + FE
is within ||E||; of an eigenvalue of 2;1/225251/2
251/2§SE§1/2 + FE is invertible, so is ﬁ)s. Using Bauer-Fike, we find whenever is and 25 are both

invertible that

. Note that because g is always full-rank, whenever

‘Tr ((251/22‘;2;1/2 n 2§1/2<2S _ §5)2;1/2>_1 _ (2?/2252?/2)_1)‘

IA

1 1
k 52 — - ——— — (Bauer-Fike)
(mzs”zzszs”ﬂ —|El:  n(S57Esz5%) + ||E||2>

1 1
k<2§ S0P Bl (X250 + |E >
5 XesXg 7)) — [|Ell2 s1(XesZg ") + || B2

where /)Z.s = X5 — 1uF.
Now we can get our tail bound. Fix some c33 € (0,1) and also some c34 € (0, (1 —c33)?). We see for large

enough n that
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P (83 > t)
<P (pl/”m(ié — B9 > tomax s (0 KusB5 ) — 1] < e | Bl < )
1€

+ Plnax lsi(n™ X o551 — 1] > e3) + P(IEll2 > e3a)

(union bound)

<P (|s1 XesXg 1/2) — si(f)\f.gﬁgl/zﬂ + 2| E|2 > 035k:_1p_1/2+6t,n€1%€>]< \si(n_l/Q,i.sEgl/Q) —1] < es3,||Ell2 < 034)

+ Plmax]s; i(XasZ5"%) = 02| > cyyn'/?) + P(|E||> > c30)
1S

(both g and f)g invertible on event, apply Lemma A.4.2)
< P (1s3(Xas%5"%) = sH(XosZ5 %)) > cagp/24)
+ P(||E||y > c37p~/?T01) —|—P(maX|sz( 5257 =02 > n'eg5) + P(E||2 > cs4)
(union bound)
< P (183(XasB5'%) = sHXosZ5/2)| > caop/21%1)

+dexp(—casp™ Tnt®) + 2exp(—eso(n'/? — ca0)?) + dexp(—cain)

(earlier concentration bounds once n is large enough)

The last three terms are o ((i)_l), so all that remains to show is that the first term is as well. By a

union bound

P (1s3(XasZ51%) = s (X551 2)| > caop1/2401)

< P (1s3(XasZ5 %) = 11 > caap™ 20 + P (153 (KasZ51%) = 1)) > caap™/21)
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Thus, letting c43 = max{|2 — c44], |2 + ca4|}, it suffices to see that

p (Igé%ﬁ 52012 X 535 %) — 1] > C42p‘1/2+5t>

=P (Hé?lg]( 5202 X 525" — 1] > caap /0 ma |5:(n " X o525 %) +1] < )

+P (mé{%{ |si(n71/2§.5251/2) +1] > C43)
1€

<p (m% |5:(n "2 X 585" — 1] > %pl/zw) +P <m?]§]< |5:(n "2 X 585" %) — 1] > )
S 1€

<P <Hé&[l]§]< 5:(X s 35 %) — 2] > C45n1/2p1/2+%> P (Hé%s]( 5i(| K usE5 /%) = nll?| > 644?11/2)

< 2exp(—cag(n'/?p 70t — c47)?) + 2exp(—cas(n'/? — c0)?)

(Apply Equation (A.9) once n large enough)

where we have applied the same technique as we did for 32(5’).

A.5 Additional theoretical results

A.5.1 Estimation error of regression coefficients

In this section, we use the finite sample bounds we developed in Appendix A.4 to study the regression

coefficients from the regression of X_y on Xy, where U is some size-k subset. More concretely, we aim
- A1

to measure the quality of the observed regression coefficients 3_y; %, as an estimate of the population

regression coefficients E,U’UEgl. We will use the 2-to-co norm to measure our estimation error,
~ A —1 —1 o —1la —1
1X_vovEy —Z_vvE; 2o = max 13y Yu; — 3y Zuje.
Fi

Considering variables j ¢ U, the 2-to-0o norm captures the worst-case L? estimation error for the regression
coefficients from the regression of X; on Xy. Because our analysis comes from finite sample bounds, it
applies even in the high-dimensional where the number of variables p and the sample size n are comparable
in size. Along with providing a bound that holds for a specific subset U, we also provide a bound that holds
uniformly over all size-k subsets. Because it is uniform, it is informative even for a subset that is chosen by
a possibly complicated and non-deterministic CSS algorithm.

Proposition A.5.1 states our error control result. In Proposition A.5.1, we adopt two of the assumptions

from Appendix A.4, this time also requiring that constants be independent of k:

Assumption 4 (Light-tailed data). The sub-Gaussian norm (see [Vershynin, 2018, Definition 2.5.6]) of

each variable is bounded above by a constant independent of n, p, and k.

Assumption 5 (Low-dimensional invertibility). The minimum of the smallest eigenvalues of all the k X k

principal sub-matrices of 3 is bounded below by a positive constant independent of n, p, and k.
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Proposition A.5.1. Consider observing samples V... (™ € R? from a mean-zero distribution X ~ P
satisfying Assumption 4 and Assumption 5, and let S=n! Dy 20 (J?(i))—r denote the sample covariance.
For a size-k subset U, let M be the sub-Gaussian norm of Xy and set B = max;qy | Xujl2. Then for any
te(0,1),

(”ﬁ] ﬁ] ! - 2 1|| > t) < c ke CQtnl/? 1 2
_ —U,U —00 —
P U,U 24y , EU 2 1P P k1/2 maX(BM2,M2,1) +

for some constants c1,co > 0 that are independent of n,p, k. As a consequence,

S ¢! -1 k+1 catn!/? ’
P max ||2—U,UEU — E—U,UEU ||2—><>o >t) < c1p kexp — 3 —1 R
UC[p):|U|=k k n

where c3 > 0 is another constant independent of n,p, k.

In Proposition A.5.1, the light-tail assumption is necessary to ensure that our estimates concentrate, and
the invertibility assumption is necessary to ensure that the estimate 2;1 of 251 is well-behaved. We assume
mean-zero data for simplicity. By applying identical arguments to those in Appendix A.4.3, we can modify
Proposition A.5.1 to accommodate data with non-zero mean.

While Proposition A.5.1 may appear hard to parse at first, what it tells us is quite simple: excluding log
factors, the 2-to-oo regression coefficient estimation error for a subset U scales (up to logarithmic factors)
at worst as \/k/nmax(BM?, M? 1), where M is the sub-Gaussian norm of Xy and B = max;gp ||Su; |2
is the maximum L? norm of the covariance between the variables U and variables j ¢ U. If the B and M?
can be bounded by constants that have no dependence on k,n, or p, then the estimation error scales (up to
logarithmic factors) at worst as \/k/n.

A situation where we may reasonably believe that the estimation error scales at worst (up to logarithmic
factors) as \/k/n is if our data comes from the k-dimensional PCSS model (3.1) and we consider coefficient
estimates for population subset S. It is not unreasonable to imagine that the variables in S have little
dependence, as if the principal variables are highly correlated and explain redundant variation, a smaller
and less dependent principal variable set may better model the data. Hence, we can reasonably restrict to
the case where the sub-Gaussian norm of Xg and the maximum eigenvalue of 3¢ are bounded by a constant
independent of n, p, and k. One simple case where this is true is when the principal variables are exactly
independent (because of Assumption 4) . Henceforth, when we say bounded by a constant, we mean a
constant independent of n, p and k. In this case, we have immediately that M is bounded by a constant.
To deal with B, we note that by Assumption 4, the maximum variance of the variables in —S is bounded
above by a constant. Because of the covariance structure induced by the PCSS model, this means that
maxjgs X585 X = max;gs HEgl/ZESjH% and therefore max;gg ||E;1/QESjH2 are also bounded above
by a constants. Since

1/2

B= g2 < | ;'
rjn;gH sillz < 124 ||2rjr.1;§<|| s

1/2 —1/2
S5l = [Sslly’” max 25"
JE€S

Esj H27
and || X 5||%/ * is bounded above by a constant, so is B. Hence, if the principal variables are sufficiently
non-dependent, we can reasonably imagine that the regression coefficient error for the principal variable set

S (up to logarithmic factors) scales at worst as y/k/n.
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In general, however, for a set of more correlated variables U, the sub-Gaussian norm of Xy or the
maximum eigenvalue of Xy can grow with k. Still, even in the most general case, it is straightforward to
use Assumption 4 to bound M < cav'k and B < ¢4k for some constant ¢4 > 0. Hence we still find that
the estimation error (up to logarithmic factors) scales at worst as k?/,/n. In fact, Proposition A.5.1 tells us
that this error bound holds uniformly over all size-k subsets, so it applies even for a subset selected via a
complex and possibly non-deterministic CSS algorithm.

Since k is typically much smaller than n and p, the estimation error is quite small in both cases, even

when the number of variables p and sample size n are comparable in magnitude.

A.5.2 Selecting the best subset

We identify a handful of settings where our greedy (Algorithm 1) and/or swapping (Algorithm 2) algo-
rithms find the best subset according to the CSS objective (2.1). In the below, we consider performing CSS
on a covariance matrix 3 and suppose we are aiming to select a size-k subset. Proofs of the claims can be
found in Appendix A.7.19.

1. Independence: Supposing that 3 is a diagonal matrix, both our greedy and swapping algorithms

find an optimal solution.

2. Perfect reconstruction: Suppose X is such that there exists a set of k variables that perfectly
linearly reconstruct the remaining. Then both our greedy and swapping algorithms will find such a set

of variables, and therefore find an optimal solution.

3. Equicorrelation: If 3 is a equicorrelation matrix, then all subsets have the same objective value by
symmetry, and thus our algorithms trivially find an optimal solution. Note that our covariance view

from Section 2.2 greatly simplifies our analysis of this setting.

4. Block diagonal: Suppose X is a block diagonal correlation with k£ blocks, i.e., there are k groups of
variables. Let M; € R?*9 ... M; € R be the different blocks. Supposing that each group has a
strong enough representative, i.e., there exists a row/column ¢; in each of the j =1, ...,k blocks such

that || M, [|3 > ¢/2, then our greedy algorithm will find the optimal solution.

Empirically we verified that when 3;; = pli=il (covariance of an AR(1) process) our greedy and swapping

algorithms are not guaranteed to find the optimal solution.

A.6 L? Random variables as a Hilbert space

The results of this section are generally known but hard to find covered in full generality. We give detailed
account of them as they are particularly useful for proving the results in this article. Consider a probability
space (2, F, P). Upon identifying random variables which are equal almost surely in the same equivalence
class, the random variables in L?(Q, F, P) form a complete Hilbert space. Equality between random variables
denotes membership to the same equivalence class, i.e., almost sure equality. For two real-valued random
variables X, Y € L?, the inner product (X,Y )4, given by E[XY], induces a norm || X||3, = E[X?]. As abuse
of notation, when dealing with random vectors Z € R¥ with entries Z; in L2, we let || Z|2%, = 32, |1 Z:|12,
so (|23, = T(E[ZZ7T)).
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Since we're working in a Hilbert space, we can project random variables onto linear subspaces of our
Hilbert space. We only project onto finite dimensional subspaces, so we don’t concern ourselves with the
subtleties of infinite dimensional subspaces. If G is a subspace of H, we denote the projection of X onto G
as Projg(X). For random vectors, Proj;(Z) is the random vector with ith entry Projg(Z;). We denote the
subspace spanned by the entries of Z as Span(Z), but as an abuse of notation we write Proj,(-) instead of

Projspan(z)(+)- The following Lemma helps us compute projections:

Lemma A.6.1. For random vectors X € RP, Y € R,

{E[YXTE[XX"]" + E: E € R?? such that EX = 0} = argmin E[||Y — BX||3].
BeRaxp

Theorem 12 provides some useful facts about these projections.

Theorem 12. Consider random vectors X € RP, Y € RY and define P = E[YXT|E[XXT]|TX and R =
Y — P. Then,

(i) P =Projx(Y),
(ii)) E[PR"] =0 and E[XR"] =0, i.e., each entry of X and P is orthogonal to each entry of R,
(iii) Y15, = I1PI3, + | RIF.
(iv) E[PPT) = E[YXT|E[XXT|*E[XYT] and E[RRT] = E[YYT] - E[Y X T|E[XXT|*E[XYT].
The following is a useful corollary of Theorem 12.

Corollary 9. Considering random vectors X € RP,; Y € R?, Y = WX + ¢ with E[Xe'] = 0 if and only if
W = E[YXT|E[XXT]* + E where E € R”*P such that EX = 0.

A.7 Proofs and derivations

A.7.1 Proof of Lemma A.6.1

Minimizing E[||Y — BX||3] = E[Tr((Y = BX)(Y —=BX)"] = Tr(E[YY ] -2BE[XY |+ BE[XX "|B")
with respect to B is an unconstrained convex minimization problem. Thus B is a minimizer if and only if
it sets the first derivative to 0. Using [Petersen and Pedersen, 2008, 2.5.2] to compute the first derivative,
we get B is a solution if and only if BE[XX ] - E[YXT] = 0.

We check that B = E[YXT]E[XXT]* is a solution. If v € RP is in the null space of E[XX ],
then 0 = v E[XXJv = E[(XTv)?], so XTv = 0. Then also E[YX v = E[Y(XTv)] = 0. Then,
for our choice of v, (E[YXT|E[XXT]*E[XXT] - E[YX"])v = 0. If v € RP is not in the null space
of E[XXT], then E[XXT]["E[XX v = v, so (E[YXT|E[XXT|TE[XX"] — E[YXT])v = 0. Thus
(EYXT|IEXXT]"EXXT]-EYX ))v=0forallv € RP, so E[Y X T|E[XXT|*TE[XXT]|-E[YX "] =0.

For any E € R?*? such that EX = 0 it is obvious that E[Y X |E[XXT|* + E is a solution. If B
is also a solution, then BE[XX ] — E[YX "] = 0 and thus (E[Y X T]E[XX"]* — B)E[XX "] = 0. Thus
B = E[YXT|E[XXT|* + E for some E € R¥*? such that EE[XX ] = 0. Since also EE[XX]ET =0,
we have that Tr(E[EX(EX)T])) = E[|EX|]3] =0 so EX = 0.
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A.7.2 Proof of Theorem 12

We prove each result in the order the are presented.

(i) The ith entry of Projy (Y) is given by ¥; — (b*) " X, where b* minimizes ||Y; —b" X||%, = E[(Y; —b" X)?]
over b. By Lemma A.6.1, b* must be given by the ith row of E[Y X "|E[X X T]T + E for some E € R*P

such that EX = 0. Thus, up to almost sure equality, that the ith entry of Projy(Y) is given by
Y, — (ElYXT|E[XX 7). X.

(ii) From (i) we know that P; is Projy(Y;) and R, = Y; — Projx(Y;). From standard properties of
projections in Hilbert spaces, we know that P; € Span(X) and R; is orthogonal to anything in Span(X).
thus P; and R; are orthogonal, meaning exactly that [PR"] = 0. Same argument applies for X.

(iii) From (ii) we know that E[P;R;] = 0. Thus, since Y; = P; + R; we have ||Y;||3, = E[Y?] = E[R?] +
E[P?] = ||P]l3, + | Ril -

(iv) We can compute E[PPT] = E[Y XT|E[XX T|*EIXXT|E[XXT|*E[XYT] = E[y XT|E[XX T|* E[XYT].
Since Y = P+R and we know E[PR"] = 0 from (ii), we immediately get E[YY "] = E[PPT]+E[RR"].
So, E[RRT] = E[YYT] — E[PPT] = E[YY ] - E[Y X T|E[XX T]*E[XYT].

A.7.3 Proof of Corollary 9

The reverse direction follows as if W = E[YXT]E[XX'|* + E, then WX = P and ¢ = R as in
the statement of Theorem 12. Thus by Theorem 12(ii), E[Xe'] = 0. For the forward direction, by the
properties of projections in Hilbert spaces, it is only possible for ¢; to be uncorrelated with X if W ;e X
equals Projy(Y;) = P;. Therefore we must have W = E[Y X T|E[X X "|* + E where E € R7%? such that
EX =0 by Theorem 12(i).

A.7.4 Proof of Proposition 1 and Proposition 2

By Lemma A.6.1 and Theorem 12(iv),

min  B[|X — BXs|3] = Te(BXX "] - BIXX "Jos E[XX T[S E[XX "]s4).
BeRrX

Taking X to be mean-zero, this immediately implies Proposition 2. To prove Proposition 1, let X be

uniformly random over the rows of the matrix X and evaluate the expectations on both sides.

A.7.5 Proof of Theorem 1

We provide a proof of Theorem 1. We then provide the analogous result when we allow the covariance of
X_g|Xs to be diagonal (see (A.1)). Lastly we provide the analogous results for both these cases when we

assume that the principal variable distribution F' is Gaussian.

PCSS model

Suppose we restrict I’ to have a probability density bounded by K < oo. Our model is parameterized by
0= (S, f,p_s,W,o?%) where f is the density of F. Let fi and 3 be the sample mean and sample covariance
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of our data. Fix a size-k subset S. The negative log-likelihood, scaled by 1/n, under our model is given by

1< ;
_ = (@).
n;e(x :0)

1 ) ) )
= =3 (als0) + eyl 0))

i=1

I

\
—
(@]
o
PN
~
—~

=
—
=
N | =

.%Z<(p—l~c)log(27r)+(p—k)log02+0’2||$(j§—HS—W( 5

e M [CORE LIRSS (i (@)~ ()~ Walald u—s))2> + =B osZn)

i=1 Jj=1

We know that —1 > log(f(zg @ )) is bounded below by —log(K). By adding together n bump functions
are narrow enough and attain their maximum height of K at each () and placing any remaining mass in the
tails of f, we can find an f that attains this bound. Although ug = Er[Xs] is not explicitly known, we can
absorb (pg); into Wjeu_g for each j, so it is an inconsequential parameter. So, without loss of generality
we set (s = fis in the above. For ¢ > 0, the function log z + £ is minimized at x = ¢ and has minimized value
log(c) + 1. Thus we should pick (¢—g); and W, to minimize - Zl 1(( ) (p—g); W].(a:g) —fis))?.
This is a convex problem. From the first order condition one can compute the minimizing value for (p_g); i
(fi—s)j, and then apply Lemma A.6.1 to compute that the minimizing value of W j, is given by (EALS’S)]-.ZA];.
Plugging in these minimizing values gives
= - ot

L)~ (rs)s — Wielad) — ) = (B-s)s5 — (8-5)5455 (55 sy

i=1

Since no k variables perfectly linearly reconstruct the remaining, we know at least one of (ﬁ], $)ji —

& &t e . s e . . .
(X_5.5)je2g (s _5)e; is positive. The minimizing value of o2 is thus attained at

1 R . 1 3 o ede
o’ = .y (X-s5)jj — (B-s.9)jeXs (Bs,—s)ej = Tr(X_g —X_55X8s3s_5)/(p— k).
J

I
-

Plugging in all our minimizing values, the negative log likelihood is

—log(K) + 22

k & & ot e —k
log (Tr(S—s — 55,635 Bs,-5)/(p — k) + 5 (1 + log(2m)).
Thus the S Whlch minimizes the negative log-likelihood is the one which minimizes Tr(E s—3_g Sﬁ];ﬁ] 8,-5) =
Tr(E - E.SZS 25.), completing the claim.
In the case that F is completely unrestricted, our model is parameterized by 6 = (S, F, u_s, W, 0?). Fix
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a size-k subset S. The negative log hybrid likelihood is given by
1 n ]
_ = Wz@-p
SIED
=_= (ZK )—4 x(ls\x ))
=—— Z log(F Z Lz

By [Owen, 2001, Theorem 2.1], the optimal choice of F is that which puts weight 1/n on each z(¥). For this
minimizing F, the negative log hybrid likelihood is log(n) — %Z?zl €(:Egs|x(si); #). The argument is then

identical to the one above.

Diagonal conditional covariance

We show the analogous result for the when we allow the covariance of X_g|Xg to be diagonal (see (A.1)).
We will assume that every (k + 1) by (k + 1) principal sub-matrix of 3 is full rank.

2

In place of 0 > 0 we have the diagonal matrix D > 0 as a parameter. Fix a subset S and again

decompose the likelihood:

n

%Zé(w(”; 0) = *% > (ﬂxg); 0) + 0(z %) 9)) :

=1 i=1

The maximum likelihood estimate of the density f is the same as before, and finding the remaining maxi-

mizers is similar to before:

1 n
fz x S|xs),9
i=1

% Z (log Dj; + Dl” : <1 Zn:((x@s)j — (ns); — Wie(al) - MS))2>> + W'

3

Following the reasoning above, we set W ;o to minimize £ 37" 1((x S) —(p-s); —Wj.(xg) —fis))? resulting
in a minimized value of (2,S)jj - (2,5’5)]».25 (ES’,S).J» > 0 where the inequality and invertability of 2;1
come from our new assumption. Like before, this minimized value is the minimizing choice for D;;, implying
that the minimizing D is given by Diag(ﬁ_s — 2_5752;1257_5). The minimized negative log-likelihood is
then given by

1. —k
~log(K) + 5 log(|Ding(S_s — 315533585 s)]) + L7 (1 + los(2m)).

So a subset minimizes the negative log-likelihood if and only if it minimizes log( |Diag(ﬁ]_5—ﬁ]_575ﬁ];1ﬁ]5,_s) ).

The argument for minimizing the negative hybrid log-likelihood is then identical to the one above.
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Gaussian principal variable distribution F

Now we derive the analogous results when we require that the principal variable distribution F' is a
Gaussian, so Xg ~ N(ug,C) where C >~ 0. First consider the PCSS model with this restriction. Along
with the assumption that no k variables perfectly reconstruct the rest, we require that every k by k principal
sub-matrix of X is full rank. The model is parameterized by (S, u, C, W, c?). Fix a subset S. The negative
log-likelihood, scaled by %, is given by

1o , 1 & , L
N E VA (l).g :_72 (g (l).e Y (i (1).9>.
i3 o) Lt (50 sl s0)
Fix a size-k subset S. We can ignore the dependence of —1 3" | E(x@smg), 0) on ug for the same reason in

the proof of Theorem 1. Minimizing — 1 Z?:l(f(xg); ) with respect to C and pg is equivalent finding the
unrestricted MLE for a multivariate Gaussian. Since 3g is invertible by our new assumption, the minimizing
values of C' and pg are 35 and fis. The minimizing values of W, o2 are then identical to those in the proof

of Theorem 1 by the same computations, and the minimized value of the negative log-likelihood is

=1

2= tog (Tr(81_5 — £ 585" 05 5)/(0 — 1)) + 21 + log(2m).

2

1 ~
510g|§]s|+

So the subset which minimizes the negative log-likelihood is one which minimizes log |3 s|+(p—k) log(Tr(2_s—
53,552;125’,5)/(]9 — k). This is sufficient to prove the claim.

In the case that the principal variable distribution F' is a Gaussian and the covariance of X_g | Xg
is allowed to be diagonal, we again assume that every (k + 1) by (k + 1) principal sub-matrix of 3 is full
rank. Then proof is identical to above. The subset which minimizes the negative log-likelihood is one which

minimizes log |Eg| + log(|Diag(2_g — 275’52;125’75”).

