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ABSTRACT
Two classical articles on Ridge Regression by Arthur Hoerl and Robert Kennard were published in Tech-
nometrics in 1970, making 2020 their 50th anniversary. The theory and practice of Ridge Regression, and
of related biased shrinkage estimators, have been extensively developed over the years. Further, newer
shrinkage estimators, such as the Lasso and the Elastic Net, have become popular more recently. These
newer developments have led to renewed interest in the original 1970 articles. What has perhaps been
lost since 1970 is the context of these classic articles. That is, who were Art Hoerl and Bob Kennard, and
what led two statisticians working in the private sector to develop Ridge Regression in the !rst place?
What are the origins of Ridge Regression? Where did the name come from? The purpose of this article is
to provide this historical context by discussing the men involved, their work at DuPont, and their approach
to methodological development. As Art Hoerl was my father, this is admittedly a personal viewpoint.
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1. Introduction

In 1970, Technometrics published two articles by Art Hoerl and
Bob Kennard (Hoerl and Kennard 1970a, 1970b) on the topic of
Ridge Regression, essentially introducing this methodology to
the statistics community. It is fair to say that no one, including
the authors, suspected how impactful these articles would ulti-
mately turn out to be. While their proposed estimation approach
for collinear data met its share of criticism and resistance (e.g.,
Draper and Smith 1981), the method not only became common
in practice, but also led to further developments in shrinkage
estimation, such as Lasso (Tibshirani 1996) and Elastic Net
(Zou and Hastie 2005). Research and utilization of these more
modern but related methods has renewed interest in the classic
Hoerl–Kennard articles. Art Hoerl (herea!er referred to as AH)
was my father; I studied under him in graduate school, and
subsequently published two articles on Ridge Regression with
him (Hoerl, Kennard, and Hoerl 1985; Hoerl, Schuenemeyer,
and Hoerl 1986). As might be imagined, we discussed the origins
of Ridge Regression quite a bit. I also spent two summers as an
intern in the Applied Statistics Group (ASG) at DuPont while in
graduate school. By that time, Robert (Bob) Kennard (herea!er
referred to as RK) had been promoted outside of the ASG,
but was still overseeing it. I met with him several times while
working there, in addition to meeting him socially growing up.
Ironically, I went to high school with his son Eric. So, I would
like to think that I have a unique view into these men’s journey
to the development of Ridge Regression, which I share below.
First, however, let me share some information on these men as
individuals.

CONTACT Roger W. Hoerl hoerlr@union.edu Department of Mathematics, Union College, 807 Union Street, Schenectady, NY 12308.

2. About the Authors

2.1. Who Was Art Hoerl (AH)?
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AH was technically Arthur Edwin Hoerl, Jr., as his father was
Arthur Hoerl. Arthur Hoerl, my grandfather, was the child of
German immigrants, and lived much of his life in New York City.
He eventually became a writer, and moved his family, including
my father, to Los Angeles. Although my grandfather was a
proli!c writer in several venues, he is best known professionally
for writing the screenplay to the 1936 cult classic Reefer Madness.
Their house was actually in Beverly Hills, and AH graduated
from Beverly Hills High School with, among others, future
producer Blake Edwards and actress Rhonda Fleming. I say this
somewhat tongue-in-cheek, because their house, which I vis-
ited, was quite modest, and AH never !t in with the Hollywood
or Beverly Hills crowds.

He received his B.S. in Mechanical Engineering from the
University of Southern California (USC) in 1944. Immediately
upon graduation he was dra"ed in the army, and had orders
to report to Belgium for what we now know as the “Battle of
the Bulge.” Because of his engineering background and high
scores on the Army math aptitude test, he was reassigned
at the last minute to the Manhattan Project at Los Alamos,
New Mexico, where he worked on bombing tables. At Los
Alamos, he met Enrico Fermi, Robert Oppenheimer, and Klaus
Fuchs, among other scientists, and also Marguerite Field, my
mother.

Soon a"er the war, he began working as a mechanical engi-
neer, and was exposed to problems related to data analysis,
which intrigued him. He reentered USC, receiving an M.S. in
mathematics in 1950. His real interest was in statistics, but at
that time USC did not o#er a statistics degree. Upon graduation,
he became the !rst statistician hired by the DuPont Company. In
1967, he le" DuPont to join the University of Delaware faculty, to
spend less time traveling, and more at home with his family, and
also to focus more on research. He retired in 1986, and passed
away in 1994.

