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Abstract

Through the use of recently developed DNA arrays, it is now possi-
ble to obtain accurate, quantitative measurements of the proportional
representation of thousands of genes present in a biological sample.
DNA arrays have now been used to monitor changes in gene expres-
sion during important biological processes (e.g. cellular replication
and the response to changes in the environment), and to study varia-
tion in gene expression across collections of related samples (e.g. tu-
mor samples from patients with cancer). A major statistical task is to
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understand the structure of the data from such studies, which often
consist of measurements of thousands of genes in tens of conditions.
A variety of clustering techniques have been applied to such data, and
proven to be useful tools for identifying biologically relevant groupings
of genes and samples. In the paper, we describe a new method called
gene shaving which tries to identify subsets of genes with coherent
expression patterns with large variation across conditions. The tech-
nique differs from hierarchical and other clustering methods, described
for example in Weinstein et al. (1997) and Eisen et al. (1998). The
technique can be unsupervised(that is, treat the genes and samples
as unlabeled), or partially or fully supervised by known properties of
the genes or samples. We illustrate the method on data from a large
survey of gene expression in a diverse collection of human tumor cell
lines.

1 Introduction

Virtually all living cells contain chromosomes, large pieces of DNA contain-
ing hundreds or thousands of genes, each of which specifies the composition
and structure of a single protein. Proteins (polymers of amino acids), are
the workhorse molecules of the cell, responsible, for example, for cellular
structure, producing energy and important biomolecules (like DNA and pro-
teins), and for reproducing the cells chromosomes. To first approximation,
every cell in an organism has the same set of chromosomes, and thus contain
the same repertoire of proteins. However, such cells can have remarkably
distinct properties (consider the different cells in the human body, virtually
all of which contain identical double copies of each of the 23 human chromo-
somes), which are predominantly the result of differences in the abundance,
distribution and state of the cells proteins. One of the seminal discover-
ies in the early days of molecular biology was that these changes in protein
abundance were determined in part by changes the levels of messenger RNA
(mRNA), small and relatively unstable nucleic acid polymers that shuttle
information from chromosomes to the cellular machines that synthesize new
proteins (see Figure 1). Thus, there is a logical connection between the state
of a cell and the details of its protein and mRNA composition.

While it remains difficult to measure the abundance of all of a cells pro-
teins, the recently developed DNA array makes it possible to quickly, effi-
ciently and accurately measure the relative representation of each mRNA



species in the total cellular mRNA population. DNA array technologies and
their applications have been recently reviewed in great detail (see Nature
Genetics supplement “The Chipping Forecast”, January 1999), and will not
be discussed massive volumes of data produced by such experiments.

For our purposes, a DNA array experiment consists of measurements of
the relative representation of a large number of mRNA species (typically
thousands or tens of thousands) in a set of related biological samples (e.g.
time-points taken during a biological process or clinical samples taken from
different patients). For experimental reasons each experimental sample is
compared to a common reference sample and the result for each mRNA
species (gene) is the ratio of the relative abundance of the gene in the exper-
imental sample compared to the reference. The results of such experiments
are naturally represented in a table, with each row representing a gene, each
column a sample, and each cells the usually log-transformed expression ratio
of the appropriate gene in the appropriate sample.

The process is shown in Figure 2. Tens of thousands of DNA samples,
each corresponding to a specific gene, are spotted in an ordered array on
a glass slide A target sample and a reference sample are labeled with red
and green dyes, and each are hybridized with the DNA on the slide. Using
a fluorescent microscope the log (red/green) intensities of RNA hybridizing
at each site is measured. The result is a few thousand numbers, typically
ranging from say -4 to 4, measuring the expression level of each gene in
the experimental sample relative to the reference sample. Positive values
indicate higher expression in the target versus the reference, and vice versa
for negative values. Henceforth when we refer to expression measurement,
we are referring to these log ratios.

The left panel in Figure 3 shows the dataset used in our study. It consists
of expression measurements on 6830 genes for a set of 64 human cancer
tumors. The right panel shows an exploded view of a subset of the array.
The columns are labeled according to the pathology of the sample, and the
row labels identify the genes. The order of rows and columns is arbitrary. A
full description of these data appears in Ross et al. (1999) and ?.

Recently some authors have explored the use of clustering methods to
arrange the genes in some natural order, with similar genes placed close
together. See Weinstein et al. (1997) and Eisen et al. (1998) for recent
developments, and Tibshirani et al. (1999) for an overview. There are two
major approaches to clustering — bottom up and top-down. In Figure 4
we have applied hierarchical clustering to the genes and cell lines separately.
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Figure 1: The process of cell replication

Each clustering produces a (non-unique) ordering, one that ensures that the
branches ¢f the corresponding dendogram do not cross. The figure displays
the original data, with rows and columns ordered accordingly.

Some structure is evident in figure 4, and this method can be used to help
understand the way in which the genes and cell lines organize. In particular,
the column ordering separates the cancer classes extremely well, bearing in
mind this is an unsupervised clustering technique. However, finer structure
is lost with such a global method. For example suppose the expression of
some subset of genes divides the cell lines in an informative (e.g. low for
Leukemia and high for others), while another subset of genes divides the cell
line a different way. Then methods such as two-way hierarchical clustering,
which seek a single reordering of the cell lines for all genes based on a global
measure of similarity, cannot find such structure.

