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AT&T Bell L; February 24, 1998

Additive Models — an Overview
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Additive Models

Y =a+ filz:) + falwe) + -+ fp(zp) + €

oY =a+ Bix1 + Poxs + € — linear model

o Y =a+ {Biz1 + Prax?} +B2log(ws)

~

+ ﬂ3j1(cj<-733§fj+l) +e

oY =a+ fiay + fawa + f3(x3) + 6 —
semiparametric model

o Y =a+ fix1 + foxa + fa(w3) + fa(ze) + ¢

oY =a+ fixr + fo(xz) + faa(rs,z4) + €

3
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‘ Example of a (complicated) additive model '

fa(xa)| fa(x2))
o x2
X4=1
faa(xs %) /_/x::z f5(5)
Sle="""1
X3 X5
for(xo.x7) )
+ 4 Xg
Xg
—
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‘ Generalized Additive Models i

Logistic Regression

Y ~ Binomial(1,p(z))

. plx
logit p(z) = IOg(lf(ip()z))
= a+ filz1) + falw2) + - + fp(ap)
or
et fi(@)+f2(za)+ -+ fp(zp)
p(z) = 1+ eot i@t F2(@a)tHp(ap)

var(Y | z) = p(x)(1 — p(z))

6
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Other Examples

poisson regression—Ilog link

transformation models—ACE algorithm
9(Y) = a+ fi(z1) + fa(@2) + - + fp(ap) + ¢

censored survival data—Cox model
Az, t) = Ao(t)e/r(F)Ffale)t 4 p(ep)

resistant additive models—tapered likelihoods

semiparametric additive models for designed

experiments
additive decomposition of time series

varying coefficient models —
n(z,t) = at) + z161(t) + x252(t)

7
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~

/ [Fitting Additive Models

Y:fl(fl) +f2(z2) +"'+fp($p) +e€

Estimating Equations

fi(z1) = Sl(?/_'_fz(l‘Z)_"'_fp(zp))
fz(zz) = SZ(?/*fl(il)*‘7"'7fp($p))
folzp) = Sply— fi(zr) — fazg) —---— o)

where S; are:

e univariate regression smoothers such as smoothing

splines, lowess, kernel

e linear regression operators yielding polynomial fits,
piecewise constant fits, parametric spline fits, etc

e more complicated operators such as surface smoothers

\ for 2nd order interactions /

8
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Justification?

Example: penalized least squares

n p d

Minimize Z(yifz fj(l‘ij))2+2 Aj /(f;l'l(t))zdt

i=1 j=1 j=1

i

A = S@-D_ 1)

J#1

fo= Sy -Df)

72

Sp(Ap)(y — Z i)

Ji#p

o

where S} (\;) denotes a smoothing spline using variable z ;

and penalty coefficient \ ;.

N /
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‘ Fitting generalized additive models '

Logistic Regression

o Compute starting values: f]‘-’ld and

7ol =37 f214(x;) e.g. using linear logistic
regression

e |terate

— construct adjusted dependent variable

oid (v =09

zp =10 *
g i p;’ld(l _ P?ld)

— construct weights w; = p"ld(l - P?ld)

i

— compute 7Y = A, z, the weighted additive model

fitto 2.

e Stop when functions don’t change

11
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GAM fit to SPAM data'

Shown are the most important
predictors.

Many show nonlinear behav-
ior.
Overall error rate 5.3% .

Functions can be re-
parametrized (e.g. log terms,
quadratic, step-functions),

and then fit by linear model.

Produces a prediction per
email Pr(SPAM|X = z)
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Model selection with GAMs

Gams have a tuning parameter for each term/variable in
the model, to determine how smooth/wiggly each function
should be. For example the A; in smoothing splines.

In original GAM work, we proposed a kind of manual
stepwise model fitting, using approximate ANOVA type
tests.

Does not scale to large number of variables.

Automatic methods are more desirable.



step.gam() in package gam

e For each of p variables to be considered, provide an ordered
list of alternatives:
scopel[[jl] = ~ 1 + free + s(free,df=4) +
s(free,df=8)

e Provide a starting model:
start = gam(spam ~ 1, family = binomial, data =
spam.train)

e step.gam minimizes an AIC criterion by greedy ordered
search:
step.gam(start, scope, direction = "both", ...)
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step.gam() in package gam

For each of p variables to be considered, provide an ordered
list of alternatives:

scopel[[jl] = ~ 1 + free + s(free,df=4) +
s(free,df=8)

Provide a starting model:

start = gam(spam ~ 1, family = binomial, data =
spam.train)

step.gam minimizes an AIC criterion by greedy ordered
search:

step.gam(start, scope, direction = "both", ...)

If p is large, go and get some coffee!
parallel = TRUE can help.

If p is very large (in the 100s), go out for lunch!
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Name means nothing!
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BRUTO

Name means nothing! Not quite. Makes fun of Friedman and
Silverman’s TURBO — an anagram suggesting brute-force.
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BRUTO

Name means nothing! Not quite. Makes fun of Friedman and
Silverman’s TURBO — an anagram suggesting brute-force.

N i (?/z =30 fing (%‘))2
(1- 1+, ag)yn)

GCVE(, ... \) =

e Optimize each \; separately in an adaptive type of
backfitting; df; = tr(S;();)). Optimization of \; done by
smooth.spline() in R.

e Apart from a continuous range of \; for jth variable, a
linear term, and a null term are also considered.

e bruto is available in mda package in R, for squared-error
loss. In principal, could be extended to other loss
functions, but has never been as far as I know.