It is my belief that AH’s background in engineering signi!-
cantly impacted the way he approached problems, in particular,
the multicollinearity issue in regression. He was fundamentally
a creative problem solver who knew statistics, not a statistician
per se, at least not in the classical sense. Statistical methods were
always a means to an end to him, not the end in themselves. My
own undergraduate degree was in mathematics, and early in my
career I tended to view problems from a mathematical versus
problem-solving lens, so AH and I typically had very di#erent
takes on issues and how to approach them.

I do !nd it reassuring that there has recently been a
broader realization of the need for statisticians to take more
of an engineering (problem-solving) viewpoint, versus a
statistical or mathematical viewpoint, when addressing real
problems. I point to the formation of the International
Statistical Engineering Association (ISEA, https://isea-change.
org/), and also Michael Jordan’s recent presentation at the
University of Michigan’s Symposium on Statistics in the Data
Science Era (https://media.rackham.umich.edu/rossmedia/Play/
1f811e3d1ad94e4d9d0f1b430cba8a341d). During this talk,
Jordan noted the need for developing a problem-solving culture
within the statistics discipline. Further, he suggested that we
“embrace being engineers,” and consider “…what statistical
engineering could look like, as a counterpart to statistical
science.”

2.2. Who Was Bob Kennard (RK)?

The following borrows signi!cantly from Bob’s obituary, which
can be found in its entirety at https://obittree.com/obituary/
us/!orida/indian-harbour-beach/beach-funeral-homes-east/
robert-kennard/987155/. Robert Wakely Kennard was born
January 27, 1923 in Newark, Delaware. RK graduated from
Newark High School in 1940. He was a “local boy who made
good,” becoming the class President and Valedictorian at
Newark High. RK eloped with Helen Elizabeth Staats (Betty)
in nearby Elkton, Maryland, which had a reputation for liberal
marriage laws. Bob also served in the military (army) in World
War II. He sustained a back injury in training and had the !rst
successful disk surgery that was performed at the Walter Reed
Army Hospital. Similar to AH’s experience, the army noticed
RK’s mathematical skills, and promoted him to Technical
Sergeant in the 2nd Signal Service Battalion of the Signal Corps.
He was assigned to the Vint Hill intercept station in Warrenton,
Virginia. There he identi!ed and intercepted Japanese military
and diplomatic radio signals transmitted in high speed Morse
Code. His unit broke the Japanese “purple code” and intercepted
the Imperial Command’s message to their sta# that they were
going to surrender to the United States. Clearly, RK’s early career
involved solving real problems using an engineering viewpoint.

A"er being discharged from the Army in 1946, he resumed
his studies at the University of Delaware. He graduated in
1949 with a B.S. in physics, and M.S. in statistics in 1952.
He received his Ph.D. in mathematical statistics at Carnegie
Technological University (now Carnegie-Mellon). It is note-
worthy both that RK had an undergraduate degree in a physical
science—physics, and also that his Ph.D. was in mathematical
statistics. Motivated by his background in physics, he retained
an interest in physics, astronomy, and medicine throughout
his life, o"en seeking opportunities for lifelong learning in
these areas. The Hoerl–Kennard team was, therefore, grounded

Hoerl, A.E. and Kennard, R.W. (1970a) “Ridge Regression:
Biased Estimation for Nonorthogonal Problems “
Technometrics, 12, 55–67.

Hoerl, A.E. and Kennard, R.W. (1970b) “Ridge Regression:
Applications to Nonorthogonal Problems “ Technometrics, 12,
69–82.
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Outline

• Ridge, lasso and elastic net

• SVD and ridge computations

• GLMs for wide data and the kernel trick

• Limiting ridge and support-vector machines

• Dropout and deep learning

• Data augmentation

• Matrix completion

• LOO cross-validation

• Double descent and the bias-variance trade-off

TH (2020) “Ridge Regularization: An Essential Concept in Data Science”,

Technometrics, 62:4, 426-433.
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β̂λ = (X>X + λI)−1X>y

Ridge resolves difficulties with collinear and wide data.

Ridge minimize
β

‖y −Xβ‖22 + λ‖β‖22

Lasso minimize
β
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glmnet on Leukemia Data

November 2015 Trevor Hastie, Stanford Statistics 18
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Ridge and the SVD

Let X = UDV > be the SVD of Xn×p, with Un×n orthogonal,
Vp×p orthogonal, and Dn×p diagonal with m = min(n, p)
elements d1 ≥ d2 ≥ · · · ≥ dm ≥ 0.