In this paper we describe a new method called gene shaving for extracting
coherent and typically small clusters of genes that vary as much as possible
across the cell lines. Figures 5 and 6 show eight gene clusters for the human
tumor data, found using shaving.
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Figure 2: Schematic of gene expression array process. The nucleotide sequences
for a few thousand genes are printed on a glass slide. A target sample and a
reference sample are labeled with red and green dyes, and each are hybridized with
the DNA on the slide. Through fluorescopy, the log (red/green) intensities of RNA
hybridizing at each site is measured.

In figures 5 and 6 the cell lines have been ordered by values of the average
gene expression; this average gene is a good representative of the cluster, since
all the members are so similar. Although the cancer classes were not used
in the shaving process, the resulting ordering is quite successful at grouping
together some of the classes. Since the biological properties of cell lines can
differ in many substantially independent axes, we expect that different sets of
genes related to different features that vary among genes, will define different
orderings of the cell lines. The variance measures at the top of each cluster
are discussed in more detail in section 5. The gene names are shown at the left
of each rectangle are internal codes for the actual (long) gene names. It turns
out that most of the genes are uncharacterized, illustrating the potential for
this technique to discover new coherent patterns of expression.

The clusters are all of different sizes. We use an automatic method for
choosing the size of the clusters, based on a randomization procedure that
protects us from looking too hard in the large sea of genes and finding spu-
rious structure.

The 8 column average genes, one from each cluster, are reasonably uncor-
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Figure 3: The left image represents the entire expression array for the human
tumor data, in no particular row or column order. The display is a heat map,
ranging from bright green (negative, under expressed) to bright red (positive, over
expressed). The right panel is an exploded view of a subset of the array.
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Figure 4: The human tumor expression array, with rows and columns ordered
according to a hierarchical clustering applied separately to the rows and columns.
The clustering of the columns has done a good job in separating the cancer classes,
albeit in a very high-dimensional space.
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related; see figure 9. This is another aspect of the shaving process — it seeks
different clusters, where difference is measured by correlation of the cluster
mean. Figure 7 shows the results of a hierarchical clustering applied to the
eight column average genes. The ordering is as impressive as that obtained
for the original array (figure 4). The difference is that there the dimension
was 6830, and here it is only 8. This suggests that together the eight clus-
ters with a total of 51 genes contains most of the classification information,
relating to tumor of origin, in the data.

This paper is organized as follows. In section 2 we describe principal com-
ponent gene shaving. Section 3 outlines the gap test for choosing the cluster
size, and other methods for isolating clusters are described in section 4. We
discuss supervised shaving in section 5. Section 6 shows the application of
gene shaving to a problem of stratifying patients having diffuse large cell
lymphoma. There we find just two genes that correlate with dramatic differ-
ences in patient survival. Finally we propose some further generalizations in
section 7.

2 Principal Component Shaving

In this section we describe in detail our technique for producing the clusters
in figures 5 and 6.

The gene expression table is an N X p matrix of real-valued measurements
X = m;;. The rows are genes, the columns are cell lines, and w;; is the
measured (log) expression, relative to a baseline. Typically there are missing
entries in X. We use a technique described in Hastie et al. (1999) for imputing
missing expression values, an iterative SVD algorithm; our analysis here
assumes that X has no missing values.

The sequence of operations 1-5 gives the first cluster of rows — the first
block of genes in figure 5. Step 6 orthogonalizes the data to encourage discov-
ery of a different (uncorrelated) second cluster. After orthogonalization and
application of Steps 1-5, we obtained the second block of genes in figure 5.
The remaining blocks were found in a similar fashion. Note that although we
work with the orthogonalized matrix in the shaving process for the second
and subsequent clusters, the derived clusters and their averages involve the
original genes.

10
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Figure 7: The top panel shows the eight signed-mean genes together, and ordered
by a hierarchical clustering in this eight-dimensional space. The lower panel is
similar, except here we show all the genes in each cluster, 51 in all. The cancer
class labels of the cell lines shows that this ordering is quite successful at grouping
the cancers.
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Principal Component Shaving Algorithm

1. Start with the entire expression table X, each row centered to have
Z€ro mean.

2. Compute the leading principal component of the rows of X.

3. Shave off the proportion « (typically 10%) of the rows having smallest
inner-product with the leading principal component.

4. Repeat steps 2 and 3 until only one gene remains.

5. This produces a sequence of nested gene clusters Sy D Si, D Sk, D
-++ D 51 where S, denotes a cluster of k genes. Estimate the optimal
cluster size k using the gap statistic described in section 3.

6. Orthogonalize each row of X with respect to 7, the average gene in Sj.

7. Repeat steps 1-5 above with the orthogonalized data, to find the second
optimal cluster. This process is continued until a maximum of M
clusters are found, with M chosen apriori.

2.1 Motivation and Details

In order to motivate and develop this procedure, we need to state a criterion
that defines an “optimal” cluster of genes. Intuitively we favor subsets of
genes that all behave in a similar manner (coherence), and all show large
variance across the cell lines. One measure that captures this notion is the
variance of the cluster average.

The average of the k genes in a cluster Sy, for cell-line j is ; = (1/k) X;cs, Tij-
The variance of Z; across cell lines is (1/p) >0_, (Z;—Z)® where Z = (1/p) Xj_, &; =
(1/kp) X xi5. This measure combines both variance and covariance of the
genes in the subset, since the variance of an average of a set of variables
increases with positive correlation between the members of the set.