/76



GAM.SELECTION in package MGCV

Texts in Statistical Science
Generalized Additive
Models

An Introduction with R

Simon N. Wood

H

e This terrific 2006 book saved us writing a second edition to
our GAM book. gam{mgcv} is a popular implementation of
GAMS.

e gam.selection focuses on using GCV to select multiple
smoothing parameters, although recent changes also allow
for variable selection, similar to BRUTO.

14 /76



Selection using Convex Optimization

e In 1996, Rob Tibshirani introduces the LASSO, a convex
approach to variable selection and regularization:

minimize L(y, X 3) + A|| 5|1,

where [|8]|1 = >_; |3)|. For A large, solutions are sparse.

e In 2006, Yuan and Lin generalize to the group lasso, for
selecting coefficient vectors for groups of variables:

minimize L(y, Z Xi0k) + A Z 110k |2-
k k

e By varying A, we trace out a solution path with varying
sparsity.

15 /76



SPAM: Sparse Additive Models
Ravikumar, Liu, Lafferty and Wasserman (2009)

migcir%izeE (Y — Zf] 2+ )\Z 1/l
ih

They implement this with smoothers and a modified type of
backfitting:

—ka) and ]?;:(1—1\) f;-,
1),

k)

Py s

T T T T T T T T T T T T T T
0 50 150 250 60 70 80 90 5 10 15 20

10 -05 00 05 10
10 -05 00 05 10
f(wind)

10 -05 00 05 10

rad temp wind



c0ss0: Component Selection and Smoothing Operator

Lin and Zhang (2003).
Smoothing-spline additive model

N
minimize Y (y; — Z Fi(zi)* + A Z / fg,‘/(t)th
J

{fj}il i=1 j

has finite-dimensional RKHS solution

mi?eir}r;)ize ly = Ri051)5 + A D 116;11%,
JJ1 J J

where H@-H%j = HJTRJH]-. COsSO solves instead

mi?ei‘r?)ize lly — ZRjejH)% + )\Z Hej”Rj
351 j J
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Monographs on Statistics and Applied Probability 143

Statistical Learning
with Sparsity

The Lasso and
Generalizations

Trevor Hastie
Robert Tibshirani

N

Published May 2015

Includes discussion of group
lasso, sPAM and COSSO, as well
as lasso and generalizations to
wide variety of statistical prob-
lems.
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GAMSEL: Generalized Additive Model Selection

Joint work with recent Ph.D graduate Alexandra Chouldechova.

Paper submitted to journal and arXiv in June 2015.

Uses overlap group lasso to perform automatic, sticky selection
between zero, linear or nonlinear terms in GAMs:

n(x) =375 fi(x))
Package gamsel fits regularization path for gaussian and
binomial generalized additive models.
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GAMSEL optimization criterion

E%“ﬁ

2
p p
y- Yo - S Uil + {@ =gl +Bill; }
j=1 j=1

<
Il
—

;1185115

+
DN | =
M@

<.
Il
—

e U;j = [zj pi(xj) -+ pi(z;)] where the p; are orthogonal
Demmler-Reinsch spline basis functions of increasing
degree.

e D; = diag(djo, dj1,-..,d;;) diagonal penalty matrix with
0= djg < djl < djg <. < djk7 and D; = Dj but with
djo = dj1.



N =

{ 1= )lagl + 18l p; }

p p
=Y = UiB|| +
j=1 j=1

M@ i M%

il B3I,

N | =
<.

I

_

e When )\ = 0 solution is additive spline model, with
end-path df determined by the ;.



p p
=Y = UiB|| +
j=1 j=1

{ 1= )lagl + 18l p; }

M@ i M@

il B3I,

N | =
<.

I

_

e When )\ = 0 solution is additive spline model, with
end-path df determined by the ;.
e When A >0
- if 8; =0 and a; = 0, the jth term is omitted;
- if 8; = 0 and «a; # 0, the jth term is linear;
- if B; # 0 both linear and nonlinear terms are included,
irrespective of a;.
e v € [0, 1] weighs preference for linear versus nonlinear
terms.
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Some details

e The U; have typically 10-12 columns, and are computed
once upfront. We use pseudosplines (TH 1996) to
approximate the Demmler-Reinsch basis. Could also use
ideas from P-splines (Eilers amd Marx 1996) instead.
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e We use blockwise coordinate descent to solve the objective,
with each o (trivial) and g; (less trivial) a block. We
make heavy use of active-set methods and warm starts to
compute the entire solution path.
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Some details

The U; have typically 10-12 columns, and are computed
once upfront. We use pseudosplines (TH 1996) to
approximate the Demmler-Reinsch basis. Could also use
ideas from P-splines (Eilers amd Marx 1996) instead.

We use blockwise coordinate descent to solve the objective,
with each o (trivial) and g; (less trivial) a block. We
make heavy use of active-set methods and warm starts to
compute the entire solution path.

We use strong rules for screening variables at each value of
A; these use heuristics to prune the active set, leading to
dramatic savings in computational time.

gamsel () is fast! 6s to compute the entire solution path
[50 As] with N=5000 and p=200.

V)
N
1



Simulation

I could show you reams of results where gamsel outperforms its
competitors, on (carefully chosen) examples. But I will spare
you the pain — some comparisons are in the paper.



Simulation

I could show you reams of results where gamsel outperforms its
competitors, on (carefully chosen) examples. But I will spare
you the pain — some comparisons are in the paper.

Instead I will show you what it does on a simulated example.

16 variables

Vars 1-3 linear
Vars 4-6 nonlinear
Vars 7-16 zero
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Thank you for your attention.

Thank you to Angela Montanari for inviting us, and for her
generous support.