β̂λ = (X>X + λI)−1X>y

= V (D>D + λI)−1D>U>y

=
∑

dj>0 vj
dj

d2j+λ
〈uj , y〉

• Entire ridge path with one SVD.

• β̂λ lies in row space of X.

• Computations are O(min(np2, n2p)).

• For wide data, λ = 0 gives minimum-norm zero-residual
solution: β̂mn = arg min ‖β‖2 s.t. y = Xβ.
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Ridge versus Principal Component Regression80 3. Linear Methods for Regression
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FIGURE 3.17. Ridge regression shrinks the regression coefficients of the prin-
cipal components, using shrinkage factors d2

j/(d2
j + λ) as in (3.47). Principal

component regression truncates them. Shown are the shrinkage and truncation
patterns corresponding to Figure 3.7, as a function of the principal component
index.

In Figure 3.7 we see that cross-validation suggests seven terms; the re-
sulting model has the lowest test error in Table 3.3.

3.5.2 Partial Least Squares

This technique also constructs a set of linear combinations of the inputs
for regression, but unlike principal components regression it uses y (in ad-
dition to X) for this construction. Like principal component regression,
partial least squares (PLS) is not scale invariant, so we assume that each
xj is standardized to have mean 0 and variance 1. PLS begins by com-
puting ϕ̂1j = 〈xj ,y〉 for each j. From this we construct the derived input
z1 =

∑
j ϕ̂1jxj , which is the first partial least squares direction. Hence

in the construction of each zm, the inputs are weighted by the strength
of their univariate effect on y3. The outcome y is regressed on z1 giving
coefficient θ̂1, and then we orthogonalize x1, . . . ,xp with respect to z1. We
continue this process, until M ≤ p directions have been obtained. In this
manner, partial least squares produces a sequence of derived, orthogonal
inputs or directions z1, z2, . . . , zM . As with principal-component regres-
sion, if we were to construct all M = p directions, we would get back a
solution equivalent to the usual least squares estimates; using M < p di-
rections produces a reduced regression. The procedure is described fully in
Algorithm 3.3.

3Since the xj are standardized, the first directions ϕ̂1j are the univariate regression

coefficients (up to an irrelevant constant); this is not the case for subsequent directions.

Ridge: Xβ̂λ =
∑

dj>0

uj
d2j

d2j + λ
〈uj , y〉

PCR: Xβ̂[k] =
∑

j≤k
uj〈uj , y〉

• Ridge uses all the principal components, and shrinks their
coefficients.
• PCR projects onto a subset of leading components.
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Ridge and the Bias-Variance Trade-off
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• Simulation n=100, p=54, SNR = 3.
• Red bars (at minimum EPE line) are true coefficients.

• Green ticks (right axis) are James-Stein

β̂JS =

[
1− (p− 2)σ2

β̂>X>Xβ̂

]
β̂
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Ridge and Wide GLMs

maximize
β

1

n

n∑

i=1

`(yi, x
>
i β)− λ‖β‖22

Suppose Xn×p with p� n (wide), and let X = RV > with Rn×n
nonsingular and Vp×n with orthonormal columns. Solve instead

maximize
θ

1

n

n∑

i=1

`(yi, r
>
i θ)− λ‖θ‖22

Then β̂λ = V θ̂λ — again in row-space of X.

• True for any linear model with ridge regularization.

• Can use CV etc on R to select λ.

• n-dimensional estimation rather than p-dimensional.
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Ridge and Support Vector Machines
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Fact: 1
‖β‖2 (β0 + x>β) is signed distance from x to decision

boundary {x : β0 + x>β = 0}.

minimize
β0, β

‖β‖2 subject to

yi(β0 + x>i β) ≥ 1− εi, εi ≥ 0 ∀ i,
n∑

i=1

εi ≤ B.
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SVM as Loss + Penalty
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Margin: yf(x)

Lo
ss

SVM hinge
Binomial Deviance
Squared Error

• min
β0, β

n∑

i=1

[1−yi(β0+x>i β)]++λ‖β‖22

• min
β0, β

n∑

i=1

log[1+e−yi(β0+x
>
i β)]+λ‖β‖22

• min
β0, β

n∑

i=1

1

2
[1−yi(β0+x>i β)]2+λ‖β‖22

yi ∈ {−1,+1}. Margin y · f(x) > 0 means correctly classified.