A.7.6 Proof of Theorem 2

Throughout this proof, we denote the sorted eigenvalues of a positive semi-definite matrix A € S‘ixq
as M (A) > -+ > N\(A) > 0. For a matrix M € R7** we denote its sorted top-k singular values as
s1(M) > -+ > s, (M) > 0. We also let || - ||2 denote the spectral norm of a matrix.

In Appendix A.4, we identified a high-dimensional setting where the in-sample CSS solution (which is
exactly the MLE S ) is consistent for the population CSS solution. This is the subject of Theorem 11, whose
proof is the bulk of Appendix A.4. If we can show that (1) the assumptions of Theorem 11 are satisfied and
(2) that the population subset S is also the population CSS solution once n is large enough, then Theorem 2

is immediately implied by Theorem 11. We recall the assumptions of Theorem 11 below.

Assumption 1 (Light-tailed data). The sub-Gaussian norm (see [Vershynin, 2018, Definition 2.5.6]) of

each variable is bounded above by a constant independent of p and n.

Assumption 2 (Low-dimensional invertibility). The minimum of the smallest eigenvalues of all the k X k

principal sub-matrices of 3 is bounded below by a positive constant independent of p and n.
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Assumption 3 (Separation). For some § > 0, the achieved CSS objective for the population best subset

S* = argmin Tr(Z — B Zer)
UC[pl,|U|=k

is well separated from the objective achieved by any other subset

uin Tr(E — B S Ber) — TH(E — Bag- T Bag) = Qp'/2H9)

To show that the conditions of Theorem 2 imply these assumptions and also imply that the population
subset S is eventually the same as the population CSS minimizer S*, we will need two linear algebra lemmas

whose results are well-known [joriki, Pavel].

Lemma A.7.1. For any positive semi-definite matriz A written in block matriz notation
A A
A— 11 12
Az Ao,
we have )\1(A) S )\1(A11) —+ )\1(A22).

T
Proof. We recall the proof from joriki. Let v be a unit vector. We can write v = [vl U2:| as v =
T T
|1 ]| [Ul/HUIH 0} + ||lv2]l2 [O v2/||vg||2] . Thus we have written v as cjus + cous where uy, ug, and

T
c= {01, C2:| € R? are all unit vectors. Defining the matrix

T T
. Uy A11U1 Uy A12UQ
|, T T
Uy A11u1 Uy AQQ’U,Q.

it is the case that v Av = ¢T Be by construction. Therefore,

v Av = ¢ Be
< M\i(B)
< Tr(B)
=ul Ajjug + ul Asyuy

< A1(A11) + A1 (Ag2)

Because the inequality holds for all unit vectors v, it must be the case that A\;(A) < A1(A11) + A1 (A22) as
desired. O

Lemma A.7.2. For any positive definite matriz A € Sﬁ_ﬁ_k written in block matriz notation
A A
A |41 12
Az Ao,

the minimum eigenvalue of the Schur compelment Ass — A21A1_11A12 is at least as large as the minimum

eigenvalue of A.
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Proof. We recall the proof from Pavel.
A Ap _ I, 0 Aqq 0 I, Aj'Ap
Az Ay Ay ATl I, 0 Ay — Ay ATl'Ap 0 Iy, ’

-

T
Note that if z = [mT yT] €V, then

Ik1 A1_11A12 X B 0
0 I, ||yl |y

2TAz=yT(Agy — Ayt AT ALy (A.12)

Let

€ Rk T+ A;llAlgy = 0} .

SO

Also ||z]|2 > |ly||3. This is sufficient to imply that

. 2TAz o 2TAz YT (Ag — A1 AT ALy
min < min < min
z€RF 240 212 2ev,z20 2Tz yERk2 £0 yTy
which establishes the claim O]

Now we catalogue what the conditions of Theorem 2 tell us:

1. Because all the sub-gaussian norm of each variable is bounded above by a constant, there must be

some constant C' > 0 such that all the entries of 3 have absolute value bounded above by C.
2. There are constants m > 0 and v > 0 such that A\;(Zg) > m and o2 > v.

3. There are constants n > 0 and ¢y, ...,cx > 0 such that, if V; is the number of entries of W ,; whose
absolute value is strictly less than 7, then eventually N; > ¢;p'/27%. As a consequence, there is some

constant ¢ > 0 such that eventually min;ex N; > cpt/2t9,

Of course, all these constants are independent of n and p. With this information in hand, we can show

both that the assumptions hold and that S will eventually be the same as S*.
Sub-Gaussianity: Assumption 1 is itself assumed in the satement of Theorem 2.

Low-dimensional invertibility: Consider any size-k subset U that is entirely disjoint from S. We can

write the joint covariance of all the variables in U and S in block matrix form as

Ys Ysu

Ysuv =
S SueXs'Ssu + 020,
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One can confirm by direct computation that

D ISR S SR Y110 1D DL ) Yyt P10

Sy =
SuU — _ — —
—0 22[]5251 g 2Ik

We can bound || ZsyZusllz < Tr(ZsuXus) < k2C?. Then, applying Lemma A.7.1, we have

M(Egly) S M(ES + 0722 BsuBrsEgt) + M0 2 y)
= 85" + 0785 ' BsuBysEg e + 02
<=5t 2+ 0 2 I=5 B ZsvSusz + 02

<m '+ 'm2k2C? + 0L
As a consequence, we have that
Me(Zsor) > (m~+ o tm2k2C? + o) > 0.

Now if we consider any size-k subset U , the matrix ¥ is a principal sub-matrix of 3 gy for some choice of

size-k subset U. Therefore by Cauchy’s eigenvalue interlacing theorem Bhatia [1997],
M(Zp) = (m™ + o mTPERC? 07T > 0.
and we have established that Assumption 2 holds.

Separation: Now we establish both that Assumption 3 holds and that S* and S are eventually the same.
Recall that Xy = W e Xg+¢€ for £ & S, where for ease of notation, we index the p — k rows of W by elements
of —S. Fix any size-k subset U that is not equal to S, so that there is some ¢ € S that is not in U. To

establish Assumption 3 and that S and S* are eventually equal, it will suffice to argue the following

o If{ ¢ SUU then
(Zoe —ZwZ5' Bue) — (Bor — BsB5 ' Esp) > 0.

o If £ SUU and Wy; > 1, then
(Bor — 2w Sue) — (Zee — Bes g ' Tse) >

where v > 0 is some constant.
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To see why this is sufficient, note that

(Tr(2 - BZ5' Zre)) — (Tr(E - ZesT5' Es4))

> Z [(Zee — ZewZ5' Zve) — (Zee — ZesB5 ' Tse)]
(ZSUUW 1 >w

+ > (B = BewEg"Sue) — (Bee — Ses T ' Bise)]
(ESUUW gy <w

—| Y. Cu—ZwS' o) — (Bu — TesTg ' Tsr)
tesuu

> in N; — vk — 4kC
_’Y]I,relb% i—7

> "/cp%"“S — vk — 4kC

where the last inequality holds for large enough n and we have also bounded

Z Tr(zu — EgUzaleg) - TI‘(ZM - 2452?255) S Z 2|T1“(Eu)| S 4kC.
LeSuu LeSuU

This bound has no dependence on U, and therefore it holds that for large enough n that

min Tr(E - B E; ' Bre) — Tr(E — BesT5' Tee) > vep? 0 — vk — 4kC
Since p is growing by assumption, this is sufficient to imply both Assumption 3 and that S is the eventually
the same as the population CSS minimizer S*.

We devote the rest of the proof to showing the claim. Let L be the Cholesky decomposition of Xg, so
> = LTL. If we write the population covariance in block matrix form with the subset S as the first block
and the remaining variables as the second block, then it is straightforward to check it admits the following
Cholesky decomposition
rr r'wr]’

0 (TIZ,,].c

P

L™ r'"w”
0 O'Ip,k ]
Let v1,...,v, € RP be the columns of this Cholesky decomposition. For a subset T C [p], denote the span of
{v; : j € T} as Span(T'), the projection of € R” onto the span as Proj;(z), and the component of x that
is orthogonal to this subspace as Ry(x) = x — Projp(z). By construction, the columns satisfy vlv; = 2.
Also they satisfy for £ ¢ S that

Vg = Ny + Z ng'l)j =Ny + 1~)g (A13)

JES
where
1. the n, are orthogonal to each other and the subspace Span(S),
2

2. the ny all have norm ||ng||3 = o2,

3. the oy = 3, ¢ Wyjv; are in Span(S).
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It is also easy to confirm that, for a subset 7' C [p], the norm || Rz (v;)||3 is exactly the Schur complement
- EjTE;lETj. As a consequence, recalling the universal lower bound m > 0 for A\, (Xg), Lemma A.7.2
tells us that

| Rs—j(v;)]13 > Me(Zs) >m

where S — j is the subset S with j removed.

Now fix a size-k subset U that is not equal to S. There must be at least some i € S that is not in U.

Considering ¢ ¢ S U U, our goal is to lower bound the difference between

o — TSy o = Hlm l[ve — 2531)1“27

jeu

where for notational simplicity we index the entries of 8 by the j € U, and 3y — EgSEglﬁsg = 02. We can

rewrite the objective

loe = > Bivsli3

JjeU
=loe— > Bivi— Y Bivil3+o*+0> > B
jeuns JEU\S JEU\S
= [[Projyns(ve) Z BiProjyns(v;) Z /BJUJHZ"'”RUHS e Z BjRuns UJ)||2+U +0? Z /82

JEU\S Jjeuns JEU\S JEUNS

We see immediately that 3, — EgUxaleg > ¢2. No matter what values of B; we pick for j € U\ S, the
quantity

Projing () Z BiProjyns(;)
JEU\S

will always been in Span(S), so we will always set ; for j € U \ S to make the left-most term equal to zero.
Thus, letting ¢ = |U N S| we are left with

S0 — SwEy Sue = argmm |Runs(@e) = Y BiRuns(®)|3+0% > B +0°
JEU\S JEUN\S

The right hand side is a ridge regression problem with a unique solution g* that has a closed form. Let we

let A € RP*? be the matrix whose columns are given by the vectors Ryng(9;). Because
[Ruas (@:)3 < l|5:ll3 < [lvill3 < C (A.14)

We know that the trace and therefore largest eigenvalue of AT A is at most kC. This implies the largest
singular value of A is at most k/2C/2. Let U € RP*? be the orthogonal matrix with columns u;, whose

first ¢ columns are the top ¢ left singular vectors of A, [Hastie et al., 2009, Equation 3.47] implies for the
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optimal 8* that

q ] 2 2 P
|Runs(@e) = Y BiRuns(@)|3 = (1 - s(ill()?l 02> (uf Runs(@e)” + Y (u] Runs(@e))”
JEU\S i=1 ! i=q+l1

LC 2 p
> (1 - W) Z(U?RUQS(W)F

i=1

kC o \? "
~(1- o) Wuns(onl

Now we just need to lower bound || Ryns(9¢)|3. Recall that i € S but @ ¢ U. Then we can decompose

Runs(Be) = Runs(>_ Wijv))
JjeSs
= Y WyRuns(vj)
jes\U

=WyRs_i(Runs(vi)) + WeiProjs_;(Runs(vs)) + Z WiRuns(vj)
JES\U,j#i

The first vector is orthogonal to Span(S —i), whereas the remaining vectors in the expression live in Span(S—
i). Because Span(U N S) C Span(S — i), we also have that Rs_;(Ryns(v;)) = Rs—i(v;), and therefore that

|Runs(00)ll3 > W eRs—i(Runs(vi))ll3
> [|[WeiRs—i(vi) |3

>Wim

where we have recalled from above that ||Rs_;(v;)||3 > m. If £ is such that |W,;| > 7, then putting everything
together gives that
kC

2
(e — SISy Sue) — (B — Bes S5 D) > <1 - W) n*m > 0.

A.7.7 Proof of Theorem 3

The reverse direction is obvious. We show the forward direction. For simplicity we’ll assume X is mean
zero. For the general case apply the same argument to X — p. Since Z € R* has covariance Iy, if Z = BX
then B € R**P must be rank k. Plugging Z = BX into our factor model equation, we get that X =
W BX + ¢, where € is uncorrelated with BX. By Corollary 9, W = 2X7BXE;X = EBT(BEBT)_l. Our
expression X = W BX +¢ follows the definition of regression component decomposition given in [Schonemann
and Steiger, 1976]. Referencing [Schonemann and Steiger, 1976, Equation 2.6] and the discussion following
it, the covariance D of € has rank exactly p — k. Since D is diagonal, this means exactly & of its entries are
0. Let S C [p] be the subset of indices such if ¢ € S then D;; = 0 and thus ¢; = 0. Then Xg = W BX.
It clear that since € is uncorrelated with BX, it must also be uncorrelated with Xg. Since Xg and BX

have full rank covariances, W g, must be full rank and thus invertible, and we can write BX = Wg.lX S-
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Plugging this into our original factor model we have X _g = WXS + ¢ where W = W,S.Wg.1 and Xg is

uncorrelated with e.

A.7.8 Proof of Lemma 1

By Lemma A.6.1 the residual R(Y,Z) is given by Y — EYZE‘Z"Z. By standard properties of projections
in finite dimensional Hilbert spaces, R(X, Xs) = R(R(X, Xv), R(X;, Xv)). We can therefore compute,

Y Rr(x.Xs) T BR(R(X.Xv).R(X:,.X0)))
= B R(x,Xu) ~ DROCX0),R(XG,X0) D k(X X0) SR, Xo), R, X0)

= Zp(x,x0) — (Brx,x0))ei (BR(X,X0))is/ (BR(X,X0) )it - L(Spix xy))ii>0-

Where the second equality follows from Theorem 12(iv). Also using Theorem 12(iv) we can compute that
(BR(X,x0))ei = Zei — Ber X4 I

A.7.9 Proof of Lemma A.2.1

Suppose z(), ..., 2™ € RP are drawn from a distribution satisfying (A.1) for a size-k subset S, k < p,
and population mean pu.
First we show that the quantiles of T'(S) from (3.4) are bounded by those of (3.5). We will perform our

analysis conditional on xgl), ey xg") (hence, the independence between X5 and e is crucial). Let X g € R**¥

and X _g € R"*(P=F) be the matrices with rows z(si) and x(i)s. Defining e(?) = (x(_l)s —l_g) — W(z(SZ) — us)

and &) = (x(j)s —fi_g)— 275752; (acg) —fis), let the matrices E, E € R"*®~%) have rows e() and é¢(*). Note
that e(?) are the unique factors e for the ith sample. Having conditioned on the x(;), we are exactly in the
setting of fixed-X Ordinary Least Squares (OLS). In particular, we are running a multi-response regression
of X_g on Xg where the responses are independent. The E are the residuals from OLS, while E are the
residuals one would get from using the population regression coefficients. With this in mind, let H € R®*"
be the orthogonal projection matrix onto the span of the columns of X g and 1 € R™, a n-dimensional vector

of ones. By construction, H has rank r < k + 1. Therefore,

S5 8 5Bl 5= BB
= %XjS(In ~H)X_g
= (X5~ D)W 41475+ B) (I~ H)(Xs ~ D)W + 175 + B)
= %ET(I,L ~ H)E.

Let N € R**(®=%) and M e R("~")*(#=*) be random matrices with i.i.d N(0,1) entries and R € R**"
be a rotation such that R'(I,, — H)R is diagonal matrix with 1 on the first n — r diagonal entries and 0
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otherwise. Then we can compute

nlog |Diag(ET(In — H>E>| = nlog |Diag(D_l/2ET(In - H)ED_1/2)|
|ET(In—H)E| |D71/2ET(In7H)ED’1/2|
2 log |Diag(N " (I,, — H)N|)
INT(I,, - H)N|
4o |Diag(N"R"(I,, — H)RN)|)
B & ToT _
IN'R (I, - H)RN]|
0 10 [ D287 M|
M M|
4 nlog (lDiag(WPk(ka,n - r))|>
‘Wp—k(Ip—kan - 7")|

g L X3
=n Z log | 1+ 23771 .
anrfjJrl
where Wy_(I,—,n —r) is a Wishart distribution and {x7}, {X?} are mutually independent chi-squared
random variables with degrees of freedom specified by their subscript. The final equality in distribution
follows from the Bartlett decomposition of Wisharts [Anderson et al., 1958, Corollary 7.2.1]. For clarity, we
specify that the final distribution is a point mass at zero when k = p — 1.

Recall that these equalities in distribution are conditional. Since r < k + 1, it is clear that the quantiles

~2 ~2
of nZﬁZ? log (1 + x;(]:l ) are always at least as large as those of TLZ?;; log (1 + X2X77—1+1) Since the
n—k—j ‘n—r—7j

-2
conditional quantiles of T'(S) are always bounded above by the quantiles of nzg’;g log (1 + N >, the

X%—k—j
marginal quantiles must be as well.
Now we can easily establish the final claim. Recall that Q, (1 — «) is the (1 — «)-quantile of

nY" % log (1 + Xim ) Since Ty < T(S),

Xn—k—j

P(T > Qnpr(l — ) < P(T(S) > Qnpr(l —a)) <o

A.7.10 Proof of Lemma A.2.2

First, some preliminaries. Define the function vec(-) that maps a symmetric matrix M € R?%*9 to a vector
m € R24+1D/2 that contains all it’s unique entries. If m = vec(M), then we will index m by m;; for ¢ < j
so that m;; = M;;. The inverse map is denoted vec™(-). We will use the stochastic calculus notation of
[Vaart, 1998, Chapter 2] and also freely refer to results from this chapter.

Suppose we observe (1), ... (") drawn from a distribution that satisfies (3.2) for some size-k subset S
where k < p — 1. In the case that k = p — 1, T(S) is a point mass at zero and the result is obvious. Recall
E and H from the proof of Lemma A.2.1 and consider the function g(M) = log(|Diag(M)|) — log(|M]).
Computations in the proof of Lemma A.2.1 imply that T(S) = ng(E” (I,, — H)E/n), and it thus suffices to
show that ng(ET(In — H)E/n) ~ X%p—k)(p—k:—l)/Q' We will show this result in steps.

Step One - CLT for vec(ETE/n): Let a = vec(ET E/n) and @ € RP®~1/2 be only the entries of a

that correspond to the non-diagonal entries of ET E /n. We index @ as G5, @ < j. The standard multivariate
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CLT tells us that v/na ~» N(0,V) where V € RP(P=1/2xp(P=1)/2 ig guch that Vo = Dy D;; ifi=s,j =1

and 0 otherwise. Furthermore, by the weak law of large numbers a;; — Dy; = 0,(1).

Step Two - Controlling vec(ET HE/n): We want to control E” H E/n, the difference between ET E/n
and ET (I, — H)E/n. Particularly we want to show that (ET HE/n);; = o,(n=%/2), i < j. To do so it
suffices to show that |[ET HE|% = O,(1). Noting that H is the sum of the outer product of at most &k + 1
unit vectors, it suffices to show that |ETvo” E||%2 = ||ETv||3 = O,(1) for an arbitrary sequence of unit
vectors v € R" To show this, it suffices to show that Y ;" | eéz)vl = (E"v)y = 0,(1) for all 1 < ¢ < p. But
Var(> 1, e[ vz) Dy Y v? = Dy and E[Y; eﬁ )’UZ] = 0, so this must be the case by Chebyshev.

Step Three - CLT for vec(ET(I,, — H)E/n): Let ay = vec(E*(I,, — H)E/n) and ay € RP(P—1)/2
be only the entries of a that correspond to the non-diagonal entries of ET(I n — H)E/n. Step Two implies
that \/n(a — am) = o0p(1), so y/nag ~» N(0,V) by Slutsky’s lemma and Step One, where V' is as in Step

One. Furthermore, since a;; — (ag )i = 0p(1), we also have (ag )i — Di; = 0p(1) by Slutsky’s.

Step Four - Delta Method for g(ET(I,, — H)E/n): Define the function f : R¥+D/2 4 R by
f(m) = g(vec™!(m)). We will consider the domain of f to be the open set of m such that vec™!(m) is a
positive definite matrix. On this domain f is C*°. We will take a second order Taylor expansion of the
function f around an d € RP=F@P=k+1)/2 guch that vec™'(d) = D. Note then d;; = 0 for i < j. We can

compute the first and second order partial derivatives of f using [Petersen and Pedersen, 2008, Section 2]:

af(m) | —2(vec™!(m));! i#j

Omig gt = (vee Y (m);' i =,

2((vec_1(m))-_1(Vec_1(m))j—t1 + (vec 1 (m)); (vec ™ (m)) ") s i A G s At

0% f(m
T _ 3 o vee1 () (vee (m);2 i#js=t

8mij8mst
((vec (m)) 91) - m72Iz s 1= j, s =1t.

By repeated application of [Petersen and Pedersen, 2008, 9.1.2], it’s clear that f > 0 on its domain. Further
f(d) = 0. In line with this, all the first order partial derivatives of f are zero at d. Many of the second order

partial derivatives are also zero. Taylor’s theorem gives the following expansion of f around d:

m) = Z Di_ile_jlm2
i<j
n Z of3(d+t(m — d))

Ciyjrizgaisj
17122721373 8mi1j1 8mi2j26mi3j3

(mi1j1 - diljl )(mi2j2 - di2j2)(mi3j3 - disjs)'
11 <J1,12<7J2,i3<J3

for some ¢t € [0,1] and constants ¢;, j,i,jsisjs - It is then clear that

ng(E"(I, — H)E/n) = nf(vec(E"(I - H)E/n)) = Y  D;;' D} (Vn(an)i;)* + op(1),

1<J
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and by continuous mapping theorem ng(E” (I, — H)E/n) ~ X%pfk)(pfkfl)/Q'

A.7.11 Proof of Lemma A.2.3

The case that k = p — 1 is obvious, so we consider k < p — 1 without loss of generality.

First we will argue that the Q, , (1 — ), the (1 — a)-quantile of (3.5), converges to @, (1 — «), the
(1 — «)-quantile of a X?pfk)(pfkfl)/Q distribution as the number of samples n tends to infinty. Consider
observing (", ..., 2" samples drawn from a distribution that satisfies (3.2) for a size-k subset S, and
suppose the principal variable distribution F' admits a density. Following the proof of Lemma A.2.1, we
see that T'(S) will have distribution exactly (3.5) since 3g will be full-rank with probability one. But
Lemma A.2.2 tells us that T'(S) ~ X%pfk)(pfkfl)/Q' This implies that @y, p k(1 — a) tends to Qp (1 — ) as
n — 0.

Now, by Slutsky’s and Lemma A.2.2 we know that T'(S) — Qn p (1 —a) ~ X%p—k)(p—k—l)/Z —Qpr(l—0a).

Since 0 is a continuity point of X%pfk)(pfkfl)/Q — Qp.x(1 — a) we have that

limsup P(Ty — Qnpk(l —a) > 0) <limsup P(T(S) — Qnp,x(l — ) > 0)

n—o0 n— oo
= Py k) p-k-1)/2 — Qpr(1— @) > 0)

= .