We can now state more precisely the goal of shaving:

Given an expression array, we seek a sequence of nested gene

clusters Sy of size k. Sy has the property that the variance of the
cluster mean is mazximum over all clusters of size k.

12



We are still left to decide which set Sy in this sequence to select as our
cluster. Later we define a purity measures for a cluster, and a permutation
test for providing a cutoff that protects us from finding spurious structure.

How do we find a subset of rows S, to maximize the between column
variance? Since a direct search requires evaluation of O(IZ ) subsets, this is
not feasible except for very small k& (< 4). So we need to resort to approxima-
tions. One simple approach is to use a greedy bottom-up strategy. Start with
a maximal-variance gene. By exhaustive search, cluster and average it with
that gene that causes the least decrease in variance. This can be repeated
until the desired cluster size k is reached. Simple updating formulas allow
simplifications in the computations. While this strategy works well for small
clusters, it tends to be too short-sighted for larger clusters (see figure 10).
We need an approach that can directly isolate a fairly large set of genes to
average.

We can rephrase the search in terms of a set of gene weights w;, where
w; = 1/k if i € Sk, else w; = 0. We then seek a weighted average of the genes
with maximal variance. It is convenient to introduce a generalized version
of this problem that is easy to solve. We allow arbitrary gene weights a;,
positive or negative, with a size constraint Zf\il a? = 1. For the generalized
problem we seek a linear combination z; = ZiN:l a;Z;; such that the variance
of z; is maximal. The solution to this problem is given by the largest principal
component of the rows of X, a symmetric eigenvector problem that can be
solved exactly and easily. Many of the loadings a; in the principal component
solution tend to have |a;| ~ 0. We set the smallest 100a% of them to
zero, reduce the set, and recompute the principal component solution for
the reduced subset. This produces a sequence of subsets Sy, decreasing in
size from N down to 1, and for each we have a linear combination with
maximal variance. We have found that the sequence of subsets produced by
this procedure tend to provide good solutions to the more difficult original
problem.

The following remarks add support to this shaving procedure:

e Although the normalizations of the two sets of weights are different,
a trivial modification fixes that. We can easily change our original
weights to w’ = Vkw; (1/Vk else 0), and hence ¥ w*? = 1. In fact,
this is a reasonable modification for eliminating the cluster size bias
(0?/k) inherent in the variance of averages of variables.

e The principal component weights can be positive or negative. This

13



leads us to generalize our original criterion and allow weights w; =
+1/ Vk. Genes can belong to a cluster if they are strongly positively
or negatively correlated with the members of the cluster. When we
average a cluster, we flip the signs accordingly, and refer to the average
as a “signed-mean gene”. Mostly the signs are the same, but where not
we include a sign column in the figures.

e Empirical evidence (figure 8) shows that by the time the clusters have
reached their final size k, their principal component weights have |a;| &

1/Vk.
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Figure 8: The final principal component loadings for the eight gene clusters found
by shaving. The loadings have been multiplied by 'k, so that each can be compared
to 1, which are the horizontal lines in the plots.

2.2 Shaving and the SVD

The shaving process requires repeated computation of the largest principal
component of a large set of variables. If naively implemented, this requires
the construction of a N x N sample covariance matrix ¥ of the genes, and

14



the computation of its largest eigenvector. We can avoid the computational
burden by working in the dual space.

Denote the singular value decomposition (SVD) of the N x p row-centered
matrix X by X = PDQT, where row-centered means that each row averages
zero. Here P, D and () are N x p orthogonal, p x p diagonal, and p X p
orthogonal respectively, and we have assumed N >> p. D is a diagonal
matrix of singular values d;, ordered from largest to smallest.

If ¥ is the N x N covariance matrix of the genes, then NY = X X7 =
PD?PT, and we see that the SVD gives the eigenvectors of ¥, and in par-
ticular the largest eigenvector p; = {p;;} is the first column of P However,
XTX = QD?*QT and X X(Q = PD, so we can use the eigen-decomposition of
the p x p matrix M = XTX to obtain the eigenvectors of 3. Note that when
genes are shaved off, we can update M.

Since we require only the largest eigenvector, we need not compute the
entire eigen-decomposition of a p X p matrix (which can be expensive for
a large number of cell lines p); the power method vy < Muvy_1/||Mv_1||
converges to ¢, at rate d3/d>.

The shaving process removes those genes with small loadings p;; on the
largest principal component. In addition to appealing to intuition, we can
give some justification for this. Suppose we have the largest principal com-
ponent for a set of N standardized variables x;, with loadings p;;. How do we
identify that variable to delete, such that the variance of the largest principal
component on the reduced set is maximum. If we assume to first order that
the loadings of the remaining genes will not change, but just be renormal-
ized, it is easy to show that we should eliminate the variable with smallest
pi1- Since initially many of these loadings are very small, we shave off more
than one, and being small the approximation is reasonably accurate.