If data are separable, limλ ↓ 0 solution leads to:

• maximal margin classifier for SVM;

• same for binomial, if β renormalized;

• data piling direction (Ahn and Marron 2010), for least
squares.
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Maximal Margin Classifier for Leukemia Data
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• Both SVM and LS are minimum-norm solutions, which
translates to maximum margin classifiers.
• LS has additional implicit constraint that all points fall on

the margin (zero residual), so margin not as wide.
12 / 26



More on SVMs and Kernel Trick

• Computations for linear SVMs use n× n gram matrix
XX> — equivalent to using R as before (X = RV >).

• More general SVMs expand features into higher
dimensional space and solve

min
β0, β

n∑

i=1

[1− yi(β0 + h(xi)
>β)]+ + λ‖β‖22

with 〈h(xi), h(xi′〉 computed implicitly by kernel K(xi, xi′).

• Nevertheless limiting λ ↓ 0 solution is often preferred,
leading to even wider maximal margin separators.

• Early move to overfit solutions via minimum norm.

13 / 26



Kernel Trick and Linear Regression

With Xn×p and yn×1

minimize
β

‖y −Xβ‖22 + λ‖β‖22

• The vector of fitted values is

ŷλ = X(X>X + λIp)
−1X>y

• The vector of fitted values can also be written

ŷλ = XX>(XX> + λIn)−1y

• If n� p we use the former, if n� p we use the latter.
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Ridge and Data Augmentation
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• Augment rows of X with m draws from N(0, λmIp), and pad

y with zeros. Then X̃>X̃ ≈ X>X + λI and X̃>ỹ ≈ X>y.

• Make m copies of each (xi, yi) and add εij ∼ N(0, λnIp)
noise to each copy of xi : xij = xi + εij . Then
1
mX̃

>X̃ ≈ X>X + λI and 1
mX̃

>ỹ ≈ X>y.
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Ridge and Data Augmentation
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• Augment rows of X with m draws from N(0, λmIp), and pad

y with zeros. Then X̃>X̃ ≈ X>X + λI and X̃>ỹ ≈ X>y.

• Make m copies of each (xi, yi) and add εij ∼ N(0, λnIp)
noise to each copy of xi : xij = xi + εij . Then
1
mX̃

>X̃ ≈ X>X + λI and 1
mX̃

>ỹ ≈ X>y.
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Data Augmentation on the Fly
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8

Deep CNNs use stochastic gradient descent to train classifiers.

Natural transformations are made of each image when it is
sampled by SGD, thus ultimately making a cloud of images
around each original training image.

Taken from new “Deep Learning” chapter in forthcoming 2nd edition of

Introduction to Statistical Learning (May 2021)
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Ridge and Dropout Learning

• With neural networks, at each SGD update, randomly set
units to zero with probability φ.

• As in ridge, the other units stand in for them, and their
weights are drawn closer together.

• In simple scenarios like linear regression, formally
equivalent to ridge (Wager, Wang and Liang, 2013).

• Similar to earlier ideas of randomly omitting variables
when growing tree ensembles and random forests (Amit
and Geman, 1997; Breiman 2001)

17 / 26



Ridge + Ridge = Lasso

• With Xn×p, solve convex problem:

minimize
Mn×p

‖X −M‖2F + λ‖M‖∗

Let SVD X = UDV >, solution is M̂ = USλ(D)V >, with
Sλ(D)ii = (Dii − λ)+. Lasso for matrices! (Fazel, 2002)

• If rank(M̂) ≤ q, solve biconvex problem:

minimize
An×q ,Bp×q

‖X −AB>‖2F +
λ

2
‖A‖2F +

λ

2
‖B‖2F

ÂB̂> = M̂ (Srebro, Renni, Jaakkola 2005).

• Extremely useful for matrix completion problems, where
many entries of X are missing.
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Double Descent

• With neural networks, more hidden units better than fewer.

• Likewise more hidden layers.

• Often running stochastic gradient descent till zero training
error gives good out-of-sample error.

• Often increasing the number of units or layers and again
training till zero error gives even better out-of-sample error.

What happened to overfitting and the usual bias-variance
trade-off?

Belkin, Hsu, Ma and Mandal (arXiv 2018) Reconciling Modern Machine Learning

and the Bias-Variance Trade-off.
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Some Facts

• In a wide linear model fit by least squares, stochastic
gradient descent with small step size leads to minimum
norm solution [1]:

β̂mn = arg min ‖β‖2 : Xβ = y.