A.7.12 Proof of Theorem 4

First we show the asymptotic result. Consider a sample (1), ..., z(") from a distribution P and suppose
that &* is the smallest &k for which P belongs to the subset factor model (3.2). Note that every distribution
belongs to the (k — 1)-dimensional factor model so k* < k 4 1. Recall that k is the smallest k for which
Ty < Qnpi(l — ). Then, using Lemma A.2.3,

limsup P(k > k*) < limsup P(Ty- > Qnpi- (1 — ) <
n—oo n—oo
Now, for the finite sample result. Let k* be the smallest k for which P satisfies the model (A.1) for some
size-k subset S, and take k as before. It is now possible that k* = p, but P(l% > k) = 0 if so. Thus, without
loss of generality, we can suppose that k* < p. Then, from lemma A.2.1

P(];‘ > k*) S P(Tk* > Qn,p,k:*(l - CY)) <a

A.7.13 Proof of Lemma A.2.4

First we show that a distribution P satisfies (A.3) with a size-k set S if and only if, for the population
covariance 3, ¥_g —X_g 52:52 5,—g is diagonal and positive definite. First we show the forward direction.
We know that X_ g — u_g = W(Xgs — us) + € where Cov(Xg,e) = 0. Then Corollary 9 tells us that
X g—p_g= 2_5752§(XS — pg) + €. Via this, we can compute that g = E_S,SE§ZS7_S + D where
D > 0soXg— E,S,SEgﬁs’,s is diagonal and positive definite. For the reverse direction Corollary 9 tells
us that X g —pu_g = E,S,SE§(XS — ps) + € where Cov(Xg,€) = 0. A simple computation shows that e

must have diagonal, positive definite covariance and thus the distribution satisfies (A.3) with a size-k set .S .
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Now, consider n > p samples (1), ..., z(™ e RP drawn from a distribution P that satisfies (A.3) for
some size-k set S and suppose that P has population covariance X such that 3¢ > 0. Then it must be the
case that ¥ > 0. Thus, for every size-k subset U, |X_y — E—U,UX%EU,—M > 0. Since 3 converges almost

surely to 3 as n — oo, we have that, for every size-k subset U,

e . ot
log <|Dlag(2—U - E—U,UEUZU,—U)> (A.15)
~ ~ ~ + .
X v -3 vuvEyEu-vl
converges almost surely to
log <|Diag(Z—U - E—U,UEUle,—U)|) (A.16)
v -2 vuE;' o vl

As a consequence of [Petersen and Pedersen, 2008, 9.1.2], (A.16) is zero if and only if ¥_ —E,U7U2512U,,U
is diagonal and otherwise it is strictly greater than zero. Thus, By the discussion above, it is zero when P
satisfies (A.3) with U, and otherwise it is strictly greater than zero. Since S minimizes T'(U) it must also
minimize (A.15). And since (A.15) converges almost surely to (A.16), eventually S will be one of the U for

which (A.16) is zero, meaning P will eventually satisfy (A.3) with S.

A.7.14 Proof of Lemma A.2.5

We adopt the notation from the proof of lemma A.2.1. Similarly we perform our analysis conditional on
the (9. Recall that

. . TN 1
¥ 53 5538535 5= EET(I,L —H)E.

Since we have assumed that F has a density, we know that rank(H) = k+ 1. We can then similarly compute

15 = nlog < ET(I, - H)E|

ol <<T&r<o—-1ET<In—H)Ea-1>/<p—k>>p-k>
=nlog 5T -
lo-1ET(I, — H)Eo|

d (Te(Wp—r(Ip—,n — k= 1))/(p — k)P~ *
_nlog( Wp—k(Ip—k,n — k — 1) )

<2 p—k 2 p—k p—k

X — —k— + j= X'n,— —7

nlog ( (r—k)(p—k 1)1/92_ kzj 1 Xk a) / ¢ .,
j=1

(Tr(B" (I, ~ H)E)/(p — k))p—k)

where W,,_y.(I,—x,n—7) is a Wishart distribution, {x?}, {X7} are mutually independent chi-squared random
variables with degrees of freedom specified by their subscript, and again the final equality in distribution
follows from the Bartlett decomposition of Wisharts [Anderson et al., 1958, Corollary 7.2.1]. Although these
equalities in distribution are conditional, since the final distribution does not depend on the z(?, it also

holds marginally. Note that the distribution is a point mass at zero when k =p — 1.
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Now we can easily establish the final claim. Recall that @n,p,k(l — a) is the (1 — a)-quantile of

=2 p—k 2 p—k p—k
X{(p— —k— + = X7,— c—7j
nlog < )k /2 Zg Lok J) / ”Xifkfj
j=1

p—k

Since Tk < f(S),
P(Ty > Qup(l — ) < P(T(S) > Quypi(l —a)) < a.

A.7.15 Proof of Proposition A.2.1

Let k* be the smallest k for which P satisfies the model (A.1) for some size-k subset S, and recall that
k is the smallest k for which T}, < @nm,k(l — a). It is possible that k* = p, but then P(k > k) = 0 if so.

Thus, without loss of generality, we can suppose that k* < p. Then, from lemma A.2.5,

P(k > k") < P(Tir > Qupur (1 — ) <

A.7.16 Proof of Lemma A.2.6

First we claim that a distribution P satisfies (A.6) with a size-k set S if and only if, for the population
covariance X, ¥_g — E,S,sEgES’,S is isotropic, i.e., equal to nI,_; for some n > 0. The argument is
identical to that in the proof of Lemma A .2.4.

Now, consider n > p samples (1), ... z(") € RP drawn from a distribution P that satisfies (A.6) for
some size-k subset S. Further suppose that, at the population level no set of k variables perfectly linearly
reconstruct the rest. This implies that Tr(X_y — E,U’UE?}EU,,U) is never zero for any size-k subset U.

Then, since b3 converges almost surely to 3 as n — 0o, we can guarantee that

~ ~ A+
e -2 oS- —k))P=F)
log (( By =Sy Sy Sy )/ (o = k) > A1)
X_v -3 puEyEu,-vl
converges almost surely to
log [((B(ZE—v — S _vuEiSu—v)/(p— k)PP A8
Og —+ ( ' )
X v -2 vuEiZu-_vl

We claim that (A.18) is zero if and only if 3_y — E—U,UEZEU,—U is of the form nI,_j. To see this note
that (A.18) is (resp. strictly) larger than zero if and only if

T(Ep -2 vuvEFZu_v)/(p—k)
= -2 puSESy _u|/e-R

(A.19)

is (resp. strictly) larger than one. But (A.19) is always larger than or equal to one because it is the ratio of
the arithmetic mean to the geometric mean of the eigenvalues of ¥_y; — E_U,UE§ZU7_U. Equality is only
attained when all the eigenvalues are equal, i.e., when ¥_y — 2_U7U2J,§EU7_U is of the form nI,_j, which
completes the claim.

By the discussion above, this quantity will be zero when P satisfies (A.6) with U, and otherwise it will be
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strictly greater than zero. Since S minimizes TV(U ), eventually it will be one of the U for which this quantity

is zero, and thus eventually P will satisfy (A.3) with S.

A.7.17 Correctness of subset search algorithms

We provide computations which justify the correctness algorithms in Section 2.3.1 as well as Appendix A.3.

Minimizing T(-): [Petersen and Pedersen, 2008, 9.1.2] and Lemma 1 jointly tell us that log|Xy4| =

log |Su| + log((ﬁ]R(XVXU))“). Using Lemma 1, we can compute

log |Xu 44| + ’I‘r(IOg(Diag(ﬁlR(X,<U+,i>,XU.H-))))
= log [Su| +10g((Br(x.x0))ii) + Tr(log(Diag(Lr(x.xy 1)~ U+i)))
= log |2y + log((Zr(x.x0))ii)
+ Tr(log(Diag((Zr(x,xu) — (Br(x.x0))ei(ER(X.X0))ie/ (ER(X.X0) )i LSy >0) (W)

=log|Zy| +log((Br(x.xp))ii) + Y log((iR(X,XU))jj7(2R(X7XU))?j/(ZAJR(X,XU))ii'I(ﬁ]R(x’XU))“>0)
JEU+i

which is sufficient to imply that the i € U we select minimizes the objective over subsets U + .

Minimizing T'(-): Following similar reasoning to above, we can compute

log [Zu i + (p — k) log(Tr(Br(x_ (). Xv )/ (P — k)
= log|Xy| + log((Xr(x,xu))i) + (p — k) log(Tr(Zr(x,x..))) — (p — k) log(p — k)

R(
= log|Xy| + log((Xr(x,xy))ii)

= log [Su| +10g((Zr(x, x0))ii) + (0 = k) 10g(Tr(Br(x x0)) = [(Zr(xx0))eill3/ (R X0))ii - LS pix xy)i>0)

(
(
+ (p = k) 1og(Tr(Br(x,xv) = (Brx,x0))ei (BR(X,X0))is/ (BR(X,X0) )it - L(Spix.xy))i>0)) — (P — k) log(p — k)
(
— (p— k)log(p — k)

which is sufficient to imply that the ¢ € U we select minimizes the objective over subsets U + i.

McCabe’s first criterion: If there exists a k by k principal sub-matrix of 3 that is full rank then minimiz-
ing |¥_g — 275152§25,75| is equivalent to maximizing |Xg|. Consider having a currently selected subset
U. We know from above that |Sy ;| = [Zv|- (Er(x,v))iu- This is sufficient to imply that the i ¢ U we

select minimizes the objective over subsets U + i.

McCabe’s second criterion: Consider having currently selected a subset U. For ¢ ¢ U let g =

(X Rr(x,xu))ei- Then from Lemma 1:

5 T
Tr(Zrx,xv ) = TH(Erx,x0) — =5 18:>0)
3
ﬂ 2
= Tr(Zrx.x0)) — Hﬂ,'Q 15,50
1
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which is sufficient to imply that the ¢ € U we select minimizes the objective over subsets U + i.

McCabe’s third criterion: Consider having currently selected a subset U. Fori ¢ U let 8 = (Zgr(x,x,))ei-
Then from Lemma 1:

T
Bg ’ Iﬁi>0”%‘

K3

IZrxxos0 |7 = IZR(x,x0) —

T T
=Tr((Brx,xu) — % 1,50) (Br(x,x0) — % -1g,50))

?

BlIE 28" Erx.x)B
= | Zrx,x0) 7 + HBQQ - ﬁ( v) 1,50

K3

which is sufficient to imply that the i € U we select minimizes the objective over subsets U + .

McCabe’s fourth criterion: McCabe’s fourth criterion suggests finding a subset S that maximizes
Tr(Zi%s_sEF g2 _g9).

We briefly justify that our generalized objective has the same interpretation. Fix a subset S. It is well
known that ’H(E;E 5,— 2t sX_g,s) is the sum of the squared canonical correlations when X > 0 [McCabe,
1984]. When X is singular, suppose that the ranks of ¥ g and X _g are r; and ry respectively. Then let Q4
and Q5 be rotations so that the last K —r; and p— k —ro entries of Q1 Xg and Q2 X _g are zero. Let Y7 € R™
and Yo € R™ be the first r; and ry entries of Xg and X_g. By the definition of canonical correlations, the
sum of the squared canonical correlations between Xg and X _g and Y7 and Y5 are the same, and it is easy
to verify that Tr(27.' 3y, v, 3y, By, v;) is equal to Tr(BESs T ¢S _g9).

Now, we compute that
Tr(Z52s, 5T 68 55) = Te(TE(Bs — Srxs.x_s))) = rank(Ts) — TH(EETRixe x_g))

Consider having currently selected a subset U. Take a fixed ¢ € U and let V = U + 4. Take j,h to be
as described in the presentation of the modified algorithm. 33y, will have rank larger than 3 by one if
feature 7 cannot be exactly reconstructed by the features in U and the same rank as ¥y otherwise. So,
rank(3y ) = rank(Xy) + I(ER(X,U.XU))M>0' Taking B = X4 — 2.7,\/2-_’_‘/2,‘/@ we know from Lemma 1
that -
BB
ER(XX v) = BR(X X _p) T 5 1550

From this, defining 8 = By, and recalling that B = f;, we have

BBT

ER(Xv,X_v) = BR(Xy,X_p, T 5 15,0

Since ¢ € —U, the jth row and column of ¥r(x, x_,,) are zeros. Putting everything together

rank(Zy) — Tr(ZV Zr(xy,x_v))

+ BTEY B
=r1ank(Zy) + Iispx x>0 — TTUEV) 5= B R(X0,X_yy) — 5 Ig;>0

J
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which is sufficient to imply that the ¢ € U we select minimizes the objective over subsets U + i.
Now we consider the case where ¥ > 0. First, ZJSF = Egl so our objective simplifies to minimizing
Tr(Z5' Sr(xs,x_s))- Inthissetting, [Khan, 2008] tells us that 271, = (223) _p,—n—(Z—0)—hn (B—v)n,—1/ (B0 ) -
Consider 8 from before. Since 3 = 0, 8; > 0, s0 Zr(x,,x_) = YR(Xv,X_p) t ﬂﬁT/ﬁj. Also from [Khan,
2008], letting o = ;' 2y, § = By — Zipa, we know that (1) _; = 2" —aa' /8, (1), = —a/s
and (27,');; = 1/6. Again, recalling that the jth row and column of Y R(xy.X_y,) are zeros because i € —U

we can compute

Tr(Ey Srixy.x_v)) = Te(B5" — aa’ /6)(Srxy x_u) + B-iBL;/B;) —aBl;/8) — o' B_;/5 + B;/5)
N BLEG' By (@78 o Zrxyx_pat 2078, — B

Bj 03; d

= T (25" Sr(xp.x_0))

which is sufficient to imply that the i € U we select minimizes the objective over subsets U + .

A.7.18 Proof of Proposition A.5.1

Fixing a size-k subset U and some variable i ¢ U we show finite sample L? norm concentration for the
coefficients ﬁ]zUﬁ]; from the regression of X; on Xy. The rest of the result then follows trivially from a
union bound. We will use the same notation as in Appendix A.4 and refer to results from there as well. The
one difference is that the ¢; represent positive constants that are independent of n, p, and also k.

First we re-configure

180S0 — 5 Buile = [1B5Svi — S5 80 + 350 — S5 Suil»
<125 — SHlEuills + S0 — Svill2 IS5l
< Bvi - Svill2|£) — Zhllz + [SvillalIS5 - Sl + 120i — Suill IS
< B0 — Suilll S — SHll2 + BISy — SHllz + e |Svi — Svillz

where in the last line we have used Assumption 5 to bound |||z = |Z'[2 and bounded ||Zy;l2 by

B = maxjc_y || Xy,l|l2. Fixing t € (0,1), it suffices to get tail bounds for two things:

Tail bound for ||ZA]1U — Y|z ¢ Because of Assumption 4 we can apply our sub-exponential concen-
tration result (A.8) and get a tail bound for ||Zi — Ziv||2.

P(|Ziv — Bl > t) = PO (Zi; — Bij)* > t7)

jeu
< Z P(|i]ij — | > t/kY?) (union bound)
JEU
< kexp(—co min(t/kY?, 4% /k)n) (sub-exponential concentration)
—cot?
Skexp( 02 n> (t<1)

: o . o+
Tail bound for ||X;, — ;|2 : To get concentration for ||%; — =;||2 we note that, on the event that
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S . .
3 is invertible, we can use Assumption 2 to see that

15 - S5l = 10" - =5l
_ ”2[—]1/2(2%]/22;1211/2 B Ik)z[_;l/QH
< 1= L= S, Y2 - Lz
< 63“211/22;12{1]/2 — I|l2

- 22X 2, ) -1
C:s;,ré?ﬁlsj (n vEy ) =1

We recall the concentration result [Vershynin, 2018, Theorem 4.6.1]. Let M be the sub-Gaussian norm of

Xy. Then for any z >0

P(m?;}clsi(x.Uzgm) — 2 > eM?(KY? + 2)) < 2exp(—2?),
VIS

which means more generally for any x that

P(max 15:( X oo g?) = /2| > 2) < 2exp(—(z/(cM?) — kY/?)2),
VIS

Fix some ¢4 > 0. Then we can apply this result to see that
A~ 4 +
P2y -2l > 1)
<P (||f]; - 3F e > t,mz[i’s]( |sj(n_1/2X.U2,;1/2) -1 < 04)
i€

+P ( ax|sj(n_1/2X.UE[}1/2) -1 > 04)
J€lk]

<P (r,rel%ﬁ 572 (V2 X s — 1] > cst, max |5 (02 X w3, ) 1] < 04)

+ P (gré?li]qu(n_lﬂX,UEUl/Q) -1 > 04)

(3 is invertible on the event)

<P (max|si(n_1/2X.UEl_]1/2) -1 > cGt,max|si(n_1/2X.U251/2) -1l < C4>
J€lk] JE[K]

+P (ﬁ?ﬁ|si(n_l/2X.U2U1/2) -1 > C4>
(Lemma A.4.1 with a = ¢4)

<P (mz{xz}c |si(X.U2[;1/2) —n?| > cﬁn1/2t> +P (mz[%; |si(X.UEl_]1/2) —nl/? > C4TL1/2)
JE Jje

< 2exp(—(cgn'/?t/(cM?) — kY2)2) 4+ 2exp(—(can'/? /(cM?) — k1/?)2)
(above singular value concentration)

< dexp(—(ern/?t/M? — kl/Q)i) (t<1)
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Putting everything together, we can use a union bound to see that

o oot
P(|Ziu3y — Zu Xl > t)

. $1/2 .t 11/2
<P(|Ziv — Bl > —=)+ PIZ; - Zf|l2 > —=
< P([[Ziv ull2 \/3) (I%y =272 \/g)

.+ t . t
P = SHl2 > =) + P(IS — S t
+P(IZy = Byl > 55) + P(IZv — B2 > 301)
A .
<2P(|Zy = B2 > ot/ max(B, 1)) + 2P([|Zir — Sivll2 > ciot)
= Sexp(—(c1n'/2t/(max(BM2, M?)) — k'/2)2) + 2k exp (—(clgnl/zt/k1/2)2>
= 8exp(—k(crin'/?t/(k*? max(BM?, M?)) — 1)3) + 2kexp (—(clgnl/zt/kl/2 - 1)1)

< cizk exp(—(cran'/?t/(k** max(BM?, M?,1)) — 1)2)
2

_ i cl4tn1/2 1
T TP T\ B max(BM2, M%,1) ),

Since the final bound has no dependence on 4, we have by a union bound over 7 € U that

2

cratnt/? 71
k1/2 max(BM?2, M2,1) n

& ot
P(|ZerXy — BevE( 2500 > ) < ciphexp ( (

Since one can easily show using Assumption 4 that B < c1aVk and M < 015\/E, we also have the bound

& oot cietnt/? 2
P[0y — 20U2$||2—)oo > t) < ciapk exp <_ ( 16k2 o 1) )
+

where the right hand side has no dependence on the subset U. By union bounding over all subsets U, we get

Pl max S — ZerSHlasee > 1) < crsp™ kexp [ — aotn'’? 2
UChlan =k Uiy oU 277 ||2—00 S C13p p 52 . .

A.7.19 Proofs of finding best subset

We give proofs that our greedy (Algorithm 1) and swapping (Algorithm 2) algorithms find the best
subset in certain settings. Our language suggests that there is one best subset, but all the arguments hold

if multiple subsets are tied for having the lowest CSS objective value.

Diagonal covariance

If ¥ is a diagonal matrix, then the CSS objective for a subset S is simply > jzs 2jj- It is clear this is

minimized when S is the set of variables with the largest variances.

Greedy: Lemma 1 implies that our greedy algorithm will select the remaining variable with highest variance

on each iteration.
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Swapping: Lemma 1 implies that our swapping algorithm can always improve the objective by swapping

out a variable in the selected set that does not have one of the top k variances for one that does.

Perfect reconstruction

If 3 is such that there exists a set of k variables that perfectly linearly reconstruct the remaining, then
all the variables are in the span of these k variables. This means all the variables live in a ¢g-dimensional

linear subspace where ¢ < k.

Greedy: On the i-th iteration of our greedy algorithm, if the dimension of the subspace spanned by the
previous selections is < ¢, then there must be at least one remaining variable that is not yet perfectly linearly
reconstructed by our selections so far (otherwise the variables would live in a linear subspace of dimension
< ¢). By Lemma 1 our greedy algorithm will select one such variable on the ith iteration, and therefore the
dimension of the subspace spanned by our selections must increase by one (because we’ve added something
linearly independent to our currently selected subset). Thus, by the end of the kth iteration we must have
selected a subset that spans a g-dimensional subspace. Our selected variables must necessarily act as a basis
of the ¢-dimensional subspace that all the variables live in, and the greedy algorithm will thus achieve an

objective value of zero.

Swapping: For our swapping algorithm, if there is a size-k subset S that spans a subspace of dimension
< q < k, then there must be (1) a variable j; in that size-k subset that is perfectly linearly reconstructed
by the remaining k — 1 variables and (2) some variable jo not in the subset that we cannot perfectly
linearly reconstruct with variables in the subset (otherwise all our variables would live in a < g dimensional
subspace). Lemma 1 tells us that swapping variable j; out of S and js into S improves the CSS objective.
It also increases the dimension of the subspace spanned by the variables in S by one. Thus, our swapping
algorithm will swap variables out until the dimension of the subspace spanned by variables in the selected
subset is ¢, and by the same reasoning as for our greedy algorithm, the swapping algorithm will eventually

achieve a CSS objective of zero.

Block diagonal

If 3 is a block diagonal correlation matrix with blocks M; € R9%9, and each block has a row/column with
square L% norm > ¢/2, then the best subset is one that consists of the variable from each block that has the
largest row/column norm in the block. To see why, consider a subset S that does not have a representative
from each block. In particular, it must be missing a representative from some block M;, and have at least
two representatives from some block M;,. If we remove all the representatives from block M;, then Lemma 1
tells us that the CSS objective can increase by at most ¢ (because only ¢ unit variance variables are in the
block, and those variables are independent of all the variables in the other blocks). If we then add back in
the two variables with largest row/column norm from block M;, and M;, then Lemma 1 tells us that the
CSS objective will decrease by strictly more than g. This new subset has less variables than our original
subset and a lower CSS objective. Thus, the best subset must have exactly one representative from each

block. Lemma 1 implies it should be the variable with the largest row/column norm from each block.
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Greedy: We can prove the greedy algorithm finds the optimal subset by induction. On the first iteration,
it is trivially true that the greedy algorithm will select a variable from a block it hasn’t selected from yet.
Lemma 1 tells us that, for whatever block it selects from, it will select the variable with largest row/column
norm. Suppose now that up to the (i — 1)st iteration, our greedy algorithm has never selected two variables
from the same block and has always has selected the variable in each block with the largest row/column
norm. Then on the ith iteration, if the greedy algorithm selects a variable from a new block with largest
row/column norm, Lemma 1 tells us that it will reduce the CSS objective by strictly more than ¢/2. If it
selects a variable from a block it has previously selected from however, it can reduce the CSS objective by
only strictly less than ¢/2, because a variable can only further reduce the reconstruction error for variables
in its own block, and Lemma 1 tells us that the cumulative reconstruction error for a block that already has
a selected representative is strictly less than /2. Thus on the ith iteration our greedy algorithm will select a
variable from a new block, and Lemma 1 guarantees that it will select a variable that has largest row/column

norm in said block. This is sufficient to imply that the greedy algorithm will find the best subset.