Principal components and the SVD simultaneously provide min(p—1, N)
uncorrelated linear combinations of genes, with an ordering in terms of vari-
ance. These eigen-genes themselves are an interesting set of summaries of
an expression array (Alter 1999), although they are global in nature (they
do not identify small subsets of interesting genes). Having found the first
gene cluster S; , with its mean-gene :chl-, we would like to find the next clus-
ter that is different from the first. We could remove the genes in Sy, from
Sw, and repeat the process, but there is some chance that fairly strong genes
shaved off in the first round will vote too strongly again. Instead, we attempt
to discourage correlation of subsequent clusters with the mean gene j} by
adjusting M. Let Hi- be the projection operator in R? onto the p— 1 dimen-
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Figure 9: Pairwise scatterplot of the signed means for all eight clusters. The
shaving process avoids strong correlations between clusters by orthogonalization.

The cancer classes have been color coded. Note that cluster 6 alone does a good
job classifying Leukemia, and clusters 3 and 4 Melanomas.
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sional subspace orthogonal to z;. We then replace M by M., = H} M H,

and base our next shaving sequence on it. Note that there is a corresponding

adjustment for the entire expression array: X; = X H;. Having identified
2

the subset S,%Z, we compute T; as before, by averaging the (original) genes

in the set. This process is repeated; each time we adjust M and X to be
orthogonal to all the a‘cf, £=1,...,k found so far.

This procedure works exactly for principal components. For example, if
H{" = I — p,p!, then the leading eigenvector of M.; can be shown to be ps,
which is the second leading eigenvector of M, subject to being orthogonal
to p;. This process can be repeated; each time we make sure M.y ; is
orthogonalized with respect to z¥, k =1,....5.

3 The gap estimate of cluster size

Each shaving sequence produces a nested set of gene clusters Sk, starting
with the entire expression matrix and then proceeding down to some min-
imum cluster size (typically one). After one of these clusters is chosen, we
orthogonalize the rows of the original data matrix with respect to the column
mean of this chosen cluster, and then repeat the entire shaving procedure. If
there are p columns in the data matrix, we can obtain p shaving sequences
in this manner.

If we applied this procedure to null data, in which the rows and columns
were independent of each other, we could still find some interesting looking
patterns in the resulting blocks. Hence we need to calibrate this process so
that we can differentiate real patterns from spurious ones. Even in the case
of real structure, it is unlikely that a distinct set of genes is correct for a
cluster, and the rest not. More likely there is a graduation of membership
eligibility, and we have to decided where to draw the line. Here we describe
a procedure based on randomization that helps us select a reasonable cluster
size.

Our method requires a quality measure for a cluster. We favor both high
variances clusters, and high coherence between members of the cluster. Since
the generation of the cluster sequence was driven strongly by the former, we
focus on the latter in selecting a good cluster. By analogy with ANOVA for
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grouped data, we define the following measures of variance for a cluster Sy:

1
Viw = Z [% Z (zij — @-)2] Within Variance (1)

P
Vg = =Y (z; —z)® Between Variance (2)

Vr = — > 3 (z;; —z)* Total Variance

= Vw+Vp (3)

The between variance is the variance of the (signed) mean gene. The within
variance measures the variability of each gene about the cluster average,
averaged also over cell lines. Since this can be small if the overall variance
is small, a more pertinent measure is the between-to-within variance ratio
Vi /Viv, or alternatively the percent variance explained

R? = 1007 = i (4)
Vo 1+ “//_V}f/

A large value of R? implies a tight cluster of coherent genes. This is the
quality measure we use to select a cluster from the shaving sequence S.

Let Sy index the clusters of a given shaving sequence (with & being the
number of genes). Let Dy, be the R? measure for the kth member of sequence.
We wish to know whether Dy is larger than we would expect by chance, if
the rows and columns of the data were independent.

Let X** be a permuted data matrix, obtained by permuting the elements
within each row of X. We form B such matrices, indexed by b =1,2,... B.
Let D;® be the R? measure for cluster S;®. Denote by Dj the average of D}
over b. The Gap function is defined by

Gap(k) = Dy — D; (5)

We then select as the optimal number of genes that value of k¥ producing the
largest gap:

k = argmax, Gap(k) (6)

The idea is that at the value /%, the observed variance is the most ahead of
expected. Multiple clusters are produced for the randomized data just like
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Variance Ratio plots for Real and Randomized Data
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Figure 10: The top panel displays the percent variance explained by each cluster,
both for the original human tumor data, and an average over randomized versions.
Notice that for the real data, in many cases the ratio remains near 1 for a while,
before dropping off, indicating a coherent cluster. The lower panel shows the gap
curve, which highlights the difference between the pair of curves.
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for the original data, and the gap test is used repeatedly to select the cluster
size at each stage.

For the human tumor data, the maxima occur between 2 and 12 genes.
Figure 10 shows the percent-variance curves Dj for both the original and
randomized tumor data as a function of size, and the gap curves used to
select the specific cluster sizes in figures 5 and 6.

As a final point, one might consider using the R? itself as a criterion
for shaving, rather than variance; i.e. look for subsets of genes with large
R?. Tt is simple to show that principal component shaving applied to the
standardized genes — each row of X is standardized to have unit variance
— tries to achieve this goal. The clusters found were a coherent sets of
standardized genes, but did not necessarily have interesting (large) variance
on the original scale.

4 Other methods for clustering

Here we compare PC shaving with more conventional clustering methods,
such as hierarchical clustering, and also consider other top-down and bottom-
up clustering approaches.