• Equivalently

β̂(λ) = arg min
{
‖y −Xβ‖22 + λ‖β‖22

}

and β̂mn = limλ→0 β̂(λ).

• Stochastic gradient flow very similar to ridge path [2].

[1] Zhang, S. Bengio, Hardt, Recht, and Vinyals (arXiv 2016) Understanding deep
learning requires rethinking generalization.
[2] Ali, Kolter, and Ryan Tibshirani (arXiv 2018) A continuous-time view of early
stopping for least squares.
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Simulation

• y = f(x) + ε with x ∈ R9 and f nonlinear and nonadditive,
ε Gaussian with SNR = 3.

• Training set n = 100, test set very large (10K).

• Use additive model

g(x; d) = θ0 +

9∑

j=1

θ>j hj(xj ; d)

with each hj(·; d) a d-vector of natural-spline basis
functions, with knots chosen at uniform quantiles of the
training values for variable xj .

• The total number of parameters or dimension of the model
is 9d+ 1, with d stepping from 1 thru 30. The dimension
reaches the training sample size of n = 100 when d = 11.
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• Before dimension=100, model is OLS, and we see usual
bias-variance trade-off
• After dimension=100, revert to minimum-norm. As

dimension increases above 100, ‖θ̂mn‖2 decreases since
easier to achieve zero error, and hence less wiggly solutions.
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Less Wiggly Solutions
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Simpler example — one dimensional function, n = 20.
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Leave-One-Out Cross-Validation

• Amazing formula for LOO in linear ridge regression:

LOOλ =

n∑

i=1

(yi − x>i β̂(−i)λ )2 =

n∑

i=1

({(I −Hλ)y}i
{I −Hλ}ii

)2

where Hλ = X(X>X + λI)−1X>.

• What about LOOmn when p� n?

LOOmn =
n∑

i=1

({K−1y}i
{K−1}ii

)2

where K = XX>. Simple modification when model
includes an unpenalized intercept.
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Theoretical Study of Double Descent
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Surprises in High-Dimensional Ridgeless Least Squares Interpolation TH, Andrea Montanari,
Ryan Tibshirani and Saharon Rosset (2020, submitted)
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Concluding Comments

• Limiting (minimum-norm) ridge helps explain double
descent.

• Lots left out — eg ridge and Tikhonov, splines, and GAMs.

• I do love ridge!
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Concluding Comments

• Limiting (minimum-norm) ridge helps explain double
descent.

• Lots left out — eg ridge and Tikhonov, splines, and GAMs.

• I do love ridge!
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“How and why is computational statistics taking over the world? In this serious 
work of synthesis that is also fun to read, Efron and Hastie give their take on the 
unreasonable effectiveness of statistics and machine learning in the context of a 
series of clear, historically informed examples.”

— Andrew Gelman, Columbia University
 
“Computer Age Statistical Inference is written especially for those who want to hear 
the big ideas, and see them instantiated through the essential mathematics that 
defines statistical analysis. It makes a great supplement to the traditional curricula 
for beginning graduate students.”

— Rob Kass, Carnegie Mellon University
 
“This is a terrific book. It gives a clear, accessible, and entertaining account of the 
interplay between theory and methodological development that has driven statistics 
in the computer age. The authors succeed brilliantly in locating contemporary 
algorithmic methodologies for analysis of ‘big data’ within the framework of 
established statistical theory.”

— Alastair Young, Imperial College London
 
“This is a guided tour of modern statistics that emphasizes the conceptual and 
computational advances of the last century. Authored by two masters of the field, it 
offers just the right mix of mathematical analysis and insightful commentary.”

— Hal Varian, Google
 
“Efron and Hastie guide us through the maze of breakthrough statistical 
methodologies following the computing evolution: why they were developed, their 
properties, and how they are used. Highlighting their origins, the book helps us 
understand each method’s roles in inference and/or prediction.”

— Galit Shmueli, National Tsing Hua University
 
“A masterful guide to how the inferential bases of classical statistics can provide a 
principled disciplinary frame for the data science of the twenty-first century.”

 — Stephen Stigler, University of Chicago, author of Seven Pillars of Statistical Wisdom
 
“A refreshing view of modern statistics. Algorithmics are put on equal footing with 
intuition, properties, and the abstract arguments behind them. The methods covered 
are indispensable to practicing statistical analysts in today’s big data and big 
computing landscape.”

— Robert Gramacy, The University of Chicago Booth School of Business
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