Appendix B

Supplementary material relating to

selective inference

B.1 Permutation test p-value

The randomized permutation test from Proposition 3 of Hemerik and Goeman [2018] uses the p-value

o HULSI SwiT((X) > T} ) #{1<5 S w: Tg,(X) = T(X)}

w w

where Uy, ~ Unif([0, 1]) adds auxiliary randomness that is independent of X.

B.2 F-test p-value

For the matrix X € R™ 4, let X, € R"*? denote the matrix that just contains the first ¢ columns of X.
Then define
RSS; = |V - X(XTX) ' XY

RSS, = ||Y - Xq(X;rXq)_l-X;rYH%
Under the null Hy : Bg41 = --- = B4 = 0, the F statistic

(RSS, — RSS¢)/(» — )

S TSy ——

has an exact Fyy_g ,,—q—1 distribution conditional on X. Let G denote the CDF of the Fyy_g,,—4—1 distribution.
Under Hy, the p-value p = 1 — G(p) for this test has an exact Unif([0, 1]) distribution conditional on X.

B.3 Selective dominance and independence

Consider a p-value p for the null Hy which is selectively dominant. Suppose that under Pg, the p-value

p is always independent of some random variable Z. We show that p is then selectively dominant given Z.

123
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Fix a distribution P in the null Hy and let f(z) be PDF of p. Considering a selection function s(x) such
that fol s(x)f(z) > 0, we have that

foj s(z) f(z)dx < foi sle)de for all t € [0,1]
Jo s@) f(x)dz — [; s(x)dx

from the selective dominance (4.3) of p.
Now, consider a new selection function s(x, z). Note that due to independence, f(z) is still the conditional

PDF of p given Z = z. For any z such that fol s(z, z)f(x) > 0, it follows from above that

Jys(@,2) f@)de _ [y s(@,2)dx

Jy s(z,2)f(z)dx [y s(x,2)dx for all ¢ € {0, 1]

If under s(z, z), we have P(S = 1) = 0, then the selective dominance condition (4.3) trivially holds. On the
other hand, if P(S = 1) > 0, then we have shown in Appendix B.19.1 that fol s(z,Z)f(xz) > 0 a.e. under
P(-|S =1). Thus the above guarantees that a.e. under P(:|S = 1),

Jo sl 2) i@ _ o s Z)de oo
Jo 8w, 2)f(w)de [ s(x, Z)da

By arguments from Appendix B.19.1, the left-hand side is equal to the left-hand side of (4.3) a.e. under
P(:|S = 1), and the right-hand side equals the right-hand side of (4.3) a.e. under P(:|S = 1), so we have
established the claim.

B.4 Data carving for the file-drawer problem

We have two data samples X; ~ N(p,2) and Xo ~ N(u,2) that are independent and want to test
Hy : n < 0. Suppose we only do inference because we observed that X; > ¢ for some threshold ¢. If we

consider the p-value pry = 1 — ®((X1 + X2)/2), then our selection function is given by

s(x) = P(X1 > t|pfun = )
X1+ Xo
2
=1-0(t—3'(1-2))

s (G 1)

X1+ Xo
2

= P(X; >t =0 1(1-2))

where we have used that

SO

Xy =y~ N(y1)
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Thus our corrected p-value is given by

S -t — oY1 - a))da
Jo1—®(t — @11 —x))de

Pcarve =

0. _ f;—zo d(2)(1—®(t —2))dz _ f;—;o d(2)(1—®(t—2))dz
[T 0(2) (1 = @(t — 2))dz 1— ®(t/v2)

We now show that peqrve is monotone non-decreasing in ¢t. Letting Z and Y be independent standard

normal random variables and fixing some constant a, the selective p-value is given by

_P(Z+Y >1,Z>a)
pcar'ue— P(Z+Y>t)

=P(Z>a|lZ+Y >1t)
for a = X. Letting W = Z +Y we can write Z = %W + € where € is independent of W. This gives us
1
Pearve = P(§W +e>alW>t)=E[P(W >2(a—¢)|W >te)|W>tl=EPW >2a—c¢€)|W>te)

Then the fact that pegrye 1S monotone non-decreasing in ¢ follows from the fact that P(W > ¢|[W > t) is

monotone non-decreasing in t for every constant c:

PW>c) jft < ¢
PW > c[W >t) = PW>D -
1 ift > ec.

B.5 More info on data splitting, carving, fission, and thinning

Crucially, in Example 10, the conditional distribution of the random variable X; used for selection given
the p-value pyyy did not depend on the unknown parameter p. Hence, the selection function s(x) had no
dependence on p, and we were able to construct our selective p-value without any issues. This did not happen
by accident, and is actually a consequence of more general and interesting fact regarding the relationship
between between data splitting, data carving, data fission [Leiner et al., 2023], and data thinning [Dharamshi
et al., 2024, Neufeld et al., 2024].

In the most basic version of data fission, we add and subtract independent normal noise Z ~ N(0,1)
to a normal sample X ~ N(u, 1) to get two independent samples X7, Xo ~ N(u,2) centered at the same
mean. This is meant to mimic data splitting: the first sample can be used for selection and the second for
inference. Data thinning generalizes this idea by considering a random vector X from a parametric family
and adding noise to make k new random vectors X, ..., X that (1) are independent and (2) can be used
to recover X via a deterministic function X = T'(Xy,...,X). Vanilla data thinning involves using some
of the X; to perform selection and then the rest to do inference. Data carving, however, suggests using a
p-value p = p(T(X1,...,X,)) that leverages all of the data, despite some of the X; having been used for
selection. Because the noise we add to X to get the X; has no dependence on the unknown parameter, the

joint distribution of the X; given p also has no dependence on the unknown parameter. Therefore, contrary

to the what Leiner et al. [2023] suggest, the selection function s(z) is always known, and we can always
apply our framework to data carve and get more power. If the selection process is highly complicated, it

is true that s(z) may be very difficult to compute, but in theory it is always accessible to us via extensive
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simulations.

B.6 Post selection inference for the LASSO

In the below example, we freely refer to results from Lee et al. [2016b].

Example 11 (Post selection inference for the LASSO). Suppose that p is a valid p-value for testing the
null Hy and it is selectively dominant given Z. Imagine there are known functions q%(z) < ¢~ (2) and v(z),
and we only choose to test Hy with p when x(Z) > 0 and p € [q7(Z),q™ (Z)]. Applying our framework with
the selection function s(x) = I(p € [¢7(Z),q (Z2)])I(v(Z) > 0), Theorem 5 tells us that we control selective

Type I error if we reject according to the selective p-value pse; = %:

+
p—q"(2) >
Py (§a51 < a. B.1
\e@-v@ =" (B

Now, suppose we observe n-dimensional data Y € N(u,0?) and a fived matric X € R™ P, For a fived
reqularization strength X\, the LASSO solution is composed of a fitted coefficient vector B € R? and a sign
vector § € RP that satisfy the following Karush-Kuhn-Tucker conditions:

XT(XB—-Y)+As=0,
8 = sign(Bj) if Bj #0,
3 € [-1,1] if B; = 0.

We define the fitted model from the LASSO to be the set
M={ie{l,...,p}: |5 =1}

For almost every A, this is equal to the set of i € [p] for which Bz 8 mon-zero.

Now we establish our inferential target. For a subset M C [p], define Xy € R™€IM| to be the matriz that
has the columns of X indexed by M. Our goal is to do inference on the population parameters for the model
M

BM = argmin B[[|Y — X pbl[3] = X, p.
beRIMI
Particularly, we focus on doing inference on the jth index of this parameter vector BM = el X 1 by testin
g J 7 7 M.u Yy g
the null Hé% : Bf” < 0. Letting QM = XEW(XJIR/[)T, we see that e;rX;rwy ~ N( ;”, 029%). Thus we can test
this null using the p-value

Txt
e; X
P =1- &AMy
M
7\/4Y;
which s selectively dominant by Example 3. However, we only use this p-value to test the null when we

observe that M = M.

Define Z = (I, — (X}LW)Teje;'—X}LW/Q%[)Y so that Y and Z are independent. Lemma 5.1 of Lee et al.
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[2016b], often dubbed the polyhedral lemma, precisely tells us that there are functions

V]W,s,Jr(Z)
04 /Q%
YMos=(2)

q;\/f757+(z) —1_®

¢ () =10
VM,s,O(Z)

of z, such that
{M = M,éy = s} ={p} € g, (2),q;"*7(2)],V31,(2) > 0}
The functions VM5~ (), VMs:F(2), VM:59(2) match those given in Lee et al. [2016).
 Now it is easy to see that rejecting the data-dependent null Hé?[j when (péw - quSJr(Z))/(qusf(Z) -
qu’g’Jr(Z)) is at most a controls Type I error conditionally on M, and therefore also marginally. If Hé”;
is false, then trivially P(falsely reject H(J)MJ\M = M,y = s) =0 < «. For the case that Hé‘jg is true, the

selection event M = M and )1 = s is the same as selecting pé-‘/[ for inference in (B.1), so

P — qu’gﬁr(z)
¢ (2) - 15 (2)
. ( Mp?f —q§””;<z+>

@ (2) - T (2)

<«

<a|M=Msy=s

P(falsely reject HéW]|M =M,$py=s5)=P

<« MM,§MS>

Conditional error control on M then follows from the law of total probability,

P(falsely reject Héwju\}[ =M)= Z P(3y; = s|M = M)P(falsely reject H(%U\}[ =M, 5y =5s)
se{—1,1}IMI
<a Y P(sy=s|M=M)
se{—1,1}1MI
= a7

as does marginal error control,

P(falsely reject HOJVﬂ) P(M = M)P(falsely reject H(%U\Z =M)
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B.7 Comparing conditional and simultaneous inference

We consider a setting where we have n independent and selectively dominant p-values p1,...,p, that
are all anti-conservative, i.e., p; < Unif([0, 1]). At worst, these p-values are exact uniforms (e.g., they come
from the boundary of the null).

We will show that, on an event with probability at least 1 — ¢, the conditional procedure, which rejects
when p1) < ap(a), can only reject if py < Cc/n for some constant Ce > 0. Hence, without conservative
nulls, the conditional approach behaves roughly on the same order as the classical approach (Sidak).

Letting Uy, ..., U, be independent Unif([0, 1]) random variables, two facts are clear. First that Uy ~
Beta(2,n — 1) has mean —2- < 2 and standard deviation An—l) <

n+1 n (n+1)2(n+2) =
Fix any € > 0. We have by Chebyshev’s inequality that

1+ ei)) > P(pe) < E[Ug)] + \/\m/ﬁ)

> P(Uw) < E[Ug)] +/Var(Uz))/Ve)
> P(|U2) — E[Up)| < y/Var(Uay)/Ve)

>1—c¢

%, and second that p() = Ua).

S

P <p(2) <

Define C, = 2(1 + ¢~ 2)a and the event A, = {pp) < 2(1+ ¢=2)}. The event A, has probability at least
1 —e. Furthermore, on this event, the conditional procedure never rejects when p(;y > Cc/n, completing our
claim.

In other words, the conditional procedure can only reject when p;) < C /n (aside for on a small proba-

bility event), and hence suffers the same curse of dimensionality as the classical method:

P(pay < ap(z) and py > Cc/n) < P(Af) < e for some constant C independent of n.

B.8 Conditional inference on winners

We first provide the standard derivation for the conditional LCB and CI for the winning mean in the
setting of independent Gaussian data. Then we show that it matches our p-value viewpoint. We then argue
that the selective p-value we use for this winner problem is monotone in the null parameter, which allows us
to prove the some facts about the more general conditional LCB and CI that applies for all MLR families.
Finally, we use our p-value viewpoint to argue that, in the independent Gaussian case, the standardized
distance between the winner Xy, and conditional LCB is purely a function of the standardized distance

between the winner Xy and runner-up Xg.

B.8.1 Standard derivation

Suppose we observe independent Gaussian data X ~ N(u,I,) and want to make a LCB for the mean
pw of the winner W = argmax;¢,) X;.
To construct the conditional LCB, we follow the framework of Fithian et al. [2017]. Letting R be the index

of the runner-up (second largest observation), we note that the deviation of Xy from py has a truncated
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normal distribution once we condition on W and the nuisance statistics X _y :
XW—,uW |WX_WNTN(O,1,XR—/.Lw,OO). (BQ)

Let
Q1—a(Tr, ) = Quantile, (1 — o, Xy —pw [ W =w, Xy = 2_4) (B.3)

denote the 1 — a quantile of this conditional distribution (B.2), which is a function of largest entry x, of

ZT_q and the mean p,, at the winning index. It is straightforward to show that

LCBeona(X) = {1o : to > Xw — ¢i—a(Xg, to)} (B.4)

is a 1 — « confidence region for uy, that has exact coverage conditional on W and X_yy:
Pu(pw € LCBeona(X)IW, X_w) = Pu(Xw — pw < qi—a(Xr, pw)|[W, X_w) =1 — o

Later, via our p-value viewpoint, we will argue that this confidence region is indeed an LCB.

Fixing some 0 < a1, as < a such that a; + as = «, we also see that

Cleona(X) = {10 : Xw — oy (XR, p0) > po > Xw — q1—a, (Xr, o)} (B.5)

is a 1 — « confidence region that has exact coverage conditional on W and X _y . Again, later via our p-value

viewpoint we will argue that this region is a CI.

B.8.2 The p-value viewpoint

For the same setting as above, we want to use the p-values p!’

® =1—®(X; — o) to characterize when the
conditional LCB does not include py € R. This happens exactly when g is not included in the set (B.4).
Examining (B.2), (B.3), and (B.4), this happens when Xy — g is at least as large as the 1 — « quantile Q

of a standard normal truncated to be larger than X — pg. This quantile satisfies

1-2(Q)

o= ———3’
1= ®(Xg — po)

Solving for @ gives Q@ = ®~1(1 — a1l — ®(Xg — j))), meaning we reject exactly when

Xw —po > 27 (1 - a(l = &(Xg — ) <= 1-@(Xw — po) < (1 — ®(Xr — p1o))

= P S Py

Now we do the same for the conditional CI (B.5). We want to characterize when pg is not included in
the set (B.5). Examining (B.2), (B.3), and (B.5), this happens either when Xy — g is at least as large as
the 1 — a; quantile or at most as small as the as quantile of the same truncated normal distribution. That
is, either

Xw —po > 7' (1 — a1 (1— ®(Xg — o)) <= pfbf) < 041}?720),
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or

Xy — pio < &1~ (1— an)(1 — B(Xp — o)) <= pl > (1 ao)pls,

This will match the conditional CI we give later, which we will write in terms of p-values.

B.8.3 Monotonicity of the selective p-value

Recall the setting where X; ~ P, are independent samples from some parametric family Py with MLR
in T(z), and let pfo be the UMP p-values for testing Hy : 6 < 6.

We want to show that the selective p-value p?” / min;z; p?" is monotone non-decreasing in 6y. This will
imply that p?f) / p(zg) is monotone non-decreasing in 6y. So long as we can write our selection function in terms
of the data with no dependence on 6y, Appendix B.15.3 guarantees that this will be the case. Recall that
each p-value p?o is a function of T'(X;) and auxiliary uniform random variables U; 4., that are independent
of the data and each other. Imagining using our framework with p = p?" and Z = (T(X_;),U_; quz), We

can write our selection function in terms of the data T'(X;) and U; gquqs as

1, if tj > MaX;; t;,
8(tj,uj,t—j,u—j) =<1, if tj = max;x;t; and u; < maxjzj.q;=¢; Ui,
0, otherwise.

where t_; and u_; jointly represent z.

Because this selection function does not depend on 6y, Appendix B.15.3 guarantees that the selective
p-value resulting from it will be monotone. Note that, to apply Appendix B.15.3, we also needed to ensure
that Z did not depend on 6y, which is was not the case in Example 8’s original treatment, but is the case in

our current treatment.

B.8.4 The conditional LCB and CI for MLR families

Again suppose that X; ~ Py, are independent samples from some MLR family Py, and let pfo be the
UMP p-values for testing Ho : 0 < 6. Let W = argmin, ¢, pfo be the index of the smallest p-value, and
define the parameter vector © = (61,...,6,).

First we claim that

{00 : 03 /(3 > a}

is a LCB for the winning parameter 6y that has exact 1 — « coverage conditional on W. The region being
an LCB follows from what we showed earlier: p?i’) / p(zg) is monotone non-decreasing in 6y. We get exact
1 — a coverage because p?j has an exact uniform distribution given pg_jj under Pg (see Lemma B.15.3). Thus
conditional on W = j and pe_jj (i.e., conditional on selection and Z), Theorem 5 tells us that the selective

0; | . 0; . T - .
p-value p; /min,,; p;” has an exact uniform distribution conditional on selection:
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(Z
P@) . P?O .
p(g) ming; p;*

0;
by .
=P (J p >OZW_j>

ming; p;’

=1-aq,

Likewise, we see that

{90 toy < p?i’)/p(og) <1-— 042}

is a CI for 6y that has exact 1 — « coverage conditional on W. The fact that it is a CI again follows from

the monotonicity of p?i’) / p‘(gg), and exact coverage follows from an identical argument to the one above.

B.8.5 Distance between winner and conditional LCB

Consider observing Gaussian data X ~ N(u,02I,) and let W and R be the indices of the winner
and runner up respectively. We will use our p-value viewpoint to show that that the standardized distance
D = (Xw—f)/o between the winner Xy and the conditional LCB i for iy depends only on the standardized
gap (Xw — Xg)/o between the winner and runner-up. Per our earlier discussions, the conditional LCB i
satisfies

P (Xw) 1 o(Xw — )/0) 1 - (D)

P(Xp) T I o(Xn—pfo) T T-0(D - (Xw - Xn)fo)

Clearly then, D is a function of (Xw — Xg)/o and does not at all depend on the problem dimension 7.

B.9 Conditional inference on winners for exponentials

Recall the exponential distribution X ~ Exp(\;) which has PDF

Xe M x>0,
fa(z) =

0 2<0

Defining T'(z) = 1/, we see for z > 0 and Ay > A1, the ratio

Po(@)/fr (2) = %exp <_>\2T(_$;\1>

is monotone non-decreasing in T'(x). Thus this family has an MLR in T'(x), and the UMP test for Hy : A < Ag
thus rejects when T'(X) is large, or correspondingly when X is small. In particular, noting that the CDF of
X is given by

1—e ™™ >0,

Fx(l‘)z
0 z<0
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it rejects according to the p-value p’\o =1— e X (see Appendix B.15.1 for details about UMP testing in
MLR families).
Now consider observing some independent data X; ~ Exp()\;). We know from Appendix B.8 that the

selective p-value pf‘l") / pf‘;) is monotone non-decreasing in \g. Using L’Hopital’s rule, we can compute that

P - e M
vkt PR anlo 1— e M Xe
(2)
D CE
)\HEJ Xove—20X(2)
0 (2)6
X
X2’

which is sufficient to imply our claim in the main text.

B.10 Hybrid inference on winners

We first provide the standard derivation for the hybrid LCB and CI for the winning mean in the setting
of independent Gaussian data. Then we show that it matches our p-value viewpoint. We then provide
more general hybrid confidence regions that apply for all MLR families, and show that they are indeed an
LCB and CI. Finally, we use our p-value viewpoint to argue that, in the independent Gaussian case, the
standardized distance between the winner Xy and conditional LCB is purely a function of the standardized

distance between the winner Xy and runner-up Xpg as well as the problem dimension n.

B.10.1 Standard derivation

We want to make a hybrid LCB for the mean pw of the winner W = argmax;c[,; X; in the case of
independent Gaussian data X ~ N(u, I;,) with unknown mean p € R™.

The core idea behind hybrid inference is giving a confidence region Chy(X) that has a very high proba-
bility of containing uw on a “good” event G\,. Oddly, this good event depends on the unknown parameter.
For some < a, we need G, to happen with probability at least 1 — 3. Then, if we ensure that Cjy,(X)

has at least (1 —a)/(1 — ) coverage on the G, it will achieve 1 — « coverage overall:

Pu(pw € Chyp(X)) = Pu(G) Pu(pw € Cryp(X)|Gp) + PM(GZ)P#(NW € Chyb(X)|G;cL)

z(lﬂ)G_g)

=1-aq.

Considering some § < « and defining 8, =1 — (1 — B)l/ ™ our good event is that the confidence lower

bounds X; — z;_g, for the means p; all simultaneously hold:
GH = {Xl < Wi+ 21-8, for all 7 € [n]}

It is not hard to show that this good event happens with probability exactly 1 — 3.
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We note that our treatment differs slightly from Andrews et al. [2023]. Andrews et al. [2023] focus on
making confidence intervals, and rheir good event is that there are CIs (not LCBs) that simultaneously cover
all the pu;. The purpose of restricting to this good event is that on this good event, we know all the X; are
not too far from their u;, and therefore our inferences on this event should not result in exploding intervals
(even if they are of conditional flavor). Because the explosion only happens for the lower endpoint, however,
it is most important to ensure that the X; are not too far above their means. Hence we put all our 3 error
budget on the good event into making simultaneous LCBs, rather than two-sided Cls like Andrews et al.
[2023].

Now, we can make a confidence region that contains the mean with probability at least (1 — a)/(1 — 3)
on this good event. If we condition on G, along with W and X_y, the deviation of Xy from pw has a

truncated normal distribution like (B.2) that is further truncated from above:
XW*NW | W,X_W,GH NTN(O,l,XRfuw,Zl_ﬁn). (BG)

On the good event G, we always have that Xr — uw < Xw — pw < z1_g,, so the lower truncation is
indeed below the upper one. Let
11—«

"o (T, ) = Quantile,, <1ﬁ’XW —pw | W =w,X_yy =x_y, G,L) (B.7)
L —

™|

denote the (1 — «)/(1 — 8) quantile of the conditional distribution (B.6), which is a function of the largest
entry x, of x_,, and the winning mean pu,,. Per the prior discussion, the function (B.7) only makes sense if
T, — fo at most z1_g,, and we will take the quantile (B.7) to be —oo if it is not. It is then straightforward

to show that
LCBuyp(X) = {po : po > Xw = qi-s (X, o)} (B.8)

contains py with high probability conditional on W, X_y -, and the event G :

l1-«
Bu(pw € LCBpyp(X) W, Xow, Gp) = Pu(Xw — pw < QEL%;(XRJJWNW X w,Gu) = 1-8
Based on our earlier discussions, this is sufficient to imply that LC By, (X) from (B.8) will contain py with
probability at least 1 — a. We argue later (via our p-value viewpoint) that (B.8) is an LCB.