4.1 Shaving vs two-way hierarchical clustering

Here we show by a simple example that two-way hierarchical clustering is
hampered by its global view in discovering meaningful subsets of genes.
We generated data with N = 1000, p = 60, z;; ~ N(0, 1) and

Tij = Zij + bij (7)
where for 1 <17 <10
(-1 if <30
bij = {+1 if j>30 (®)

for 11 <3 <20

! if j odd
bij = {-i-l if 7 even 9)

and b;; = 0 for 7 > 20.
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Two-way Hierarchical Clustering - first 20 ordered rows

N O NV O H DN TRV LTOIORROIE TS D
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Variance of Signed Mean-Gene : 1.06
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Figure 11: The top panel shows the results of two-way hierarchical clustering
applied to the simulated data. We show the first twenty rows, which were correctly
ordered. The column ordering is not of much use. The lower two panels shows
the results of shaving, which has recovered the correct genes in each cluster. Each
cluster has a column ordering that corresponds to each of the effects by and bs.
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Thus there are two orthogonal trends, each involving 10 rows, superim-
posed on Gaussian noise. The top panel in figure 11 shows the result of
two-way hierarchical clustering applied to these simulated data. The rows 1-
20 were clustered first, and hence we have displayed just those rows. However
the underlying structure is not apparent in the estimated column ordering.
The reason is that a single column ordering is trying to strike a compromise
between the two competing column orderings: 1,2,...30 vs 31,32,...60, and
1,3,5,---59 vs 2,4,6,---60.

The result from principal component shaving is shown in the lower two
panels of figure 11. Each cluster contains the correct genes, and the column
order of each cluster is correct as well.

4.2 Other approaches for generating small clusters

Here we collect together and compare several other different approaches one
might consider for identifying small influential and coherent clusters. Each
method delivers a sequence of clusters S, as does principal component shav-
ing. They are

e Bottom-up agglomeration, as described in section 2.1; genes are com-
bined one at a time in a greedy fashion to maximize variance.

e Top-down mean shaving to maximize cluster-mean variance. Starting
with the overall mean, we can drop genes one at a time to maximize
the variance of the remainder. Simple updating algorithms ease the
computational burden. The details are given in the boxed algorithm
below.

e Principal component thresholding. Rather than repeatedly computing
the largest principal component on the decreasing subsets, we can sim-
ply compute the first principal component of all of the genes, and then
generate the entire sequence by thresholding the gene loadings.

Figure 12 summarizes the differences when searching for a cluster in the
human tumor data. We see that while the bottom up approach finds higher
variance small clusters, after size five it is dominated by PC shaving. Fur-
thermore, we see from the percent variance plot that there is less coherence
than for PC shaving. Thresholding a single principal component seems to be
dominated by both.
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Variance and Percent Variance for First Cluster
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Figure 12: Variance curves for the first cluster found using four different tech-
niques on the human tumor data. The left panel shows the variance as a function
of size for the four methods: principal component shaving, bottom up agglomer-
ation, principal component thresholding, and top-down mean shaving. The right
panel shows to percent variance explained by the cluster mean. In this example,
PC shaving and mean shaving are almost indistinguishable at small cluster sizes.

The most promising competitor is the top-down mean shaving. Although
efficient updating formulas can be used to determine the best gene to remove
with top down-mean shaving, the technique still requires O(N?p) operations
if started at the full set of genes. However, by shaving off a fraction of genes
rather than one at a time, one can dramatically increase the speed.

Our experience is that although it is simpler and faster than PC shaving,
mean shaving is not as reliable. The left side of Table 1 shows the results
of a further 100 simulations from the model (7). The “# correct” refers
to the number of times either rows 1-10 or 11-20 are chosen. All methods
are successful at finding the second block, if the first block has been iso-
lated. Principal component shaving easily outperforms the other methods in
recovering the underlying structure.
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Mean Shaving Algorithm

1. Start with the entire expression array X, each row (indexed in Sy)
centered to have zero mean. Compute the variance V; of each gene z;;,
the mean gene Z; for Sy and its variance V.

2. For the current set Sy compute the jack-knifed variances

k 2%k _ vi 1
V_z’ = k_lV— (l{;— 1)QCOV(.T]',.IZ']') — m )

(10)
this is an exact formula for the variances of the mean of the set St _,
obtained by leaving out the ith gene from Sj.

3. Shave off the proportion « of genes from Sy having smallest values for
V..

4. Repeat steps 2 and 3 until 1 gene remains.

4.3 An underlying model for gene shaving

By examining models of the kind (7) a bit more closely, we can get some
insight into these differences in performance. Suppose

K
X =Z+> wb, (11)
k=1

where Z is a N x p matrix of independent Gaussian elements z;; with mean
0 and variance o?. Each wy is an N-vector of weights, with only a small
number ny of non-zero elements (ones). Denote by C}, the indices of the rows

Table 1: Results of simulation study

Method | # correct/100 | Average Variance (s.e)
Principal component shaving 100 1.16 (0.01)
Principal component thresholding 64 1.06 (0.02)
Column mean shaving 63 1.10 (0.01)
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in the kth block, i.e. those having a one in vector wy. Each by is a p vector,
and we further assume that the collection of b;’s are orthogonal: (b;, bx) =0,
Vj # k. These models are meant to mimic a reality where there are several
different clusters of genes operating in a sea of randomness.