Similarly, fixing some 1,72 > 0 such that v + 2 =1=(1—-«a)/(1 — 8) = %_g, we can argue that
Clhy(X) = {po : Xw — qu (XR,po) > po > Xw — Q{Lyl (XRr, o)} (B.9)

will contain py with probability at least 1 — . Again, we will show via our p-value viewpoint that (B.9) is
a CIL.

B.10.2 The p-value viewpoint

For the same setting as above, we want to use the p-values p/® =1 — ®(X; — o) to characterize when
the hybrid LCB (B.8) does not contain po € R. Examining (B.6), (B.7), and (B.8), we can consider two

cases to figure out when this happens.
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Case One - Xr — o > 21-p5,: If Xp — po > 21-p,, then ¢h_, (W, X_w, po) = —o0, S0 g cannot be in
=5
(B.8). This case happens precisely when

Xp—po>2z1-p, <= 1—=0(Xgp—p) <1—P(21_5,) < pg’) < Bn.

Case Two - Xr — o < z1-8,: If Xp — pio < z1-8,, then po is not in (B.8) exactly when Xy — o is at

least as large as the i:—g quantile @ of a standard normal truncated to be larger than Xp — po but smaller

than z;_g,. This quantile satisfies

a=f  ®ap)-®@) 1= -2Q)
1-8  ®(z1-p,) — ®(Xr —po) 1—Bpn— ®(Xr — po)

Solving for @ gives

a—f
1-p

) (1= B,) + SR - m)) |

a—p
1-p

Q=2" <15n (1Bnq)(XRNO))>(I>1<(1

SO po is not in (B.8) exactly when

Xw — po > @71 ((1_?:§>( —Bn)‘FT:g‘I’(XR—MO))
<~ 1_(D(XW_MO)< (1_T_5)6n+?_5(1_¢(XR_MO))
= p?{’) < Olé:gpg’ﬁr (1—?_5) Bn

It turns out we can combine these two cases. Because p?{’) < p’é"), the fact that pg’) < B, in Case One
implies that p?f) < B, also. Therefore in Case One, p?f) must be strictly smaller than a mixture of p‘(‘;) and
Br:

o < (.f%gpf;) (1 - j“:g) B (B.10)

Therefore, if say po is not included whenever (B.10), we will always say it is not included in Case One, and
we will say it is not included at the appropriate times in Case Two.
Now, we do the identical analysis for the hybrid CI (B.9). Case One is identical. We redo Case Two below.

Case Two - Xp — o < z1-8,: If Xp — po < z1-p,, then pp is not in (B.9) exactly when Xy — po is at
least as large as the 1 — ; quantile of the same truncated normal, and at most as small as that truncated

normal’s v quantile. That is, when either

Xw —po > @71 (11 = Bn) + (1 = 71)®(Xr — po))
= p1) <)+ (1=71)8n
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or
Xw —po <271 ((1=12)(1 = Bn) +72®(Xr — o))
= (1) = (L=72)p(3) +728n
By the same reasoning as above, we can combine the two cases, and say that we do not include pug
whenever

Pty < 1Py + (1 =7)Bn or p(f) = (1= 72)p5) + 728

B.10.3 The hybrid LCB and CI for MLR families

Recall the setting where X; ~ Py, are independent samples from some parametric family Py with MLR
in T(z), and let pfo be the UMP p-values for testing Hp : 6 < 0. Let © = (64,...,0,) be the parameter
vector and let W argmin g, p% be the index of the smallest p-value.

We will present a hybrid LCB and CI for 0y and directly prove their validity. Importantly, note that
the event Gg = {pf" > B, for all ¢ € [n]} happens with probability 1 — 8 under Pg. Thus it suffices to show
that our confidence regions have (1 — «)/(1 — ) coverage on this event, per our earlier discussion. Also
importantly, thanks to p?j having a uniform distribution under P, (see Lemma B.15.3), the conditional

distribution of p?j given W = j, p(i” and Gg is a uniform distribution on [3,,, min;; pfj}. Using this, we

J’

o a—p o a—p
{90127?1) >mp?2)+ (1_ 15)671}

is a 1 — a confidence region for fyy:

a— a— . 0;
Pg <0w € {90 :p?g) > 7 _gpfg) + <1 7 _g) 5n} W ZJ,I?‘Q_Jj,Be)

0o
D, *Bn Oé—ﬁ .05
=Ps|0;€L6;: J > W =j3,p’.,B
@(a {0 min#jpf"—ﬁn 1ﬂ}| J, P25 @>

0o
D, _Bn Oé—ﬁ .0,
:P@ J > W: I’ j'vB@

<mini¢jpf° — Bn g Th
11—«

1- 8

can see that

To see that the region is actually an LCB, we rewrite it as

0o

Lozt (1905 f
o : - n B.
{0 p?§>>1—6+ tm1og) e/ e (511

because we know that p?g) is monotone non-decreasing in 6y and also from Appendix B.8 that pi)i’) / p?g) is

monotone non-decreasing in y, once some 6y belongs to (B.11) all larger 6y will as well. Hence, it is an
LCB.
Considering ~q,v2 > 0 such that v +v2 = (o — 8)/(1 — B8), we can do the exact same analysis for the
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Figure B.1: For n = 10 (left), n = 100 (middle), and n = 1000 (right) the distance between the hybrid LCB
to the winner (dash-dot line) and union bound LCB to the winner (dotted and solid line) with o = 0.05 and
B = 0.005 plotted as a function of the gap between the winning and runner-up observation.

hybrid CI

{00 mpfy +(1

= 71)Bn <0l < (L= 2)p(8) + 72671}

to show that it both covers 6y, with probability at least 1 — o and that it is indeed a CI.

Note that, when put in our selective dominance framework, the hybrid selection event actually depends

on the null parameter 6y. Hence we cannot argue monotonicity of the selective p-value via Appendix B.15.3

as we did in the conditional case, and instead had to use different arguments to justify that our confidence

regions were actually an LCB and CI.

B.10.4 Distance between winner and hybrid LCB

Consider observing Gaussian data X ~ N(u,02%I,) and let W and R be the indices of the winner

and runner up respectively.

We will use our p-value viewpoint to show that the standardized distance
D = (Xw — XRg)/o between the winner Xy, and the hybrid LCB fi for uy depends only on the standardized

gap (Xw — Xg)/o between the winner and runner-up. Per our earlier discussion the hybrid LCB /i satisfies

P Xw) =

P+ (1- 9201 5,

e

<~ 1-9(D) =

g

1-5

Clearly then, D is a function of (Xw — Xg)/o and n.

= (e ()0

- B
-8
Q- B<1—@<D—XW_XR)>+

«

1—

E

~p
=)

B
1_ﬁ>ﬁn

B.11 Comparing hybrid inference to the union bound

As discussed earlier the hybrid cutoff (5.9) is strictly larger than the union bound cutoff (5.11) when

P@1) > Bn- Thus, both procedures reject when p(;y < 8,. When p(1) > By, the hybrid procedure rejects but
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the union bound does not whenever

o € (@ = O §= 50 + (1- 555 ) 3

When ps) = 1 and n = 1, the length of the interval is 3, which is the largest it can possible be. Thus, in the
case where we can have additional rejections, the hybrid cutoff is never more than § plus the union bound
cutoff. Andrews et al. [2023] suggests taking S = /10, so when a = 0.05, for example, 8 = 0.005 is quite
small.

Still, this is not a precise statement about power gain. The computations required to compute the power
gain analytically are messy, so instead we gauge the power gain via simulation. We sample data X ~ N(u, I,,)
for n = 10 and attempt to reject the winning null Hy : uw < 0 where W = argmin;¢p,; 1 — ®(X;) is the
index of the smallest p-value p; =1 — ®(X;).

We choose n = 10 because it is a reasonably small dimension size where one may apply hybrid inference
(e.g., the main example from Andrews et al. [2023] has n = 13). Let R denote the index of the runner-up
(second smallest p-value). For the dimensions n = 10, 100, 1000, Figure B.1 compares the distance from the
winner Xy the hybrid LCB and the union bound LCB. As illustrated in the plot, the benefit of hybrid
inference dissipates as the dimension of the problem increases. This is because conditioning on the “good
event” has less and less of an effect as n grows.

Our simulation results indicate that hybrid inference typically results in a fairly small power gain. We

consider two simulated settings:

Needle in a haystack: First, we consider a needle-in-the-haystack setting where py > 0 and all the other
w; for i # 1 are set to ps. We try puo = —2,0,2. The power comparison is ploted in Figure B.2. Whenever we
truly have a needle-in-the-haystack problem, i.e., g1 > po, hybrid inference results in essentially no power
gain. The only setting where we see some gain (up to around 0.05) is when po > p1. In this setting we
actually have a dense alternative (many small signals). We expect the top two p-values to be close to each
other, so conditional methods should perform poorly. The union bound approach indeed performs essentially
identically to the level § classical test (not pictured). Hybrid, however, manages to eke out some additional
power. Both methods pale in comparison to the level « classical test however, which would achieve power
> 0.95 throughout the whole plot (not pictured). For various values of oy and o2, which we assume are
known, we also tried re-running the experiments with X; ~ N(u1,0%) and X; ~ N(p2,03) when i > 1. The

results were not appreciably different.

Two possible signals: Seeing as the hybrid and union bound approaches both reject based on the winning
and running-up p-value, we ran a simulation for all pairs u1,us € {—3,-2.9,...,2.9,3} with p; > p2 and
w1 > 0. We forcibly set u; = —oo for ¢ > 2. For each setting we ran N = 10000 to get an empirical estimate
of power for each method. Across the 1492 simulated settings, the median empirical power increase from
hybrid was ~ 0.003, the 90th percentile empirical power increase was ~ 0.023 and the maximum empirical
power increase was ~ 0.042. As the results indicate, the power increases from hybrid were negligible for
most settings. We also re-ran the same simulations but sampled X; ~ N(u,0%) and Xy ~ N(u,03) for
various values of o; and oy, which we assume are known. The results were not appreciably different, and, if

anything, the difference in power was notably smaller for some values of o1 and o5.
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Figure B.2: For pg = 0 (left), po = —0.5 (middle), and us = —1 (right) the empirical power over N = 10*
trials of the hybrid inference approach versus the union bound approach for the needle-in-the-haystack
alternative. One standard error bands are also plotted. For the most part, they are so small that they are
hardly visible.

B.12 Number of ties in rank verification

Considering a random vector X € R" let

_Xi— X
=2

_ X+ X

Y; Y, 52 Yi=Xeforl#ij (B.12)

Suppose that X; > X}, for all k£ # i, and X; = X, for some ¢ # i (i.e., there is at least one tie). We count
the number of ties in for the winner in three different cases.

e Suppose Y; > maxy; ; Yi. If any of the X}, for k # 4, j were equal to X;, then we would have

Y:X:Xi+Xk>Xi+Xj:Y‘
k= ok 2 = 2 J

which would be a contradiction. Thus, if there is a tie, the only possible tie is X;. Since,
1+|{€7£i:YZ:I£§XYk}|:2

in this case, we are done.

e Suppose that Y; < maxy; ; Yi. Then some X}, for k # ¢, j must be strictly than larger X;. Otherwise

we would have for every k # i, j that

Xit Xy o Xi+ Xi

Y, = > X =Y
i 2 = 9 = Ak k>

which is a contradiction. Thus, if there is a tie, the number of ties is one plus the number of X} for

k # i, j that are equal to each other. In this case, this matches
L+ [{{#i:Y, = rgngk}l,

so we are done.

e Now suppose that Y; = maxy; ; Y3. In this case we must have X; = X;. If not, then X; < X; and
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there must be some ¢ # i, j such that X; = Xy, so

Xi+ X X, +X
Y; = 42— L < ; L =X, =Y,

which is a contradiction. Thus Y; = X; in this case, and the number of ties is therefore clearly

1+ {#£i: Y, = m;zxYkH

B.13 Selective p-value for rank verification in exponential families

Suppose p is a p-value for the null Hy that is selectively dominant given Z and we select p to use for

inference according to the selection function

1 if z < qt(z2),

s(x,z) = %Z) if z € [¢7(2),q(2)], ;
otherwise,
Then the adjusted p-value (4.4) is given by
p ; +
poy — 0 5@ 2 S (a2 ifp<qt(2),
Jo st Zyde | LIFBEL LS iy e g7 (2),4(2)],

D)+ iz W Z)—a7 (2))

which can be re-written as

- (1~
q*(Z)

This is sufficient to imply the claim from the main text.

Dsel =

B.14 Rank verification additional details

Example 12 (Rank verification in exponential families). Suppose p is a p-value for the null Hy that is

selectively dominant given Z. If we select p to use for inference according to the selection function

1 if v < q*(z),
S(J},Z) == ﬁ ZfZC S [q+(2)7Q(Z>]a ?
0 otherwise,

where N(z) > 1 and 0 < g7 (2) < q(z) < 1 are known functions of z, then the selective p-value from (4.4)
turns out to be (see Appendiz B.13 for computations)

-(1- T)(p —q"(2))+

P = @2~ 2) (B.13)




APPENDIX B. SUPPLEMENTARY MATERIAL RELATING TO SELECTIVE INFERENCE 140

Therefore, Theorem 5 tells us that rejecting when (B.13) is at most « is a selective Type I error controlling

procedure:

( p— (1 - N(lz))(p - q+(Z))+
"\ aH2) + 55 a(2) - ¢ (2))

Now, suppose we observe X drawn from the exponential family (6.7) and let W be the index of the largest
X (with ties broken randomly). For i # j, Example 4 tells us that the UMPU p-value p = p;; from (6.11)
for the null Hy;j; : 0; < 0; is selectively dominant given the transformed nuisance statistics Y_; from (6.8).
Taking ng(Y,i), ¢i;(Y_;), Ni(Y_;), and f from (6.12), (6.13), (6.14), it is now easy to show that rejecting
the data-dependent null Hy w; for j # W when

.§a|S:1>§a. (B.14)

pwi— (1= 5=)(ow; — @)+

Gv; + we (aws — aiy;)

< (B.15)
controls Type I error conditionally on W.
For i # j, if Ho,j; is false, then trivially P(falsely reject How;|W = i). For the case that Hy;; is true,

the event W =i is the same event as selecting p;; for inference in (B.13), so

(1= L .
P(falsely reject How,j|W =1i) =P (pw; (0= ) (bws = )+ <a ‘ W = z)

By s + 5= (awi — ay;)

i — (1= ) (pij — ¢
P(pj ( N7)(pJ qz])Jr SO&‘W:Z>7

a5 + v (a5 — 4)

< a.

which is sufficient to imply conditional error control.

Now suppose we reject the data-dependent null Ujw How; when we reject all of the individual nulls
How; for j #W. It is straightforward to see that this will control Type I error both conditionally on W and
marginally. If i is such that 6; > 0; for all j # i, then trivially P(falsely reject Ujzw How;|W =1i) = 0. If

this is not true, then there exists some k # i such that 0, > 0;, so
P(falsely reject Ujzw How;|W =1i) < P(falsely reject Howi|W =1) < a.

Again, marginal error control follows from the usual law of total probability argument:

n
P(falsely reject Ujzw Howj) = ZP(W = i) P(falsely reject Ujw How;|W = 1)
i=1
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B.15 Selective dominance and one-sided testing

In this appendix, we establish the selective dominance property for UMP p-values in MLR families
and UMPU p-values in exponential families. We also show that in these cases, the adjusted p-value from
Theorem 5 is monotone in the parameter, under suitable conditions. Throughout the appendix, we draw

from the discussion and proof strategy in Appendix B.1 of Lei and Fithian [2018].

B.15.1 MLR Families

We consider a parametric family Py parameterized by a real parameter § € R such that each Py has
density pg(z) with respect to some carrier measure p. We will suppose that these densities share support
(i.e., for any two 6 and ¢’ we have pg(x) > 0 <= pg/(x) > 0). Further, we suppose that for any 6 < ',
the likelihood ratio pg/(z)/pe(x) is a monotone non-decreasing function of some real-valued function T'(x)
on this support (i.e., for any x; < x5 with pg(x1),pe(x2) > 0, we have pgr(x1)/po(z1) < por(x2)/po(22)).

Recall that for a testing problem, the critical function ¢(x) (see [Lehmann et al., 1986, Section 3.1]) tells
us the probability of rejecting the null having observed data x, so ¢(X) = P(reject Hp|X ). From Theorem
3.4.1 of Lehmann et al. [1986] we know the test governed by the critical function

1 i T(z)>C
dx) =49~ ifT(x)=C (B.16)

0 otherwise

is UMP for testing Hy : 6 < 0y against the alternatives H, : 8 > 6, so long C' and -~ satisfy
Py, (T(X) > C)+ Py, (T(X) =C) = .. (B.17)
Denote the left-continuous survival function of T'(X) and its right-hand limit under Py, as

G(t) = Py, (T(X) > 1) GH(t) = limG(u).

ult

Since G(t) is a monotone non-increasing function, we can also define its generalized inverse

G (z) = inf{t: G(t) < 2},
Lemma B.15.1 gives a natural way to set C' and v in Equation (B.16) to get an UMP test.

Lemma B.15.1 (An UMP test). Adopting the convention that 0/0 = 0, taking C = G~ (a) and v =
(a — GH(C)/(G(C) — GT(C)) in Equation (B.16) gives an UMP test.

Proof. At continuity points ¢ of G(+), we have G(G~1(t)) = t and also P(T(X) = t) = 0. Thus, if C = G~!(«a)
is a continuity point of G(-), then G*(C) = Pp,(T(X) > C) = Py, (T(X) > C) = G(C) = a and v = 0, so
the constraint (B.17) is immediately satisfied.

If C = G7!(«) is not a continuity point of G(-), then G(C) — G*(C) > 0 and the constraint (B.17) is
also immediately satisfied. To ensure that we still have a valid test, however, we need « € [0,1]. This is true
so long as a € [GT(C), G(C)]. We know that G(t) < a for any ¢t > C, so G*(C) < a. If G(C) < «, then we
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could find some ¢t~ < C such that G(C') < a by left-continuity, but this would contradict that C = G~!(«a),
finishing the proof. O

Letting Ugys ~ Unif([0, 1]) be auxiliary randomness that is independent of X, a simple way to instantiate
the test from Lemma B.15.1 is to reject whenever T'(X) > C or when T'(X) = C and Ugy, < . Lemma B.15.2
explains how this is the same as rejecting when the p-value, termed as a fuzzy p-value in Geyer and Meeden
2005],

p = GH(T(X)) + Upa(G(T(X)) — G*(T(X))) (B.18)

is at most a.

Lemma B.15.2 (Fuzzy p-value is UMP). Rejecting Hy : 6 < 0y when the fuzzy p-value (B.18) is at most «
instantiates the test from Lemma B.15.1, and is therefore UMP.

Proof. We rewrite
b= (1 - Uaur)G+(T(X)) + UaurG(T(X))

and consider four cases.

o If t < G7!(«) then we can find some t* > ¢ such that G(t*) > a. Thus G(t) > G*(t) > a. Sop > «
whenever T'(X) < G~ (a)

o If t = G~ !(a) and G~!() is a continuity point of G(-), then G*(¢) = G(t) = a. Thus, in this case

p < a whenever T(X) = G~ }(«) and Uy, < G(Gfkl_(o?);(,%ll((g)l(a)) = o0.

o If t = G7!(a) and G~1(«) is not a continuity point of G(-), then we must have that G(t) — G*(t) > 0.
Also by right continuity we have G(t) > a and by how G~1(-) is defined we have G*(t) < . In this

a—Gt o
case p < «a also whenever T'(X) = G~ }(«a) and Uy, < G(G*l(S))(—%JF((G)*)l(a))'

o If t > G !(a) then GT(t) < G(t) < a. So p < a whenever T(X) > G~ (a).

This implies the following set equalities:

{p<a}={T(X)>G a)}U {T(X ) =GH(@), Unuar < G(Gal(_ai+(cé_+((g))l(a))}

={T(X) > CU{T(X) =C,Usuz <7}

Lemma B.15.3 shows that p ~ Unif([0, 1]) under Py,, which will be useful for us later.

Lemma B.15.3 (Fuzzy p-value is uniform at null boundary). Under Py, , the p-value (B.18) has a Unif([0,1])

distribution.

Proof. Using the set equality from Lemma B.15.2 but replacing « with z € (0,1), we find
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Poo (GT(T(X)) + Uaua(G(T(X)) = GH(T(X))) < 2)

= BT > 670 + 0 (100 = 66 < i Gy
)

= P (T(X) > 67 ) + P (TC0) = G )y, (U < G((;i(f;_((; )
2= GHG(2)
G(G1(2) - GHG(2)

=GT(GTH(2)) + (G(GT(2) = GT(GT(2))) -
O

Now we can show that p is a selectively dominant p-value for testing the null Hy : 8 < 3. In what
follows, we consider some fixed 6 < 6, and prove some facts that allow us to relate the distribution of T'(X)

under Py, to its distribution under Pj.

Lemma B.15.4 (Distribution of T'(X)). Let go(T(z)) be a non-increasing function that equals the likelihood
ratio po(x)/pe, (z) on the support and

v(4) = / I(T(z) € A)pgy (x)pu(d)

be the measure of T(X) under X ~ Py,. Then

Py(T(X)e A) = /Agg(t)z/(dt)
Proof. We know that

By(T(X) € A) = / I(T(x) € A)pg, ()90 (T())u(d),

so we need to show that
/I(T(fﬂ) € A)po, (2)go(T (x))pu(dz) = /Age(t)V(dt) (B.19)

If go(T(z)) = I(T'(z) € A’) happens to be an indicator then (B.19) holds. Therefore, we can apply the
standard machine (see the discussion after Equation 42 in Lei and Fithian [2018]) to show that (B.19) holds

for all non-negative functions gg(+). O
Lemma B.15.5 (Distribution of (T(X), Uyuz)). If w denotes the product measure of v and Lebesgue measure
A on [0,1], i.e., the distribution of (T(X),Uguy) under Py,, then

Py((T(X),U) € B) = /B go(t)w(dt, du) (B.20)

Proof. We will first argue that (B.20) holds for any B which is a product set A; x Ay. We can further reduce
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to the case that go(T'(x)) = I(T(z) € A}) is an indicator. Then we see using our previous lemma that

Pg((T(X), Uaum) € A X Ag) = P@(T(X) S Al)P(Uauw S AQ)
= /A1 gg(t)z/(alt)'/A2 A(du)
= /AmA/l 1/(d7f)~/A2 A(du)

= / w(dt, du)
AlﬁA/l X Asg

= / go(H)w(dt, du)
A1 xAs

To handle the case of general gy(-) we can again simply apply the standard machine.
The full result then follows from an application of the 7 — X theorem: the set of B for which (B.20) holds
is a A-system, and (B.20) holds for every set in the 7 system of all product sets B = A1 X A,. O

Note that our p-value p is a deterministic function of T(X) and Upyy:
p=m(T(X),Usuz)  mft,u) = G*(t) +u(G(t) — G (1))
As such, we sometimes write our selection function as a function of T(X) and Ugyy:
s(t,u) = s(m(t,u)).

We use this abuse of notation in our next lemma, which characterizes the conditional distribution of T'(X)

given selection.

Lemma B.15.6 (Distribution of (T'(X), U ) given selection). For any selection function s(x) under which

p has a positive probability of selection under Py,

PU(T0X), V) € B = 1) = L2800 o)

Proof. First note that

Py((T(X),Uquz) € B,S =1)

Po((T(X),Ugua) € B|S =1) = By(S=1)

Thus it suffices to show for any set B that

Py((T(X),Uguz) € B,S=1) = /ng(t)s(t,u)w(dt,du).

By the definition of conditional expectation

Py((T(X),Uguz) € B,S=1) = Eg[Ep[I(S = 1) | T(X), Upux I((T(X), Ugnz:) € B)]
=FEy [S(T(X)v Uauz)I((T(X)7 Uauw) € B)]
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If s(t,u) = I((t,u) € B) is an indicator function, then the result is implied by our previous lemma. We again

get the result for general selection functions s(¢,u) by applying the standard machine. O

With these lemmas under our belt, we can show Proposition B.15.1, the main result of this sub-section.

Since p ~p,, Unif([0, 1]) by Lemma B.15.3, this proposition is sufficient to imply selective dominance.

Proposition B.15.1. For any selection function s(x) for which p has positive probability of selection under
PG:
Pyp<zlS=1)< Py, (p<2|S=1).

Proof. First we show that Py(S=1) >0 = P, (S =1) > 0. We show the contrapositive. If

then s(T(X),Uguz) = 0 a.e. under Py,. Therefore,
PQ(S = 1) = EO[S(T(X)a Uauac)] = Eeo [QO(T(X))S(T(X)a Uauac)] =0.

Now, fix z € (0,1). If z is such that Py(p < z|S = 1) = 0 then the desired inequality is trivial. To handle

the non-trivial case, we recall Lemma B.15.2 and note three facts:
o If (t,u) € m™1([0,2]) then t > G~1(2),
o If (t,u) € m™1((2,1]) then t < G~1(2),
e The sets m~1([0, 2]) and m~1((z,1]) are disjoint.

Thus,

1 fmfl([o,l]) go(t)s(t, u)w(dt, du)

Pp<zS=1) Jon-1(0,27) 90 () s(t, u)w(dt, du)
B fm,l([ovz])gg(t)s(t,u)w (dt,du) + [ _ 1(21]) 90 ()5t w)w(dt, du)
B Jon-1(0.27) 90 () s(t, u)w(dt, du)
S 96() (8, ww(dt, du)
Jom 1(07)90(t)8( u)w(dt, du)
(G ) sy ol s )
 90(GTH(R)) [0, St ww(dt, du)
Jm=1((zap) 3 ww(dt, du)
Jn-1(0,27) 8t Ww(dt, du)
1

T Py(p<AS=1)

where to finish we have noted that gg,(t) = 1 almost everywhere in the measure w. O
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B.15.2 Exponential families

Suppose we observe data X € R™ from an exponential family Py parameterized by 8 € R™ i.e., under Py
the data X has density
9o(z) = exp(01T1(2) + - + 0, Tn(2) — ¥(0))9()

with respect to some carrier measure p. We consider the problem of testing Hy : 8; < 6 ;.
The UMPU test for Hy : 0; < 6p,; is valid conditional on T_;(X). More specifically, Theorem 4.4.1 of
Lehmann et al. [1986] tells us that any test of the form

1 if t; > Co(t,i)
¢(tiat—i) = ’}/(t_i) if t; = Co(t_i)
0 otherwise

where the functions «(-) and Cp(-) satisty
Eo,—0,,[0(Ti(X),t_;)|T_s(X)] = o a.e. under Py, —g, ,

is UMPU for testing Hp : 6; < 6p;. Lemma 2.7.2 of Lehmann et al. [1986] tells us that the conditional
distribution of T;(X) given T_;(X) = t_; admits a density

96, (ti) = exp(0it; — 1/:(91))

with respect to some base measure y;_,. This density has an MLR in ¢; (to be specific, we are imagining
observing T;(X) from its conditional distribution T_;(X), and the map T'(-) from the previous sub-section is
actually the identity). Hence, a concrete UMPU test is to just run our UMP test from the previous section
using the conditional distribution given T_;(X) = t_;. In particular, our work from the previous section

implies that it is UMPU to reject using the p-value

p = GH(Ti(X)|T-i(X)) + Unua (G(TH(X)|T-4 (X)) — G (T(X)|T-i(X))), (B.21)

where Uy, is an uniform random variable independent of the data and
G(tl|t_1) = Pgo (Tz(X) Z t|T_z(X) = t—i) G+(ti|t_¢) = }Llﬁl G(U|t_z)

We argue that this p-value is selectively dominant given Z. Fix a distribution P in the null. If we
consider some selection function s(x, z) such that P(S = 1) = 0, then (4.3) holds trivially. Instead consider
the case that P(S =1) > 0 and let f,(z) denote the conditional PDF of p given Z = z. Proposition B.15.1
along with Lemma B.15.3 tells us exactly that for z such that fol s(z, z) fo(x)dz > 0,

Jy stx.2)folw) _ fysa.2)

1 for all t € [0,1].
Jo s, 2) f=(x) — [y s(x,2)

Arguments in Appendix B.19.1 and Appendix B.19.2 then tell us that the following three facts are true a.e.
under P(-|S =1): (1) fol s(x,Z)fz(x)dz > 0, (2) the left-hand side of the above equals the left-hand side
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of (4.3), and (3) the right-hand side of the above equals the right-hand side of (4.3). Combined these facts

imply that p is selectively dominant given Z.

B.15.3 Monotonicity of selective MLR p-values

In this sub-section, we consider data (X,Z) where the conditional distribution X|Z = 2z ~ Py, is
parameterized by § € R and has an MLR in T'(z). Because we do everything conditional on Z = z, without
loss of generality we can just work with X and understand that the results will hold a.e. over Z. Letting

Gh(t) =Py, (T(X)>1t)  GF(t) =1lim G (u)

ult

we let
P =GP (T(X)) + Ugun (G* (T (X)) = G*H(T(X)))

be the UMP p-value for testing Hy : 8 < 6y. Again, U, is a uniform random variable independent of the
data. Let
m® (t,u) = GF (1) + u(G™ () — G (1))

be the map such that m% (T(X),U) = p%.
Considering a class of selection functions s% () such that fol s%(x) > 0 (when Z is present we need

fol s%(x, Z) > 0 almost surely), we want to show that the selective p-values from Theorem 5,

]
9 _ fopo s% (z)dw
sel fol 800 (.’E)dl’ )

are monotone non-decreasing in 6y. Specifically, we will show that this is true when the selection function
s%(z) is independent of fy once written in terms of the data (i.e., selection can be stated in terms of the
data without reference to the null parameter being tested). Formally, we establish monotonicity whenever

there exists §(-,-), independent of 6y, such that
s (z) = 3(t,u) for all t,u with z = m% (¢, u),

Like before, we now consider some fixed § < 6y and let go(T(x)) be the non-increasing function that
equals the likelihood ratio pg(x)/pg,(z) on the support. The next lemma allows us to rewrite the selective

p-value in a useful way.

Lemma B.15.7. Letting E,., = {(t,u) :t > ort =1 and u < s}. For anyt and u such that m®(t,u) =y,

/y s%(z)dx = / 9o (t)8(t, u)w(dt, du).
0 By
Proof. First we handle the case that s?(2) = I(x € By) is an indicator of membership to some set. Then
the left-hand side of the equation is the Lebesgue measure of the set {z : < y} intersected with By. By
Lemma B.15.3 this is the same as the probability under Py of the p-value p’ being at most y and in By.
By our choice of ¢ and u, the set difference between E;, and the set {(¢t,u) : m%(t,u) < y} is measure

zero under Py. Thus by Lemma B.15.5 and how § is defined, the right-hand side of the equation is also the
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probability probability under Py of the p-value p? being at most y and in By. We again get the result for

general selection functions s?(x) by applying the standard machine. O

According the the previous lemma,

J7 @) de o, 90OFEww(dt, du)
Fso@yde [ 9e(0)3(t ww(dt, du)

6
Pset =

Hence it would suffice to show that for all » and s,

T, . 90()3(t, w)w(dt, du)
fgg 3(t, w)w(dt, du)

is monotone in non-decreasing in 6. This is the subject of our next lemma.

Lemma B.15.8. For any r and s, the quantity

5., 90(H)3(t, w)w(dt, du)
f99 5(t, u)w(dt, du)

is monotone non-decreasing in 6.

Proof. The proof strategy is the same as our earlier results. We would like to show that

Jg, . 96( )~( w)w(dt, du) <fE 9, t)~( w)w(dt, du)
fge Jw(dt, du)  — [ ga,(t) Yw(dt, du)

If the numerator of the left-hand side is zero then the inequality must hold. In the other case we see that

S g0(t)5(t, u)w(dt,du) N va 90(t)5(t, u)w(dt, du)
S, . 90(8)3(t, ww(dt, du) fE 90(t)5(¢, w)w(dt, du)
. fE 5(t, w)w(dt, du)
- gg(r) Jr 3(t,u)w(dt, du)

Jge 3(t,u)w(dt, du)

T 90, (D3 (t, uw(dt, du)
where we have noted that if (¢t,u) € E, s thent > r and if (¢t,u) € E, s then t <, and also that gy, (t) =1
almost everywhere in the measure w. O
B.16 Selecting multiple p-values for inference

In this appendix, we generalize our selective dominance framework to allow us to select multiple p-values

for inference.



APPENDIX B. SUPPLEMENTARY MATERIAL RELATING TO SELECTIVE INFERENCE 149

Suppose we have k p-values for the nulls Hy; that are selectively dominant given some common Z. We
require that these p-values are conditionally independent given Z. Define k binary selection random variables
S; € {0,1}, where S; = 1 when p; is selected. The relationship between p;, Z, and S; is governed by the
selection functions !

Furthermore, we demand that the different selections happen independently, i.e.,

k
P(Sy=1,....,8=1|p1,....,pr, Z) = [[ P(S; = 1| p;, Z) ac. under P (B.22)
j=1

Define the selective p-values from Theorem 5 pserj = 3 s;(2, Z)dx/ fol sj(z, Z)dzx. Our goal is to show

that these selective p-values remain independent and are also valid p-values after selection:

k
Pﬁi?:lHO,i (psel,l < tl, -+« Dsel,j < t1|Sl = 1, ceey Sj = 1) < H tj for allt € [0, 1}k: (B23)
j=1

Fix a distribution P in the global null. As this statement is vacuously true when P(S; =1,...,5; =
1) = 0, it suffices to suppose that P(S; =1,...,5; = 1) > 0, in which case we can define the conditional
probability measures

P(A S =1,...,5=1)
A)=P(A[S1=1,...,8. =1) =
Q(A) (A|Sy yeroy Sk ) P(S1=1,...,5 =1)

and P(AS )
=1
(A) = P(A|S; = 1) = ~ 228 = 2)
Note that @ is absolutely continuous with respect to all the @); and also P, so any statement which is true
a.e. under any @); or a.e under P is also true a.e. under Q.
By taking expectations of (B.22) conditional on Z with respect to both sides, we find that the S; are

independent given Z a.e. under P (and thus also a.e. under @)). The following equalities hold a.e. under P.

P(Si=1,....8,=1|2)=E[P(S1 =1,....8, = 1p1, ... Z) | Z]

k
=F H P(S; =1lp;, Z) | Z (Equation (B.22))
j=1
k
= H E[P(S; = 1|p;, Z)] (p; conditionally independent given Z)
j=1
k
=[] P(s; =12)

<
Il
—

where we have used that the p; are conditionally independent given Z to move the expectation inside the
product.

Now, we recall from Appendix B.19.1 that the selective p-value pse;,; is a continuous function of p; for

1 Again, formally s(pj, Z) = E[S|p;, Z].
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a.e. Z under Q;, and therefore this is true for a.e. Z under (). Namely, we have for all ¢ € [0, 1]* that

Q(Pser,1 < t1,. . Psetk <tu|Z) = Q(p1 € A1, 24, ., Pk € Ak, 2| Z) a.e. under Q)

To be specific, for z such that fol sj(x, z)dz > 0, the A; ., are Borel sets such that [ s;(z,z)/ fol sj(x,z) <
t; <= y € A,. Now, the following equalities hold for all ¢ € [0, 1]* a.e. under Q:

EQ[[(pl c Al,Z,t) - I(pk c Ak,Z,t) | Z]
_ Bpll(ps € A1.z)S1 - I(px € Arz)Si | Z]

(Lemma B.19.1)

Ep[S:...Sk | Z]
- Ep[I(p1 € A1,z4) . ~-I(Pk;Pﬁ;f’.t.)§:l[Sg]' S|Py, 201 Z] (LoTE)
- el € 85 =l Sl UL o 2
_ ﬁ Ep[I(p; € AEZ;[);EZ [5;]: Lpi, Z]|Z] (earlier result)

o
Il
_

Ep[[(pi S Ai,Z,t)Si|Z]

k
= LoTE
Zl;[l Ep[S;|Z] ( )
k
= H Eq,[I(pi € Aiz:)|Z] (Lemma B.19.1)
i=1
k
= H EQ[I(pset,i < ti)|Z] (earlier reasoning)

o
Il
N

(Theorem 5)

IN
'I:]»
S+

o
Il
N

Of course, the fact that

E

P(pseii <t1,...,Psetk < te|Z,51 =1,.. H  for all t € 0,1]* a.e. under Q

is sufficient to imply (B.23).

B.16.1 Adaptive versions of Fisher’s combination test

We can use our generalized framework to come up with variants of Fisher’s combination test that are more
powerful when some null p-values are conservative (i.e., they have super-uniform distributions). Corollary 10,
which is of similar flavor to the conditional inference on winners procedure, gives a conditional version of
Fisher’s combination test that only uses the bottom & p-values for inference. In Corollary 10 s procedure, k

must be pre-specified.



Power

APPENDIX B. SUPPLEMENTARY MATERIAL RELATING TO SELECTIVE INFERENCE 151

o Power of different variants of Fisher's test o Power of different variants of Fisher's test 1o Power of different variants of Fisher's test

—— Conditional —— Conditional —— Conditional
Truncated Truncated Truncated
—— Original —— Original —— Original

0.8 0.8 0.81

0.6 0.6 0.6

o @
z z
o o
0.4 Q04 & 54
0.2 0.2 / 0.24
0.0 0.0 0.0
0.00 025 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
Value of the signals u; = ... = Value of the signals u; = ... = Value of the signals u; = ... =
(a) £=3 (b)y =5 (c) £=10
Figure B.3: For ¢ = 3 (left), £ = 5 (middle), and ¢ = 10 (right), power of the k = 3 conditional, 7 = 0.5
truncated, and original Fisher’s combination test for data drawn from N(u, I1g9) with g1 = --- = pp varying
according to the x-axis and pig41 = - - = pu, = —2. Power results from an average over N = 10* trials, error

bands (barely visible) denote one standard error, and the level & = 0.1 is denoted by the dashed line.

Corollary 10 (Fisher’s top-k combination test). Suppose that p; are n independent and selectively dominant
p-values for the nulls Ho;, and let Hy (;) denote the null corresponding to the jth smallest p-value (with ties
broken randomly). For some fixed k < n, rejecting the data-dependent global null ﬂ?leo,(j) (and therefore
also the global null N}_y Hy ;) when

k
-2 Zlog(p(j)/p(k+1)) > Quantile(1 — o, x31) (B.24)

Jj=1

controls Type I error at level « conditional on the indices of the smallest k p-values (and therefore also

marginally).

Examining (B.24), we see that when the (k+ 1)st p-value provides essentially no evidence against the null
(80 p(r+1) =~ 1), running Corollary 10’s test is like running Fisher’s test using just the bottom k p-values and
ignoring that any selection took place. In this case, our test statistic will be essentially identical to Fisher’s
original test statistic, but the critical value required for rejection will be much smaller. On the flip-side, if
many of the p(;) for j < k are not sufficiently smaller than p(;41), then Corollary 10’s test statistic will be
small and the test will fail to reject.

Another approach to improving Fisher’s combination test is truncation: only use a p-value for inference
if it is below some fixed threshold 7 € R [Zaykin et al., 2002]. Corollary 11, which is identical to the test
from Proposition 2 of Zhao et al. [2019], gives a version of Fisher’s truncated combination test that is still

valid whenever the p-values are independent and selectively dominant 2.

Corollary 11. Suppose that p; are n independent and selectively dominant p-values for the nulls Hy;, and
fix n thresholds T; € [0,1]. Letting j € J denote the random set of indices for which p; < T;, rejecting the
data-dependent global null N;cHo ; (and therefore also the global null N}_, Hy ;) when

k

—2 "log(p;/7j) > Quantile(1 — o, X35
j=1

2We give a variant that is valid conditional on which p-values are selected. If we just care about rejecting the global null
N?_, Ho,;, we can give a more powerful test via marginalization, as Zaykin et al. [2002] do.
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controls Type I error at level o conditional on J (and therefore also marginally).

If some p; are substantially lower than their truncation point 7; but most are above it, then Corollary 11
will be powerful. In this case, Corollary 11’s test will have a slightly smaller statistic compared to Fisher’s
original combination test, but a much smaller critical value. Hence, the truncated Fisher test is most
powerful when some p-values come from strong alternatives but many come from conservative nulls. As
such, Corollary 11 generalizes the truncated Fisher test to the settings where it is most applicable. On the
flip-side, if most of the p; are below 7;, the truncated test statistic will pay a penalty due to selection, while
the critical value required for rejection will remain essentially unchanged compared to Fisher’s original test.

To illustrate the benefits and drawbacks of these methods, we display their power alongside that of
Fisher’s original test for a simple n = 10 dimensional Gaussian problem. We sample X ~ N(u, I,,) and use
the p-values p; = 1 — ®(X;) try and detect the existence of a positive mean. For £ € {3,5,10}, we vary
the strength p; = -+ = pg > 0 of our signals and set py41 = -+ = p, = —2 to be conservative nulls. We
do inference using the bottom k = 3 p-values for the conditional version of Fisher’s method and set the
truncation 7 = 0.5 for the truncated version (i.e., we include p; for which X; > 0). The results are displayed
in Figure B.3.

As expected, the new methods outperform Fisher’s original method when conservative nulls are present.
When ¢ = 3 and the bottom three p-values are much smaller than the rest, the conditional method does
incredibly well. As expected, its performance quickly degrades when ¢ = 5,10 and the fourth smallest p-value
becomes close to the bottom three. The truncated method is more robust, and still considerably improves
power when ¢ = 5. Unsurprisingly, both selective methods perform worse than Fisher’s original method

when ¢ = 10 and every p; is a signal (i.e., all p-values are sub-uniform).

B.16.2 Proof of Corollary 10

Suppose we have n independent and selectively dominant p-values p; for the nulls Hy ;. We consider a
subset p;,,...,p; of them to use for inference. Denoting the remaining as Z = (pi,,,,...,Dpi,), we have
that p;,, ..., p;, are conditionally independent given Z. We select the p;, for j < k to use for inference when
they are smaller than all the p-values in Z, i.e., we use the selection functions s;(z,z) = I(x < ming z;).
For these selection functions, the condition Equation (B.22) is obviously satisfied, and Equation (B.23) tells
us that, under the global null ﬁﬁleo,ij, the selective p-values p;;/minggy;, . 4, ) pe are independent and
valid p-values after selection. In particular, if we denote the 1 — a quantile of the x? distribution as Qq, a

consequence of Equation (B.23) is that

k
Pﬂ§=1H0,¢j (_2Zlog(pij/zg{min ) }pf) > Q2] S, = 1,.. S = 1) (B.25)
j=1

11505k
To show conditional error control, we first note that if ﬁ?leMj is false, then trivially
P(falsely reject NF_, Ho@lSi, =1,...,8,=1)=0<a.

k

For the case that O;?:lHo,ij is true, then the event S;, =1,...,.5;, = 1is the same as selecting the p;,,...,pi,
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for inference in (B.25), so
P(falsely reject Nf_y Ho ;|Si, = 1,...,8;, =1)

k
= P(=2) log(p(j)/p+1)) = QaelSi, =1,...,8;, =1)
j=1

k
= P(—QZlog(pl]/Zg{fnln }pﬁ) Z Q2k|S’i1 = 15---aSik = 1)

= 1otk

< .

Now, letting J denote the set of indices of the bottom & p-values, It follows from the definition of conditional
expectation that P(A|J) = P(A|S; = 1for all j € J) a.e. under P, and the above therefore implies that
P(falsely reject NP, Hy (5|J) < a a.e. under P. Marginal error control then follows from the law of total
expectation.

To see that the same applies for the global null repeat the same argument and replace any mentions of
ﬂleHo,ij and ﬂé?:lHO,(j) with N, Ho ;.

B.16.3 Proof of Corollary 11

Suppose we have n independent and selectively dominant p-values p; for the nulls Hy ;. We select p; to
use for inference when it is smaller than some pre-specified threshold 7;, i.e., we use the selection functions
sj(x) = I(z < 1;). Let S; be the indicator that the jth p-value is selected and J be the random set of indices
of the selected p-values. For these selection functions, the condition (B.22) is obviously satisfied, and (B.23)
tells us that, under the global null ﬁ;’?le 0,i;, the selective p-values p;, /7; are independent and valid p-values
after selection. In particular, if we denote the 1 — a quantile of the x3 distribution as Qg4, a consequence of
Equation (B.23) is that

k
Pﬁ;?:lHo,ij (_2 Z log(p17 /Tj) > Q2k|Si1 = 17 BEEE) Slk = 1)
j=1

To show conditional error control, we first note that if ﬂé?:lHo’ij is false, then trivially

P(falsely reject ﬂfeJ Hy S, =1,...,5,=1)=0<a.

k

For the case that ﬂf:lHo,ij is true, then the event S;, = 1,...,S;, = 1is the same as selecting the p;,,...,pi,

for inference in (B.16.3), so

P(falsely reject ﬂ?eJ Hoj|Si, =1,...,8;, =1)
= P(—2ZlOg(pj/Tj) > Qokl|Si, = 1,...,8, =1)
jeJ
k
= P(=2) log(pi,/75) > QaklSi, = 1,...,8;, = 1)
j=1

< .
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It follows from the definition of conditional expectation that P(A|J) = P(A|S; =1 for all j € J) a.e. under
P, and the above therefore implies that P(falsely reject Njey Hoj|J) < a a.e. under P. Marginal error
control then follows from the law of total expectation.

To see that the same applies for the global null repeat the same argument and replace any mentions of
NE_ Hoi, and NjeyHo; with Ny Ho ;.

B.17 Simultaneous approach

For sake of comparison, we consider simultaneous inference approaches that leverage the known covariance

structure X.