The column mean is T = Y, z;/N + > ;. (nx /N )by, (using an obvious vector
notation for rows or genes), and by the strong law of large numbers 7 =
>k (ng/N)bg;. The inner product with each row z; is (%, ;) =~ ||z|[*/N +
Se(ng/N)I(i € Cy)||bg||?. If ||b||?/p =~ 02, the second term will dominate
if the ny are larger than about 2 or 3. In our example K = 2, p = 60,
N = 1000, n; = ny = 10, 0 = 1, and ||b1||/p = ||b2||/p = 1. Mean shaving
will fairly easily trim off all those genes not in any Cy. This was true for
all 100 experiments. At that point, competition between the “loaded” genes
becomes fierce. Subsequent shaves slowly change the mean model resulting
in one of the by dominating, but because of the noise some of its carriers will
be lost.

For the principal component based methods

XTX/N~1-0%+ (ng/N)bibj, (12)

(here we work with the smaller outer product matrix— see the SVD sec-
tion 2.2.) This has first K eigenvectors by, ordered according to the eigen-
values 0 + (ny/N)||bg||?>. If all the (ng/N)||bx||* are exactly the same, the
eigenvectors are all equivalent and any vector in their subspace can emerge
as the “largest”. In practice, with noise present, they will be about the same,
but overlap will still exist. This explains why the PC thresholding method
can mix genes belonging to different loaded clusters. In all 100 experiments,
PC thresholding always delivered such a mix in its chosen 10 genes.

PC shaving on the other hand arrives at the balanced subset U,CY,, upsets
the balance by trimming off some genes, and then recomputes the principal
components. Now one of the by is likely to dominate, and all its members
will then be recovered in subsequent shaves.

5 Supervised shaving
The methods discussed so far have not used information about the columns

to “supervise” the shaving of rows. Here we generalize principal component
and mean shaving to incorporate full or partial supervision.
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The human tumor data has a column classification Y € C, which classifies
the tumor according to one of 9 cancer classes (+ one unknown). For a
given cluster S;, we may not only want the cluster mean Z; to have large
variance, but would also like it to discriminate among the cancer classes.
Although the unsupervised methods have automatically tended to produce
good discriminators, we can help them do better.

Let T. = Avey,—_.T;, ¢ € C where C is the set of classes. Z. is the average
expression of all genes in the cluster Sy having class c. We use Var(z,.) as a
measure of class discrimination. If there are p. cell lines in class ¢, then

Var(z.) = - Y po?, (13)

ceC

a weighted variance (there is no mean term in (13) since each gene and hence
z; average zero, and so the weighted mean does as well). Note that Var(z,)
will be large if the values of Z, are spread out, which will occur if Z; localizes
two or more of the cancer classes.

Figures 13 and 14 show the results of supervised shaving on the human
tumor data. These 8 clusters are to be compared with the corresponding 8
found by unsupervised shaving (figures 5 and 6). There are four measures
reported at the top of each cluster:

e Variance: The variance of the signed cluster mean; in clusters where
some genes have a sign-flip, a sign-column is included for identification.

e % Variance: The fraction of total variance explained by the signed
mean; see (1).

e Between Class Variance: as defined above in (13)

e Between to Within Variance Ratio: B/W , where V = B+W  measures
the discriminatory strength of the cluster mean.

The last measure is popular in discriminant analysis, with a high value
indicating good separation among some of the classes. Note the distinction
between the between /within variances here, defined for the cluster mean gene
with respect to the cancer class labels, and the between/within variances
discussed in section 3. There each cell line defined a “class”, and so the
between variance there was in fact the total variance here.
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Figure 15: Pairwise scatterplot of the signed means for all eight clusters found by
supervised shaving. The classes are better separated than in the corresponding plot
found by unsupervised shaving (figure 9). The error rate of a linear discriminant
classifier is 8% using these 8 variables, compared to 30% for unsupervised.
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Overall the clusters here have better B/W ratios, and produce better
cancer class separation. Some of the clusters found are identical (3&4 vs 2&
3 earlier), a reflection of the fact that large variance can often be explained
by large between variance. Figure 15 gives pairwise plots of the eight mean
genes. These show better class separation, and indeed, a simple linear dis-
criminant rule has a training error (9 known classes) of 8%, compared to 30%
for the unsupervised case. The classifier also predicts the unknown class to
be Quvarian with posterior probability = 1.

5.1 Computational Details

Let Hp be the regression projection operator such that HgZx produces the p
vector of fitted class means (i.e. (HpZ); = Z. if Y; = ¢). Then it is easy to
see that Var(z.) = 27 HpZ/p. Now suppose that Z = >N | w;z;, a weighted
sum of genes. Here we have in mind the 1/k else zero weights for a cluster
mean, or more general weights such as in principal components. Then

tTHpz = w'(XHpX")w (14)
= w' X*Xx*Tw (15)

where X* = X@Q and Hg = QQT (X* is a N x |C| matrix whose rows are
standardized versions of the class means for each gene).