B.17.1 Tukey’s test

The typical simultaneous inference approach that is cognizant of the covariance structure ¥ is Tukey’s
honestly significant difference (HSD) test [Tukey, 1951]. Tukey’s test, once adapted to our problem, enables

us to reject Uies,jgstj whenever

X, —-X, -6
mm —

7 _ 7.
> hi_a, hi—o = Quantile [ 1 — o, max 1Zi = 24|
1€S,JES Vij i

i£] Vij

) with Z = X — p. (B.26)

We justify that rejecting UZ‘E‘SJQSH?]- whenever (B.26) is satisfied is an error controlling procedure later. In

contrast, our selective test is guaranteed to reject UiGS,jQSHfj at least whenever

O Xi—X; -6
mm —

> 21 oo - tile (1 — o, Z) with Z ~ N(0,1 B.27
ain, v > 21—a)2 Z1—a/2 = Quantile ( a,Z) wi (0,1) ( )

When n = 2, these two rejection regions coincide. But as soon as n > 2, the quantile h;_,, becomes strictly
larger than z;_, /2, and our test’s rejection region becomes a strict superset of Tukey’s HSD rejection region.
In the case that the X; are independent, the growth of hq_, is at least on the order of \/logn (we will show

this later). The quantile z;_, /o that our procedure uses, however, stays fixed.

B.17.2 A refinement of Tukey’s HSD

Based off of the approach in Bofinger [1983, 1985b] and Hsu [1981b], we derive an approach that dominates
Tukey’s HSD test. These earlier works assume an isotropic covariance. To handle the case with general
covariances, we will have to come up with a slightly different procedure than what currently exists in the
literature. It is not tractable, but it still helps inform us of the limits of simultaneous inference.

Let Z = X — p be a centered version of X, so that Z ~ N(0,X), and let IT denote the set of permutations

over n elements. Defining

Zoor(k) — Znr Zooa(iy — Znoi(;
PN T ARGy 27O T 2 L) (B.28)
Ur=1(K),m—1(K+1) ng;gl Ur=1(8),m=1(j)

q1—o = max Quantile | 1 — o, max
mell
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we argue that we can safely draw the inference min;eg pt; > max;gg p; + 6 whenever

. Xi—X; -9
—_— > (i—q- B.29
iergl,lj%s Vij = f-a ( )
Assume that the entries of p are sorted (with ties dealt with arbitrarily). Define I’ to be the largest
index in S (corresponding to the smallest mean) and J’ to be the smallest index not in S (corresponding to
the largest mean). Define I € S and J € S to be the indices that minimize Xi forie SandjeS. A
X1=Xs=0 » ¢y, and also pup — py — 08 S 0. Note that I’ > K, and

vrJj

I'=K — J =K+1land I’ > K — J' < K. With this in mind, we can bound

false rejection happens exactly when

Xr—X;,-96
P(false rejection) = P (up — gy —06 <0, % —Qi—a = O)
7 ;7 — 5 X ;7 — X ;7 — 5
<p (MI |34 <0, I J G > 0>
’UI/J/ ’UI/J/
< P(Mﬁ pyr =90 < cXr =Xy =9 _q1—a>
’UI/J/ 'U[/]/
SP(q SXI’_,UI’_XJ’_MJ’)
v vr g
VAT
<P (cn o< I")
’UI/J/

Zx — Zra1 Zi— 4
P 11—« <max 7+ max = =
VK, K+1 7,>K+1 Vij

where the last inequality follows from the definition of ¢ _4.
Having proven the validity of this simultaneous method, we make two points. First, we could not use the
1 — a quantile of
Zx — LK1 Zi— Zj
max{ ————, max ——~
VK, K+1 12K+l vy
J<K
in our procedure because, in the non-isotropic covariance case, computing this quantile requires us to know
how to order the samples by their means. Second, ¢;_,, is certainly at most

i#]

7. 7.
h1_o = Quantile (1 — o, max |Zv]|> ) (B.30)
ij

which justifies the validity of the Tukey’s HSD variant that we proposed earlier.

Now, let us compare our selective test to this simultaneous approach. It is easy to see that g1—o > 21_4/2,
where the inequality is strict exactly when n > 2. Therefore, the rejection region (B.27) matches the
simultaneous rejection region (B.29) when n = 2, and is a strict superset of it when n > 2.

In the case that the X; are independent, we can more explicitly quantify the difference in the two rejection
regions. Suppose that n is arbitrarily large and, without loss of generality, that K < n/2 (the case that
K > n/2 can be handled with an identical argument). Let 7 be the permutation such that 7= (K) satisfies
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Ya-1(K)m-1(K) < Ym,m for all m. Then,

Znrg0) = Znrgwy) o D) — 2

max .
Un—1(K),n=1(K+1) legzglv Un=1(3),m=1(j)
L1035y — Lp—1

> max % @) TN (K)

2K+ Un=1(i),m-1(K)
Zr—1(; y/—
> max —— O pax 1K)
2K U=t (i), =1 () 12K Un1 (i), o1 (K)
YA L I(Z,.- >0
> max S, O N max LK) ( LK) )
i>K+1 1]71.71(1-)1”71(1() 1> K+1 Uﬂ—l(i))ﬂ-—l(K)
Zﬂ-—l(i)I(Zﬂ-—l(Z‘) > 0) Zﬂ.fl(K)I(Zﬂﬁl(K) > 0)

= max — + 0,(1
iZEHL Uni(i) m o1 (K) V2Tt (1)1 (1) o

ZrrinI(Zn-1sy > 0
1(1) ( 1(1) )+Op(1)

> max

TEEH V2B )
1 Zﬂ'*l(i)
— — 4+ 0,(1
\/ﬁzg}?fl E,rfl(i)mﬁ%i) + p( )

where the last equality follows from applying standard extreme value theory results regarding the concen-
tration of the maximum of independent standard Gaussians [Haan and Ferreira, 2006] and the fact that
n— K > n/2 per our assumption. As a consequence, q;_, must grow at least on the order of v/logn as well.
This implies that, in the independent case, the HSD quantile (B.30) grows at least on the order of v/logn

also.

B.18 Confidence lower bound for rank verification

By inverting the test (6.3) for different values of ¢ (i.e., considering the set of § for which we fail to
reject), we get a confidence region for the gap min;eg pt; — max;.g p; that is valid conditional on S. It is
not immediately clear, however, that this region will result in a confidence lower bound (i.e., there is some
smallest ¢ for which we fail to reject). We provide an argument that it does.

Appendix B.15.3 tells us that, because our original marginal p-values p?j in (B.36) come from the UMP
test in a MLR family, and because our selection event does not depend on the parameter § we are testing,

the selective p-values pﬁel’ij from (B.37) are non-decreasing in 6. If, for i € S and j € S we define

00, p‘;el,ij < «a for all 4,
fij = § —o0, pgemj > « for all 6,
sup{d :pgel’ij = a} otherwise,

then it is straightforward to argue that Theorem 9’s procedure will fail to reject if and only if § >

min;es, jgs flij. Therefore the inverted confidence region does indeed correspond to a confidence lower bound.
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B.19 Proofs

B.19.1 Proof of Theorem 5

First we prove a useful lemma.

Lemma B.19.1. For a measure P and an event B with P(B) > 0 define the conditional measure Q(E) =
P(E|B) = P(EN B)/P(B). Then, for a random variable X,

P(A, B|X)

a.e. under Q)

Proof. First note that Ep[I(P(B|X) = 0)I(B)] = Ep[I(P(B|X) =0)Ep[I(B)|X]] =0, so P(B|X) > 0 a.e.
on the set I(B), Thus it must be the case that P(B|X) > 0 a.e. under Q. Now we can compute for any
Borel C' that

Eo [WI(P(BX) > 0)(X € C)]

=FEp [W!’(F(MX) >0)I(X € C)I(B)] /P(B) (standard machine)
=FEp [WI(P(EX) >0)I[(X € C)P(B | X)} /P(B) (tower property)
= Ep[P(A, B | X)I(P(B|X) > 0)I(X € C)]/P(B)

=P(A,B,P(B|X)>0,X € C)/P(B) (definition of conditional expectation)
=Q(A,P(B|X)>0,X () (definiton of Q)
=Eqg[I(A)I(X € O)] (P(B|X) positive @ a.e.)
=EglQA | X)I(X € O))]. (definition of conditional expectation)

Thus %I (P(B|X) > 0) satisfies the definition of the conditional expectation of I(A) given X
under Q. Since I(P(B|X) > 0) =1 a.e. under @, we are done.

O

Equipped with this lemma, we can provide a proof.

Fix a probability distribution P in Hy and let f,(x) be the conditional PDF of p given Z = 2. If
P(S =1) =0, then our convention is that P(pse < a|Z,S = 1) and P(pser < ]S = 1) are identically zero,
so the result is immediate.

Now consider the non-trivial case, where P(S = 1) > 0 and the conditional probability measure Q(A) =
P(A|S=1)=P(A,S=1)/P(S=1) is well defined. We first show that (4.5) holds.

We start by showing that P(S’ = 1) > 0 also. First, we compute

Ep[S|Z] = Ep[Ep|S|p, Z]|Z] = Ep[s(p, Z)|Z] :/0 s(x, Z) fz(x)dx

and likewise L
EplS'|Z] = Ep[Ep[S|U, Z)|2] = Erls(U, 2)2] :/ s(x, Z)dz.
0
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Whenever fol fz(x)s(x, z)dz > 0, it must be the case this z that the function s(z, z) is not zero Lebesgue
almost everywhere in z. Therefore fol s(x,z)dr >0 = fol f2(x)s(z, z)dz > 0. Thus we have both that

Ep[S|Z] >0 = FEp[S'|Z] > 0 everywhere

and the contrapositive
Ep[S'|Z] =0 = Ep[S|Z] = 0 everywhere P

Now, since P(S = 1) = Ep[Ep[S|Z]], it cannot be the case that Ep[S|Z] = 0 a.e. under P. By the first
implication above we must then also have P(S" = 1) = Ep[Ep[S’|Z]] > 0 as well. Thus we can also define
the conditional probability measure Q'(4) = P(A|S' =1) = P(A4,5" =1)/P(S’ = 1). Now, with both these

probability measures at our disposal, we prove two lemmas.
Lemma B.19.2. Ep[S|Z] > 0 a.e. under Q and Ep[S’'|Z] > 0 a.e. under Q'.

Proof. The fact that Ep[S|Z] > 0 a.e. under @ follows from the fact that

P(Ep|S|Z] = 0,8 = 1) = Ep|I(Ep[S|Z] = 0)S]
— Bp[I(Ep[S|Z] = 0)Ep[S|Z]]
=0

The fact that Ep[S’|Z] > 0 a.e. under Q' can be shown by an identical proof.
O

Lemma B.19.3. Q(Z € A) =0 = Q(Z € A) =0, and as a consequence Q' (Z € A) =1 — Q(Z €
A)=1

Proof. Since Q'(Z € A)=P(Z € A,S" =1)/P(S" = 1), we have

Q(ZeA)=0
— P(ZeAS =1)=Epll(Z € A)Ep[S'Z]] = 0
< 1(Z € A)Ep[S’'|Z] = 0 a.e. under P
< P(Ze€ A Ep|S'|Z] >0)=0

By our earlier results, however, P(Z € A,Ep[S|Z] > 0) < P(Z € A Ep[S’|Z] > 0) = 0. Thus P(Z €
A, Ep[S|Z] > 0) = 0, and the same set of equivalences tell us that Q(Z € A) = 0.

The consequence follows from the fact that Q' (Z € A) =1 = Q'(Z € A°) =0 = Q(Z € A°) =
0 = Q(ZecA=1 O

Now, define the function
t
s(z, z)dx
Fypze=1(t) = foli
Jo s(z, z)dx

so that psey = Fy)z,/(p). For z such that fol s(z,z)dz > 0, the above is a monotone non-decreasing and
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continuous function of ¢. For such z, we can define its generalized inverse

FJ|Z g1 (@) =inf{t: Fy. g1 (t) > x}

which satisfies Fyy|. si=1(Ffjj, g1y (¢)) = 2 and Fyp. g1 (t) <@ <= ¢ < FL o, (2). By Lemma B.19.2
and the fact that Ep[S’|Z] > Ep[S|Z] everywhere, Fyyjzg=1(t) will be a continuous function of z with
probability one both under @) and @’. The following string of equalities and inequalities then hold almost

surely under Q:

Q(Fy|z,5=1(p) <t|Z)

=Q(p<F U|Z o—1(D12) (Fuizs/=1(t) continuous a.e. under Q)
<Q'U< FJ|Z s (Z) (selective dominance)
=t (Lemma B.19.1)

We justify the last equality. First we use Lemma B.19.1 to note that a.e. under Q" we have

PU<t8 =1|2)

P(S' =1|2)
_ EplI(U < t)P(S' = 1|U, Z)|Z]
- Ep[P(S"=1U.2)|Z]

QU <tZ) =

_ fot Z)dx
Jo ( Z)dx
= Fy|z,5=1(t)

Thus a.e. under @’ it holds that

QU< FU\lz sim1(D12) = Fyjz,51(F 7 52, (D) =t

Writing the event Q'(U < FJlZ g1 (t)|Z) =t as Z € A for some Borel set A, Lemma B.19.3 tells us that
Q(ZeA) =1 = Q(Z € A) =1, which establishes the claim. Finally, we (4.6) from the law of total
expectation.

In the case that Q(p < ¢|Z) = t a.e. under @, then by the same computations as earlier we can
directly compute that Q(p < t|Z) = Fy|z,s—=1(t) a.e. under @, and we can directly compute that Q(p <
FJ‘ZS/ W2) = FU\Z,S':l(FU|1Z g—1(t)) =t a.e. under @, i.e., we get exact equality a.e. under @ as
claimed in (4.7).

B.19.2 Proof of Theorem 6

Fix a probability distribution P in Hy and let f,(x) be the conditional PDF of p given Z = 2. If
P(S =1) = 0, then our convention is that P(p < «|Z,S = 1) = 0, so (4.3) holds automatically. Thus we
can consider only selection functions s(x, z) for which P(S = 1) > 0. We argued in Appendix B.19.1 that
when P(S = 1) > 0 we also have P(S" = 1) > 0. Correspondingly, we define the conditional measures
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Q(A)=P(AIS=1)=P(A,S=1)/P(S=1)and Q'(A) = P(A|S=1)=P(A,S=1)/P(S=1).
For now, consider fixed z for which fol s(z, z)f.(z)dz > 0. For such z, we argued in Appendix B.19.1
that fo s(x, 2) f(x)dxz > 0 also. For such z, we argue that the inequality

fo z, 2) f2(x) fo z,
fo s(x, 2)f2(z)d fo x, 2

holds for all ¢ € [0,1]. If fo x, 2) f-(x)dx = 0 then the inequality trivially holds. Otherwise, we see that

which is sufficient to imply the claim.
To finish the argument, we note by Lemma B.19.2 that E[S|Z] = f s(x,Z)fz(x)dz > 0 a.e. under Q.
Applying Lemma B.19.1, we find that a.e. under )
Q< 12) = P2 D)
_ Epl[I(p <HP(S = 1ip, 2)|]
Epll(p < OP(S = 1p. 2)|Z)
fo 2, Z)fz(x)dz
 Jy 5@, 2) f2(@)da

and a.e. under @’

PU<t,8 =1|2)
P(S' = 1]7)

EP[I(USt)P(S,:HUvZ”Z]

- Ep[P(S"=1|U.2)|Z]

fo Z)dz

f( Z)dx

QU <t2)=

But, we can write the event that Q' (U < t|Z) = M s Z € A for some Borel set A, and Lemma B.19.3

tells us that since Z € A is measure one under @’ it is also measure one under ). That is, we have a.e.
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under @ that

Jo s(x, Z)dx
Combined, we have a.e. under @ that Q(p < t|Z) < Q' (U < t|Z), which is the desired claim.

Now we show the converse part of the statement. Again fix a probability distribution P in Hj, and

t
QU <t2) = fols@’ Z)dx

suppose there is a set B such that P(Z € B) > 0 and for all z € B the conditional density f, is everywhere
continuous and not non-decreasing. More specifically, all we require is that for all z € FE, there are two
points y1(2) < ya(z) such that f,(x) is strictly larger in a neighborhood around y; (z) than in a neighborhood
around y»(z), and these neighborhoods are disjoint. In particular for € > 0 let N.(y) = (y — €,y + €) be
a ball around y. Then we need there to be y1(2), y2(2), €(z) > 0, and some 7(z) > 0 such that, for
all w1 € Nez)(y1(2)) and wa € Nez)(y2(2)), w1 < wp but fo(w2) +n(z) < fa(wi). If f. is everywhere
continuous and not non-decreasing, this will be true. Define H(z) = inf{f.(w1) : w1 € N¢y(y1(2))} and
L(z) = sup{ f.(w2) : wa € Ne(2y(y2(2))} so H(z) > L(z). Then consider the selection function

1 if 2 € Ne2)(y1(2)) U Ne(2y(y2(2)) and 2z € B
s(x, z) =
0 otherwise .

We show that, for this selection function, selection happens with positive probability:
P(S = 1) = Ep[Ep[P(S = 1lp. 2)|2)
1
— By / sz, 2) 2 (x)da]
0

1
> Ep[/o s(x,2) fz(x)dzI(Z € B))

> Epl2e(Zn(2)1(Z € B)] > 0

Thus the conditional probability measure @ and @’ are well defined. Next we show that Q(Z € E) =1, so
we know that Z € F a.e. under Q:

P(ZeE,S=1)
P(S=1)
EplI(Z € E)Ep[P(S = 1|p, Z)|Z]]
Ep[Ep[P(S = 1|p, Z)|Z]]
Ep[I(Z € E) [ s(x, Z) f(x)dx]
Eplfy s(w, 2) fz(x)da]

_ Erll(Z € B) fy sz, 2)f2(w)da]

Ep[l(Z € E) [ s(x, Z) fz(x)dx]
=1

QZeE)=

7

where we have noted that s(z, z) is zero everywhere if z ¢ E.

Finally, for z € E, define t(2) to be a value such that t(z) > wy for all w; € Ne.y(y1(2)) and t(2) < wa
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for all wy € Ne()(y2(2)). We know from earlier that a.e. under Q

fOt(Z) s(x, Z) fz(x)dz
fol s(x, Z) fz(x)dx ,

Qlp<t(2)|2) =

where the numerator is at least 2¢(Z)n(Z) > 0, so also a.e. under @ so,

1 . iz 5@, Z) f2()dz
Qlr<t(2)2) J8) 5(2, Z) f2(x)d
oy 2DL(Z)
= T 2(2)H(Z)
<2,

and

Qlp <t(2)[Z) > 1/2.
On the other hand, we also have from above that a.e. under @

fot(Z) s(x, Z)dz
fol s(x, Z)dx

_ 2¢(2)

 4e(2)

—1/2.

QU <u(2)|2) =

162

Thus we have shown that, a.e. under @, there exists some ¢ € [0,1] such that Q(p < t|Z) > Q'(U < t),

which means that p is not selectively dominant given Z.

B.19.3 Proof of Corollary 3

Suppose we have n independent and selectively dominant p-values p; for the null hypotheses Hy ;. Suppose

we use p; to test Hp ; only when we observe that p; is strictly larger than 3, but still the smallest of all

the p-values. We can apply Chapter 4’s framework with p = p;, Z = p_; and the selection function

s(x,z) = I(Bn, < x < ming zx). It is straightforward to see that Theorem 5’s selective p-value is pge; is

(pj — Bn)/(min;2; p; — B,), and Theorem 5 therefore tells us that

PHOJ( .pj_ﬂn Sa—5‘521>§a—ﬂ.
mingzip; — B ~ 1 -0

Re-arranging things we get

«

PHo,j (pj § %grgglpz+ (1 1:g>ﬂn

S1-5

S—1><O‘_ﬁ.

(B.31)

Letting W be the index of the smallest p-value (with ties broken randomly), we can now prove the claim



APPENDIX B. SUPPLEMENTARY MATERIAL RELATING TO SELECTIVE INFERENCE 163

that rejecting Ho w when

a—p a—p
Py = 7 Bp(2)+< _ﬁ)ﬁn
controls Type I error at level . Considering any distribution P, let B be the event that a p-value corre-
sponding to a true null is at most 3,,. Then P(B) < 8 and P(B¢) > 1— 3. If Hy , is false, we trivially have
have P(falsely reject Hyw|W = j,B°) =0 < (o — 3)/(1 — ). If Hy; is true, the event W = jandB¢ is the
same event as selecting p; for inference in (B.31), so

P(falsely reject How|W = j,B¢) = P <p(1) < ?:gp(g) + (1 — Cf_g) Bn | W = j,BC>
a— a—pf D e
:P<pJS1—Bmmpi+<1_l ﬁ)ﬁn W:j7B>
a—p
Our result then follows from law of total probability:
P(falsely reject Ho,w )
= P(falsely reject Ho w, B) + P(falsely reject Ho w, B®)
< P(B) + P(B°)P(falsely reject Ho w|B°)
< P(B) + P(B%) > _ P(falsely reject How|W = j, B°)P(W = j|B°)
Jj=1
= P(B)+(1- W = jiB°)
a—f3 1-—«
P(B
1-p + 1-0 (B)
a—0 11—«
<175 + 7 —ﬁﬁ
=a.

B.19.4 Proof of Corollary 2 and Corollary 4

It suffices to argue that closing our hybrid global null testing procedure rejects Hy () if and only if

a—pf a—pf
P < mp(frl) + (1 - 15) Br—j+1

for all j < k. We will define p(,,+1) = 1 so that the right-hand side of the above equals a when j = n.
Correspondingly, for subsets I C [p] of size one, we define the hybrid procedure to reject the global null Hy o
when the lone p-value is at most «. For subsets I of size strictly more than one, supposing that the smallest
p-value in [ is the fth smallest p-value and the second smallest p-value in [ is the mth smallest p-value, the

hybrid procedure rejects the global null Hy ¢ when

Py < %p(m) + (1 Tg) By1|-
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Necessity: For 1 <j <k, let I,,_;11 be the size n — 7 4+ 1 subset that excludes the 5 — 1 smallest p-values
i+
(when j =1 then I = [p]). This subset includes the index of the kth smallest p-value, so we must reject Ho

to reject Hy (x). It rejects exactly when

a—f3 a—f3
PG) = 1__K3Pu+1)+'(1“1__/3> Br—j+1

so our conditions are necessary.

Sufficiency: Consider a subset I that contains the index of the kth smallest p-value. If it is size-one, then

we reject because

?:gp(kﬂﬁ- (1—?:?> Brn—k1 < %—F (1— Cly:g)ﬁ:a-

Now suppose that [ is size n — j 4+ 1 for some j < n. Its smallest p-value is the ¢th smallest p-value for some

D) <

{ < k and ¢ < j, and its second smallest p-value is the mth smallest p-value for some m > ¢. We reject

because
a—p a—p
P < 7 P+ + <1 -1 5) Br—t41
a—pf a—pf
=TT 5Pm) + (1 — 7 ) Pnjin

B.19.5 Proof of Theorem 7

We complete the proof in three steps.

Applying Neymann-Pearson

First we argue that it is sufficient to show that

1—a(xW .
liminf P 41(/‘/)) <a Zlimian(l—q)(Xl( )) < ),
n—o00 1— (I)(XR" ) n—oo

Our goal is to show that

liminf inf P(¢) rejects ) — P(¢, rejects ) > 0,
iminf inf (¢r. rejects ) (¢n rejects ) >

or equivalently,

liminf P(¢) rejects ) — sup P(¢, rejects ) > 0.
n—oo ¢6Hn

Defining the point nulls f[éf;) : /,LE") =0, let Hy = N, Hy be the global point null that all the means are

identically zero, and also let 7—~Ln be the set of tests that maintain level o Type I error when testing ﬁo. Then

liminf P(¢), rejects ) — sup P(¢, rejects ) > liminf P(¢; rejects ) — sup P(¢,, rejects ).
n—o0 ¢€Hn n—00 ¢€ﬁn
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The term sup e P(¢y, rejects ) is the highest power that can be achieved by a level a test trying to
distinguish between the point null that all the means are 0 and the alternative that the means are given

by ™. The most powerful test is given by Neymann-Pearson [Lehmann et al., 1986, Theorem 3.2.1], and
(n)
J
computation to [Lehmann et al., 1986, Example 3.2.1]). More specifically, this test will reject when 1 —
(X)) < a. Therefore

because p;’ = 0 for j > 1, it is not hard to verify that it rejects when X; is large (it is an identical

sup P(¢y, rejects ) = P(1 — (X)) < a),

PEH
and it suffices for us to show
1-®(X5) (n)
liminf P | ——%2 <a | - P(1-®(X;") <a) >0,
n— oo 1— (I)(X}(%n))

where we have recalled that ¢} rejects when (1 — @(X‘(,;L)))/(l — @(Xl(?é))) <a.

Studying the conditional test

In this part of the proof, which is thanks to Rahul Kanekar, we argue that for any € > 0 there exists a
G such that whenever g > G

w Z Al—a 1_(1)(xw_g)_
To show this, we define a = —x,, and study
®(a) P(zw)

Olatyg) 1-®(z,—g)

By L’Hopital’s rule, whenever g > 0 we have

() _ ¢(a) e a’/?

Lo @le) P gat+l _
aErEloo ®(a+g) aggloo pla+g) GEIPOO e—(a+g)?/2 aEIEloo c #=0 (B.32)

Given this, fix gy > 0 and consider R < z, — € such that ®(a)/(®(a + g)) < § for all a < R. Because
®(a)/(®(a+ g)) is decreasing in g for any fixed a, we have for all g > ¢; that

D(a) ®(a) a
sup ———— < sup ————— < —. B.33
wen ®(atg) " azr ®(atg) 2 (B.33)
Furthermore, for all a € [R, z, — €] and any g we have

D(a) < D(z, —€)
Pla+g) ~ 2(R+g)

We can take go large enough such that
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so that for any g > ¢

sup < <
a€[R,zq—€] q)(a+g> (I)(R+g)

<e(l—a) (B.34)

Taking G = max(g1, g2) we see that whenever g > G,

D(a) !
sup ——— < max(a(l —¢€), =) < a
P Bagg = meelm )
Correspondingly, we have that whenever g > G,
1—®(xy)
sup —————<a,

Ty 221 —atE€ 1- @(.’Ew - g)

which is sufficient to prove the claim.

Final probabilistic arguments

Now we can put everything together to prove the claim. Fix some € > 0 and take G to be such that
whenever g > G then
1—®(xy)

> _ :>—< .
L = Rl T € 1—<I>(xw—g)7a

(n) (n)
1—-9¢(X X
X(n

>a, X -xM>a)+ P -xI < @)
1 @(X}(%”)) w R w R

d(
(1 <I><X<”> ( X))
— ®(X)

(n) (n) (n) (n) 3 (n)
P(Xy <z,a+eX Xy <@+ P(Xy — X < @)
PIXW <z 0+ +PXP -xM < @)
P

XM <z o+ +PXP -xM<@)

>a, X0 - xM < G) +P(xP - x> @)

IN

P
(

IN

IN

I(/IT}) — XI(;) 2y 0, we know that liminf,_ P(XI(,;}) — Xl(%n) < G) =0, and we can take the limit
on both sides to see that

Because X

1—o(x
liminf P # >al| < hmlan(X( ) < Zl—atE€)
n—oo 1— (I)(XR")) n— oo

Then, taking the infimum over € gives us that

1- o(Xy
lim inf P % > a | < inf liminf P(X{"™ < 21_o +€)
n—oo 1— (I)(XR" ) e>0 n—oo
If we knew that

inf lim inf P(X( "<t €) = liminf P(X; () Z1—a),

e>0 n—oo n—00
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then we would be done:

n—roo

1—o(x
lim inf P <(W) > a> <liminf P(X™ < 21_,)

1—a(x
> liminf P % <a | >liminf P(X™ > 2 _,)
n—o0 1— (I)(XI(; ) n—oo
1—a(x
<= liminf P M < a | >liminf P(1 — (I)(Xl(n)) < a)
n—o00 1— @(XI(%")) n—oo

The remainder of our argument is devoted to showing that this is the case. First we derive that

inf lim inf P(Xl(n) < Zi—qte€)— P(Xl(n) < z1—q) = inf liminf P(z;_, < X{n) < Zi—aqt+€)

e>0 n—oo e>0 n—oo

= inf iminf ®(z1_o + € — uf) — (214 — ,ugn))

e>0 n—oo

= inf liminf e¢(¢,,)

e>0 n—oo

where we have used the mean value theorem and ¢, is some value between 21 _q +€— ugn) and z1_q — ugn) +e.

Because ¢(+) is bounded by 1, we must have

inf lim inf P(Xl(n) = inf eliminf ¢({,) < iI>1£ e=0

e>0 n—oo e>0 n—oo
Therefore

inf liminf P(X\™ < 21 o +6) = P(X™ < 2_4) =0

e>0 n—oo

— infliminf P(X(™ < 21_q + €) = inf liminf P(X\™ < z1_o) = liminf P(X\™ < 21_4).

e>0 n—oo e>0 n—oo n— 00

and we are done.

B.19.6 Proof of Theorem 8

(n

We will couple our random variables, so Xi(”) =Zi+u ) and consider the sequence of problems given

by
loglogn, 1=1,
ugn): loglogn —2y/logn, i=2,...,|y/n|

—n, otherwise
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We show the result for § = 1. To show it for 6 € (0, 1), apply the same argument to the sequence of problems

P (21-a) — 2 (21-4), i=1
W =01z _y) — 0 (21s) — 2Iogn, i=2,...,|vA]
_n, otherwise

Prior to proving the result, we first need to recall facts from extreme value theory facts. Define M, =

maxi<i<n X; and my, = mini<;<, X;. It is known (see [Bovier, 2005, Lemma 1.2.1] that

log1 log(4
an(My —b) S L, an = /2Togn, b, = /Zlogn — c8loen T log(in)
2log 1

where L is a Gumbel distribution. Essentially, we can write
M, = a;lYn + by,

d .
= —M,, we can also write

where Y,, = O,(1) and converges in distribution to a Gumbel. Because m,,

my, = a, ‘W, — b,

where W,, = O, (1) and converges in distribution to —1 times a Gumbel. Letting ¢;_, be the 1 — o quantile
of a Gumbel distribution, we find that

Quantile(1 — «, M,,)
= a,, 'Quantile(1 — o, Y},) + by,

Zlfan

a:zl((h—a + 0(1)) + bn

loglogn
V21 O —=
et ( Viogn )

Now, we proceed by showing that three sequences of events of interest happen with probability one as

n — oo. Define
A, =x

B, = max Xi(n)
2<i<|v/n]

C, = min Xi(n)
2<i<|v/n]

max Xi(n)

D, =
| VA +1<i<n

o We see that

P(A, > By) > P(Z1+ > M| | — 2¢/logn)

—1
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Because Z; — af\}m Y| /m) = Op(1) and b| /5| — 2y/logn — —o0, we have that

liminf P(A, > By) > liminf P (21— al ) Vi ym) > bym) - 2v/logn) =

n—oo n—oo

— lim P(A, > B,) =1

n— oo

e We see that

P(Cn > Dy) > P(m| 5 +loglogn —2y/logn > M, —n)
= P(a LIJWL\/EJ —a,'Y, > b ym| + bn +loglogn — 24/logn —n)

Because a WLfJ a; 'Y, = 0,(1) and b|ym) + b +loglogn — 2y/logn —n — —oo, we have that

o S Timi _ _
liminf P(Cy, > D,,) > hnrr_1>1£fP(mLﬁJ +loglogn — 24/logn > M, —n)

n—00

= lim P(C, >D,)=1

n—oo

o We see that

PA,-C, < 421_/3’(”)/2) P(A, —C, <4z1_4,)

P(Z, — m|m) +2Vlogn < 4z o)
P(Z L\/EJWL\/EJ < 421*0% _bL\/ﬁJ -2 logn)

Y

Because Z; — af\}m Wi = Op(1) and 4214, — b /m| — 2v/logn — oo, we have that

liminf P(A, — C,, < 4z, ﬁglrz)/z) > liminf P(Z, — a[\}m W\ /m) <421-a, — b ym) —2 logn) =1

n—oo

= lim P(A, - C, <4z, B(n)/Q)—l

n—oo

Based on the above we know that the sequence of events
G,={4,>B,>C,>D,and A, —C, < 4,2176(77,)}

is such that
lim P(G,)=1.

n—oo
Formally, this can be shown by writing G as the union of finitely many events whose probabilities all tend

to zero, and applying a union bound.
We finish the proof by showing three things, that in junction imply the result.
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Assumption that Xl(;zn) — XI(QZZL) 2, x holds

Fixing any constant K we see that

lim sup P(X‘(/;gn) - XI({&) < K) <limsup P(4, — B, < B,G,) + P(GY)

n—oo n—oo

< limsup P(A,, — B, < K)

n—oo

So it suffices to show that limsup,,_, . P(4, — B, < K) =0, or equivalently that liminf,, . P(4, — B, >
K) =1. We see that

P(Ay — Bn > K) > P(Z1 — M| sz, + 2/logn > K)

-1
Because Z; — a[_\}EJYL\/ﬂ = Op(1), and b 5| — 2y/logn.

liminf P(Ay — By > K) 2 liminf P(Z1 — a] 2 Y| ym) > K +b|m) — 2y/logn) =1

n—oo n—oo
LSI is powerless

Note that on the event G,,, the number of observations that are within 4z (i-e., the value N from

15" /2
(5.5)) of the winner is at least [/n] — 1. Leveraging this fact, we can use a union bound to show that LSI

is powerless in the limit. Recalling v(™ = a — (™ and 'y,(gn) =1—(1—-a)'* we have

P(érsr rejects) < P(¢rsr rejects, Gy,) + P(GY)

< P(Zy +loglogn > z1-4,,Gn) + P(Z1 +loglogn >z, _w) ,Gyn) + P(Gy)
vl -1

<2P(Z1 > z1-a| s, _, —loglogn) + P(G7)

Because Z; = O,(1) —loglogn — oo, and also P(G¢) — 0, we have

» Ao ymy

limsup P(¢rsr rejects) < limsup2P(Z1 > z1-qa ;,_, — loglogn) + P(G},) = 0.

n—oo n—oo
Other tests are powerful

The test that just uses the first coordinate attains power one:
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liminf inf —P(¢,rejects) =liminf sup P(¢,rejects)

n—00 ¢nEHn n—00 b EHn

> liminf P(1 — &(X\™) < )

n—oo

= liminf P(Zy > 21— — loglogn)

n—oo

=1

B.19.7 Proof of Proposition 3

First, we show that P(u € CR""?) = 1 — a. This is straightforward:

l—o

P(p e CR™Y) = P(X € R"%(n))

=P(Xw — pw < ¢ (1))

=1—-«
Now for the second part of the statement, let 1 € R™ be the n-dimensional ones vector. Then

4157 (n1) = Quantile(1 — a, Xw — pw)

= Quantile(1 — «, 121?3” X;—n)

Quantile(1 — «, 1%11;32(”( i—n))

= tile(1 — Z;
Quantile(1 — «, max i)
= Rl—ay

where the Z; are ii.d standard normal random variables. Therefore, if n > Xw — z1_,,, we must have
nl € CRY"

l—a »

n>Xw —z21-a, = (M)w > Xw —¢"%%(n1)

Since 1 — ®(Xw) > an = Xw — 21-q, < 0, this means we can find n < 0 such that n1 € CR""9(X),

e’

which finishes the proof.

B.19.8 Proof of Theorem 9
We show the equivalent statement that rejecting the the data dependent union null Uies,jgstj when
[1-®(D)] — |1—-@ | D} — max ——DJ,

kES, £gS: Pij. ke
pij ke<0

max <a. (B.35)
i€S,5¢S
1-®| D)~ min LDV |- |1-® (D~ max 2D,
7 keS, £gs: Pidke J keS8, igs Pidke
Pij,ke>0 Pij ke<O

ensures that, conditional on S, the probability of a false rejection is at most a.
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Without loss of generality, we perform our analysis conditional on the specific event S = {1,...,K}
that the X3,..., Xk are larger than the Xgq,...X,. Our strategy will mimic that presented in Hung and
Fithian [2019a] and Fithian [2015]. First, for pairs ¢ < K and j > K, we come up with a test for rejecting

Hfj that maintains error control conditional on S = {1,..., K}. We reject Ui§K7j>KHfj when these tests
reject for all § < K, j > K. Lemma 4 of Hung and Fithian [2019a], which is adopted from Berger [1982],
ensures that in doing so we maintain error control conditional on S = {1,..., K}.

Fix some i < K and j > K. To design a test for rejecting Hfj that maintains error control conditional on
S ={1,...,K}, we will use the selective dominance machinery Chapter 4. Normally, to maintain marginal

Type I error control, we reject the null Hfj using the p-value
) )
pi; = 1= @(Dj;). (B.36)

Defining
§  _ o 5
€ij ke = Dy, — Pij,kZDij

it is straightforward to verify that the random vector e?j, which consists of the entries efj, o for pairs k < K
and ¢ > K, is independent of ij and therefore also pfj. Since the p-value (B.36) corresponds to running
a one-sided uniformly most powerful (UMP) test in a monotone likelihood ratio family (MLR), Example 3
tells us that it is selectively dominant given Z = e‘fj (where Z is the random vector such that Z, = €?j,k£)'

All that remains to do is characterize when we are selecting the p-value pfj to use for inference (i.e., when
S ={1,..., K}, what values is this p-value taking?). Theorem 5 then tells how to adjust the p-value to get
a selective p-value. Rejecting H, fj when this selective p-value is below a maintains error control conditional
on S=A{1,...,K}.

To do so, we consider k£ < K and ¢ > K and rewrite the event

X >X, <= DY, >0

5 5
> € ket PijreDi; >0

This leads to three cases:

1

L If pijee > 0 then Xj, > Xy <= D); > =o€l 4,

2. If pijre = 0 then Xp > Xy <= €, >0,

1

3. If pij’k[ < 0 then Xk > Xf e D’(sz < _mefj,ké

Ultimately, we see that

S={1,...,K} <= X;y;>X,forall k< K and ¢/ > K

1 . 1 .
<~ D?j € max —76% kes min —76% je | and  min efj e > 0.
k<K, {>K: Pij ke ? k<K, {>K: Pij ke ? k<K, (>K: ’
pij ke>0 pij ke<0 pij,ke=0

Essentially, the selection event S = {1,..., K} corresponds to selecting pfj (B.36) to use for inference
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according to the selection function

1 ifzee|l1-9 min  ———z |, 1—-® max — 2kt and min  zgg > 0.
Pij, ke ’ Pij ke
s(z,2) = k<K,l>K: Pij, k<K, t>K: Pii k<K, (>K:
’ Pij ke<0 Pij,ke>0 Pij ke=0
0 otherwise
Theorem 5 then tells us that the selective p-value is
1-®dD2)] - [1-@ min  ——1—¢€l .
|: ( U)] k<K, (>K: Pij ke 15,5k
) _ Pij,ke<0
psel,ij -
1—-90 max ———¢d. . —|11-9 min ———¢d.
k<K, (>K: Pidke 157k k<K, 0>K: Pigke 1k
Pij,ke>0 Pij ke<0
Recalling the definition of €;; r¢, we can rewrite this selective p-value as
1-®D)] - [1-® [ D) — max L_pY
[ (D3] U <K K Pk M
o _ Pij,ke<O
psel,ij - . (B37)
1—-® (D} — min L Dgz —|1-® (D) — max #Dgg
Y k<K, I>K: Pidke Y k<K, E>K: Piike
pijke>0 pij ke<0

Our proposed procedure of rejecting Uiy i~ KH% whenever (B.35) holds corresponds exactly to rejecting

when all these selective p-values are at most «a, establishing the validity of the procedure.

B.19.9 Proof of Theorem 10

We again without loss of generality perform our analysis conditional on the specific event S = {1,..., K}.
Again fix i < K and j > K. Recall that if @ > b > ¢, then (b —¢)/(a — ¢) < b/a. Using this fact, we can

bound every selective p-value (B.37):
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) 5 1 0
[1 - @(Dz])} —|1-@ Dij - kSII?,a;;K: Pij,ke Dke

pij,ke<O
1-& | Dy~ min DYl —|1—-@ D)~ max DY,
T RSK (>K: Pkt F I k<K, >K: Pidkt
pij ke>0 | Dijike <O

5
1—@(Dyg))

IN

1-® | D)~ min DY,
Yo k<K, 0>K: Pidke

pijke>0
8
1— @(Dij)
= max .
k<K, 5K 1 5 _ 1 1o
pij ke>0 1-9o (Dij pij,kzDM>

We restrict our attention to pairs & < K and ¢ > K such that p;;re > 0 and further bound the term

inside the above maximium in two separate cases.

Case one: D?. < D?,. Since —— > 1, in this case we have D?. — —1—DY% <0, so
() ke Dij ke i Py 9,
1—®(D?. 1— oD
w0y ey
- (D) — L Dj) ~ 1-2(0) ~ i<RitK

Case two: ij > Dgl. To handle this case we first show that

B 1—®(x)
f(l‘) - 1_ (I)(SC — piike Dgz)

is a non-increasing function of x. The derivative of the function is

@)e (gc B Pz.;je Dgé) 1 —®(x) _ - (:13 B pml,k( Dg@) <0

f’(x)—(1_¢)<x_ Lop)) \ W e (e-stoon) )

pijre Kl

where the inequality follows from the fact that the Mills ratio (1 — ®(x))/¢(z) is strictly decreasing [Baricz,

2008, Mills, 1926], and we always have
1

Pij,ke

0
T>T— Dy,

because p;; ¢ > 0 and Dgé > 0. The non-positiveness of the derivative and the fact that ij > Dgé implies

that
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1 - (DY) 1 - ®(Dy,)
1-®(D) — —21-DY) = 1-®DY, — ——+-DY)
o pijke KL ke pijue Kkl
_ 1o ®(DY,)
- 1-9(0)
<2 o
- ig%%il{p”
where we have that Dgz - i_lw Dge < 0 because m}u > 1 and Dge > 0.

To finish the proof of the theorem, we note that if § > 0, then pfj > p?j foralli < K,j > K, so

2 max p?j <2 max pfj

i<K,j>K i<K,j>K

To finish the proof of the remark following the theorem, note that if § < 0, then p?j > pfj for all
1< K,j> K, so
s 0
0 < )
2i<m2>§ Dij 2i<m%>§ Dij

B.19.10 Proof of Corollary 5

First we show that because ¥ is diagonal, for i,k # j,¢ that p;;re > 0. Defining ¢;; xe = Cov(X; —
X, X — Xy), it suffices to show that ¢;; ¢ > 0. We see that

Cijee = Viili=t + Xjjlj=¢ > 0

This simplifies Theorem 9’s procedure considerably. Again, without loss of generality, we perform our
analysis conditional on S = {1,...,K}. Because, § = 0 and p;j e > 0 for ¢,k < K and j,¢ > K, the

condition (B.35) is satisfied exactly when

1 - (DY)
max < a.
i<K,j>K
1—® | D% — min L Dgé
Y k<K, (>K: Pijkt
Pij,ke>0

Letting I and J be as in the statement of the corollary, we have the the bound

1—o(Dy) .
<2(1-®(D
igrlr(l,%};K <2( (D7)
_ R |
=@ ki%{%);K;D” P D
Pij,ke>0
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from proof of Theorem 10. It is also the case that

1 - ®(DY) 1-®(Dj,)

v

max
i<K,j>K
1-® (DY — min L DY, 1—® (D% — min LDy,
I k<K, 0>K: Pidkt ‘ k<K, 0>K: P17kt g

pij,ke>0 p1J,ke>0
L ey
= 1
1- CI)(D%] T praag D?J)

2(1 - ®(D},)),
so the two expressions are in fact equal. This is sufficient to imply the claim.

B.19.11 Proof of Corollary 6

Like in the proof of Corollary 5, we first argue for i, k # j, ¢ that ¢;; 1 = Cov(X; — X, Xj, — X) is always

non-negative. This follows because

Cijht = (1= p)o* Lz + (1 — ,0)021']-25 >0

Then the proof essentially is then identical to that of Corollary 5. We only need to show that the indices
I and J of the observations inside and outside the top K that minimize
Xi—-X; X —X;

Vi \/202% — 2pc?

over i € S and j € S are the indices of the Kth largest entry and (K + 1)st largest entry respectively. But

0 _
D;; =

the above is clearly minimized if we take ¢ to be the index of the smallest entry in S (i.e., the Kth largest
entry) and j to be the index of the largest entry outside of S (i.e., the (K + 1)st largest entry), so we are

done.

B.19.12 Proof of Corollary 7

Similar to the proof of Corollary 5, we first argue for ¢ # j, £ that ¢;; ;0 = Cov(X; — X;, X; — X,) is always
non-negative. We can compute

2 2 |li—j 2 |i— 2 |j—
Cigat = 0% — a2pliIl _ g2 pli=tl 4 52 pli~t

When p > 0 we have that ¢;;0 > 0(1 — 2p). When p < 0, we have that ¢;j0 > 0?(1 — |p| — p?). Thus, as

long as p € [1_2\/5, 5], we have ¢;; 0 > 0.

1
2
The identical argument to Corollary 5 then implies the result for when K = 1. The argument for

K =n —1 is identical.

B.19.13 Proof of Corollary 8

We consider applying our method to the observation # while using the covariance ¥ = #/t — &7 ' /t.

Without loss of generality, suppose that 7 is in sorted order, so 71 > --- > 7,,. Similar to the proof of
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Corollary 5, we first show for 1 # j, ¢ that ¢i;1, = Cov(X; — X;, X — X,) is always non-negative. This
follows as
Clj,1£: (7?(1(1—7?(1)+7?(1’ﬁ'j -|—’7AT17AT4—7?FJ'7?(@)

(1 (1 — 7)) + Ty + (70 — 75) 7o)

S ==

>

Second, we note that since the 7 are in sorted order, the index J # 1 that minimizes

Vi — #j) _ V(i — 7;)
S =7 + i (L= ;) & 2818, ALt Ay (1= )

0 _
DY, =

is clearly J = 2. With these facts in places, an identical argument to that in Corollary 5 implies the result.
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