These technicalities reveal a simple modification of PC or mean shaving.
The cluster Sy of rows of X with maximal between-class variance (of its mean
gene) is also the cluster that maximizes the sum of squares of the mean of the
rows of X*. Hence we can apply our same algorithms, such as PC shaving or
mean shaving, to X* to identify such clusters. We mention some technical
issues associated with supervised PC shaving.

e Orthogonalization. While the shaving algorithm operates on X*, once
the cluster is determined, X is orthogonalized by the cluster mean of
the original genes.

e Gap Test. We use the identical procedure as in supervised shaving
to select the cluster size: a gap test based on the percent variance
explained by the cluster mean (of original genes). In other words,
supervised shaving delivers a sequence Sy, and we select the size based
on cluster purity.
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e Speed. Since X* has far fewer columns than X, supervised shaving is
faster than unsupervised shaving.

5.2 More general supervised shaving techniques.

There are several ways in which we can generalize the supervised shaving
procedure.

One can modify the amount of supervision by using a compromise quadratic
form Hy = (1—A\)I+\Hpg for A € [0,1] — a procedure we call partial supervi-
ston. The algorithmic details are unchanged, and this allows more flexibility
in striking a balance between supervised and unsupervised clustering. Par-
tial supervision can be particularly useful when (overly) aggressive supervised
criteria are used.

In our example Y is a discrete factor, indicating cancer class. In other
settings Y might measure some continuous attribute of each cell-line, and a
quality measure for a cluster mean z might be the strength of its regression
on Y. This can be measured using the regression sum-of-squares 7! Hy 7,
where Hy = y(y'y)"'y" and y = (y1,...,y,)" is the p vector of realized
values of Y. In fact Hp above is exactly of this form; in this case y is a
p X |C| indicator matrix representing the classes.

This opens the door to a variety of generalizations in a similar vein:

e Hy can be a projection operator for a more flexible form of regression
than linear regression, using a basis expansion in Y. For example, if YV’
is time, then we may require that £ be smooth in time, with possibly a
known periodicity. This can all be achieved using a well chosen Fourier
basis expansion of Y, and hence in the construction of Hy .

e Y can represent several variables, continuous, discrete or both, and
Hy the projection operator that fits a linear regression (main effects
and/or interactions). Again 7' HyZ measures the association between
a cluster mean and this set via the regression sum-of-squares.

All these methods produce an appropriate quadratic form z! HyZ for
measuring the strength of z relative to Y, by using the regression sum-of-
squares with Z as the response and Y providing the predictors.

We can also reverse their roles, treating y as the response and Z as the
predictor. Suppose we have a log-likelihood #(y;zT[3) that relates y and
z, through a parameter 5. Typically 5 = 0 indicates no effect for z in
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the model. The score function is d¢/df, which usually is a sum over the
observations of the form 3%_, s;(8)z;. Letting s = [s1(0), 52(0),...s,(0)]"
be the vector of score components evaluated at § = 0, this leads to the
quadratic form 7 ss”Z. This can be used on its own, or as a penalty in the
partially supervised shaving procedure mentioned above.

When fully supervised, this penalty matrix has rank only one, and thus
the procedure reduces to simply ranking the genes in order of the size of their
inner product with the proportional hazards score vector. Thus there is no
role for principal components or top-down shaving in this case. However to
encourage coherence within the gene clusters, it is better to use a partially
supervised criterion, which does utilize principal components and top down
shaving.

This framework can be applied with any linear or generalized model con-
necting = to y. One particularly interesting application is to Cox’s propor-
tional hazards model. In that case the score function df/df evaluated at
£ = 0 has the form

> (T — z) (16)

kER

Here R is the set of indices of the individuals who failed, and 2, is the average
value of predictors Z; for those individuals at risk when individual & failed.
The individual score components s;(0) are obtained by collecting terms in
expression (16).

This model-based approach is very general, and allows the user to include
Z as a covariate in a model, along with other prognostic factors that may be
available for the samples.

5.3 Aggressive supervision and overfitting

The between-variance is not scale invariant — it responds to both large vari-
ance of the cancer-class means, as well as simply large variance. In discrimi-
nant analysis the between-to-within variance ratio B/W is a scale invariant
measure that more accurately identifies variables with high discriminatory
power. Large B/W implies that both the class means of T are well separated
on average (the between variance is large), and that each class is tightly
clustered about its mean (small within variance). This is the last of the four
measures that label each cluster in figures 5, 6,13, 14.
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Figure 16: The B/W ratio for each gene, plot against its variance (both on log
scale). The labeled points indicate those genes that belong to one of the supervised
clusters 1-8. They all have high variance, and tend to have high B/W ratios.

Figure 16 displays the B/W ratio for each individual gene, plotted against
its variance. The labeled points indicate those genes that are (supervised)
cluster members, and they tend to be high on both scores. Recently Golub
et al. (1999) used scores approximately equivalent to B/W to screen genes for
inclusion in a two class cell-line classifier. They used the average of the top
ranking M genes as a classification score (with a cutoff chosen empirically).
While our clusters tend to include such genes, they incorporate the additional
constraint that the genes in a set are similar and have high variance. These
two additional constraints offer some protection from overfitting.

We implemented a mean-shaving algorithm that attempts to directly op-
timize B/W, a more aggressive supervised strategy than simply using the
between variance. Since we can compute exactly one-move adjustments to
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Figure 17: A plot of the B/W ratios encountered during a column mean shaving
to optimize this ratio. The noisy behavior around the peak indicates the sensitivity
of the procedure to small changes in the cluster memberships, and is a reflection of
the multitude of “good” sets obtainable by greedy search methods. The two vertical
lines indicate clusters displayed in figure 18

both the numerator and denominator, we can compute and rank the one
move adjustments for the ratio. Figure 17 shows the sequence of B/W ratios
encountered.

There is a lot of variability in this B/W trace, and simply picking the
cluster with the largest value does not appear to deliver anything too useful
(figure 18, upper plot). The variance and coherence of this set are very poor.
It is well known that when the number of predictors (genes) exceeds the
number of observations (cell-lines), infinitely many perfect linear separators
can be found. Here we are using equally weighted linear predictors, which is
a strong restriction, but with this many genes it appears that near perfect
but most likely spurious separators can be found by greedy search methods.
The lower plot in figure 18 shows a much smaller cluster selected from the
sequence to have better variance and coherence. The separation suffers,
but some classes are nevertheless well separated. These more aggressive
supervised clustering techniques deserve more study. We currently favor the
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Figure 18: Two clusters found by the B/W mean shaving algorithm. The upper
plot is almost certainly spurious, showing nearly perfect separation using a mean of
500 genes with very little coherence and small variance. The lower plot was selected

by eye, for its size, improved variance and coherence. This cluster separates some
of the classes well.
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compromise strategy of using between variance for shaving, and report the
B/W ratio as a summary measurement.

6 Example: Diffuse large cell lymphoma

We applied unsupervised gene shaving to a dataset consisting of 461 gene
expression measurements on 48 patients with Diffuse Large Cell Lymphoma
(DLCL). These data are taken from a larger study described in Alizadeh
et al. (1999). Four shaving runs were done, creating the four gene blocks
shown in figure 19.

Four two-level factors g1, go, g3, g4 Were created by splitting between the
24th and 25th columns of each gene cluster, thus creating four different low vs
high expression groupings. Of the 48 patients, the overall censored survival
times as well as the International Prognostic Index (IPI) score were known
for 36 of them. We included each factor g; with IPI (low vs high), in four
different proportional hazards models and checked for significance. Of the
four models, only g3 was significant at level 0.05 with IPI in the model.
Factor g3 showed a relative risk of 5.7, P-value=0.0059. (By itself, g3 showed
a relative risk of 2.3, P-value=0.12).

Survival curves are shown in figure 20 and show strong separation between
the low and high expression groups of gs for the high I PI group. The five
genes defining the groups turn out to be two copies of one gene, and three
copies of another, the genes being:

[1,] "17218|712829|TTG-2=Rhombotin-2=translocatedint(11;14) (p13;ql1l)
Tcellacutelymphocyticleukemia=cysteinerichproteinwithLIMmotif"
[2,] "17354|814251|SLAM=signalinglymphocyticactivationmolecule"

Patients with low expression of these two genes fare much worse than
those with high expression.

To investigate the actual type-I error rate of this finding, we repeated the
entire process 100 times on permuted versions of the dataset. This process
consisted of gene shaving to produce four blocks, followed by proportional
hazards regression with IPI and each of the 4 group variables separately.
For each of the 4 group variables we recorded the smallest resulting P-value.
Out of 100 datasets, the smallest P-value for gs, in either IPI group, was
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2 Variance:1.23 %Variance:0.89
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Figure 19: DLCL Lymphoma example: four gene clusters, showing the gene
names and the patient identification for each ordering. The vertical division
at the 24-25 boundary was used to create four two-level factors gq,...,ga,
which were then related to patient survival.
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Figure 20: Kaplan-Meier curves for survival, stratified by IPI and g3

< 0.0059 (our value from the original dataset) 3 times. The smallest P-value
for g3 either by itself, or stratified by IPI, was < .0059 five times out of 100.
Thus the original test is significant at the 0.05 level. As far as we know, the
connection of these genes to DLCL has not been previously suggested, and
further investigation is needed to see if this connection is real.

7 Discussion and further generalizations

We have proposed a set of “shaving” methods for isolating interesting sets
of genes, from a set of micro-array experiments. The methods may be un-
supervised, or may be supervised— i.e. use information available about the
samples such as a class label or survival time. OQur experiments suggest that
one of these methods— principal component shaving— performs the best
and is the most promising for real applications.

The proposed shaving methods search for clusters of genes showing both
high variation across the samples, and coherence (correlation) across the
genes. Both of these aspects are important and cannot be captured by simple
clustering of the genes, or thresholding of individual genes based on the
variation over samples.
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With our model-based approach for supervised shaving, one can incor-
porate other prognostic factors in the search for interesting gene clusters. If
an outcome such as survival time is available for each sample, the method
searches for a gene cluster whose column average gene = has a significant
effect, possibly the presence of other prognostic factors, for predicting the
outcome.

The micro-array data x;; we have considered are real-valued expression
levels. However other kinds of arrays produce different kinds of data. In
particular, some arrays detect the presence of absence of single nucleotide
polymorphisms (SNPs), so that the z;; values take on one of k¥ > 2 unordered
values. The shaving methods described can be easily modified to handle this
kind of data.

In detail, we construct k£ data matrices X, X, ... X}, each of size n x m.
The 7jth element of X; is 1 if z;; falls in class j, and zero otherwise. Letting
Y; 7 =12,...k be the n x n covariance matrices of the genes in each X},
we simply apply principal component shaving, using Zle 3.; as the variance
matrix for the penalty. This can be done unsupervised, or a supervision term
can also be added.
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